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REGULAR  P.I.-RINGS

E.   P.   ARMENDARIZ   AND  JOE  W.   FISHER

Abstract. For a ring R which satisfies a polynomial identity

we show that the following are equivalent: (1) R is von Neumann

regular, (2) each two-sided ideal of R is idempotent, and (3) each

simple left (right) Ä-module is injective. We show that a P.I.-ring

R is left perfect if and only if all left R-modules have maximal

submodules and R has no infinite sets of orthogonal idempotents.

Commutative von Neumann regular rings have been characterized in

various ways. However, very few of these characterizations extend to

noncommutative rings. The results in this paper arose from attempting

to extend to noncommutative rings a well-known theorem of Kaplansky

which states that commutative regular rings are characterized by the prop-

erty that all simple modules are injective. While this characterization is

not valid for arbitrary rings, we prove that it does hold for a large class

of rings—those which satisfy a polynomial identity (P.I.-rings). This

turns out to be a corollary of a more striking result of ours which states

that a P.I.-ring is von Neumann regular if and only if every two-sided

ideal is idempotent.

These results are exploited in two ways. One is to show that a conjecture

of Bass is valid for P.I.-rings. That is, a P.I.-ring R is left perfect if and

only if all left ^-modules have maximal submodules and R has no infinite

sets of orthogonal idempotents. The other is to characterize semisimple

Artinian P.I.-rings as those for which each completely reducible left

(right) /^-module is injective.

Throughout this paper, R will denote an associative ring which does

have a unity. We say that R is a P.I.-ring if R satisfies a polynomial

identity with coefficients in the centroid and at least one coefficient is

invertible.

Theorem 1. Let R be a P.I.-ring. Then R is von Neumann regular if and

only if P = Ifor each two-sided ideal I of R.
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Proof. We will first show that for each a e R there exists a positive

integer « such that Ra"=Ran+1. Assume to the contrary that for a e R the

descending chain {Rai:i=\, 2, • • •} of left ideals does not terminate. By

Zorn's lemma there exists an ideal I of R which is maximal with respect to

the property that the chain {Rai+I:i=l, 2, ■ ■ •} does not terminate.

By passing to Rjl we can assume that 1=0. From Amitsur [1, Theorem 9]

we obtain a positive integer k for which Rak+l(ak) contains a nonzero ideal

J of R. Then J=J2çJ[Rak+I(ak)]çJ implies J^Jtf+Jl^) implies

Jak=Ja2k=Ja3k=- ■ ■ . Now the chain {Rai+J:i=\,2, ■ ■ •} terminates,

i.e., there exists a positive integer t such that (a*—xat+1)eJ for some

xeR. We choose a positive integer s such that sk>t+k+l. Then

(at-xat+1)eJ implies that (at+k-xat+k+1) eJak=Jask. Hence at+k=

uat+k+1 for some u e R. By passing back to R we have that the chain

{Ra'+I:i=\, 2, • • •} terminates and contradicts the choice of /. So we

have established that for each a e R there exists a positive integer n such

that Ran = Ran+l, i.e., R is left 7r-regular. Since R is a semiprime P.I.-ring

it follows from Levitzki [13, Theorem 1] that the indices of the nilpotent

elements in R are bounded. Wherefore R is 7r-regular by Azumaya [3,

Theorem 5]. Moreover, each prime ideal P of R is primitive because

Posner's theorem [15] yields that RjP has a primitive Artinian classical

quotient ring which is forced to coincide with RjP by the 7r-regularity of R.

Thus R and all its homomorphic images are semisimple. Therefore R is

regular by Kaplansky [11, Theorem 4.4]. Since the proof of the converse

is clear, the proof of the Theorem is complete.

Remark. (1) We note that with minor modifications the proof goes

through for P.I.-rings without unity elements. Also it is enough to assume

I2=I for each essential two-sided ideal / of R. For if J is any ideal in R,

then by choosing an ideal K maximal with respect to J 0^=0, we obtain

J®K essential in R. Hence J®K=(J®K)2=J2®K2 from which it follows

thaty2=7.

(2) It follows immediately from the theorem that a P.I.-ring is von

Neumann regular if it is biregular.

In Armendariz-Fisher [2] we conjectured that a necessary and sufficient

condition for a P.I.-ring R to be von Neumann regular is that each simple

left ^-module is injective and we gave a proof of the necessity. The

following corollary provides a complete proof of that conjecture. A module

is semisimple if the intersection of all its maximal submodules is zero.

Corollary.   Let R be a P.I.-ring. Then the following are equivalent:

(a) R is von Neumann regular.

(b) Each simple left (right) R-module is infective.

(c) Each left (right) R-module is semisimple.



1973] REGULAR   P.I.-RINGS 249

Proof. If (b) holds, then L2==L for each left ideal L of R by Michler-

Villamayor [14, Corollary 2.2]. Therefore (a) follows from Theorem 1.

