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Abstract. It is shown that if G is the free group of rank 2

freely generated by x and y, then xyx~ly~l is never the product of

two squares in G, although it is always the product of three squares

in G. It is also shown that if G is the free group of rank n freely

generated by xlt x2, • • ■ , xn, then x\x\ ■ ■ ■ xl is never the product

of fewer than n squares in G.

Let G be a group, G' its commutator subgroup, and G2 the fully in-

variant subgroup generated by the squares of the elements of G. It is well

known that G2=> G' ; indeed, if x, y are any element of G, then

[x, y] = xyx-iy1 = (xy)2(y-1x-1y)2(y-1)2,

so that [x,y] is the product of three squares in G. The question naturally

arises as to whether this number is minimal. That is, we ask if the equation

(1) [x,y] = xyx-'Ly1 = a2b2

has solutions in G. In many cases the answer is in the affirmative; for

example, if eitherxorjis of odd order or of order 2. In general, however,

the answer is in the negative, and the purpose of this note is to prove the

following:

Theorem 1. Let G={x,y} be the free group of rank