That (a) implies (b) is Armendariz-Fisher [2, Theorem 3]. The equivalence

of (b) and (c) is Michler-Villamayor [14, Theorem 2.1].

Remark. Perhaps the most surprising aspect of Theorem 1 and its

Corollary is the subtle strength demonstrated by the polynomial identity

in forcing each left (right) ideal to be an intersection of maximal left

(right) ideals on the meager assumption that two-sided ideals are idem-

potent.

As a consequence of an investigation into the structure of 7r-regular

P.I.-rings, Fisher and Snider show in [7] that a semiprime P.I.-ring in

which each prime ideal is maximal is a 7r-regular ring. We will need to

make use of this fact in the next theorem which extends to P.I.-rings a

commutative result discovered independently by Hamsher [9], Koifman

[12], and Renault [16]. We denote the Jacobson radical of R by J(R).

Theorem 2.    Let R be a P.I.-ring.

(a) If R/J(R) is von Neumann regular and J(R) is left T-nilpotent, then

each left R-module has a maximal submodule.

(b) If each left R-module has a maximal submodule, then RIJ(R) is ir-

regular and J(R) is left T-nilpotent.

Proof. As in Bass [4], J(R) left T-nilpotent implies that J(R)M^M

for each left R-module M. Hence M=MjJ(R)M is a nonzero R = R¡J(R)-

module. Since R is regular it follows from Armendariz-Fisher [2, Theorem

3] that each simple left Ä-module is injective. If 0#x g M, then there is a

nonzero .R-homomorphism from Rx onto a simple Ä-module S which by

injectivity can be extended to an Ä-homomorphism of M onto S. The

kernel of this homomorphism is a maximal Ä-submodule of M and hence

provides a maximal R-submodule of M.

Now for the proof of (b). It follows from Bass [4, p. 470] that J(R)

is left T-nilpotent. We will show that R¡J(R) is 77-regular by showing that

each prime ideal of R/J(R) is maximal and appealing to Fisher and Snider's

result mentioned above. Since the property of a ring having each module

containing a maximal submodule is preserved under homomorphic images

of the ring, we may assume thatJ(R)=0. IfPisa prime ideal of R, then by

Posner's theorem [15], K=R¡P has a simple Artinian classical quotient

ring Q. We will show that K=Q. If not, then Q\K maps onto a simple

A-module S and S is A'-isomorphic to K\L for some some maximal left

ideal L of K. If L is not essential in K, then K is primitive and K=Q by

Kaplansky's theorem [10]. If L is essential in K, then L contains a nonzero

divisor u by Goldie [8, Theorem 3.9] and in turn Ku contains a nonzero

ideal / by Amitsur [1, Theorem 9]. Since / is also an essential left ideal of
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K, it contains a nonzero divisor v. Then KlL=v(K/L)=0 which is a con-

tradiction. Therefore K=Q and every prime ideal of R is maximal. Where-

fore R is 77-regular as desired.

We can use this theorem to prove the conjecture of Bass [4, Remark (ii);

p. 470] for P.I.-rings. As is well known the conjecture fails in general

([6], [12]), although it has been proven for commutative rings ([9], [12]).

Theorem 3. Let R be a P.I.-ring. Then R is left perfect if and only if

each left R-module has a maximal submodule and R has no infinite sets of

orthogonal idempotents.

Proof. This follows immediately from Theorem 2 since J(R) a nil

ideal implies that finite sets of orthogonal idempotents can be lifted from

R¡J(R) to R.
The examples of Cozzens [6] and Koifman [12] mentioned above have

the property that all completely reducible modules are injective, yet they

are not semisimple Artinian rings. However, for commutative rings

injectivity of all completely reducible modules is equivalent to the ring

being semisimple Artinian as has been shown by Cateforis and Sandomier-

ski [5]. We extend this result to P.I.-rings.

Theorem 4. Let R be a P.I.-ring. Then R is semisimple Artinian if and

only if each completely reducible left (right) R-module is injective.

Proof. One way is clear. For the other way assume that all completely

reducible left (right) /?-modules are injective. By the Corollary, R is

regular. It will suffice to show that R contains no infinite sets of orthogonal

idempotents. Accordingly, let {ei:i=\, 2, • • •} be a countably infinite set

of orthogonal idempotents. We have L = Re1®Re2(£>Re3®- ■ ■ and by the

Corollary we can choose a maximal submodule Mi of Re¡ for each ;'. Then

W=® 21Ei ReJMi is completely reducible and hence injective. Let/ be

the canonical Ä-homomorphism of L onto W. Since H-^is injective/can be

extended to an R-homomorphism X:R-^-W. Then X(r)=rX(\) for each

r e R. Clearly X(l) e 2?-i RejM,- for some k. Hence f(L) £ ¿Li RejM,-

which is a contradiction.
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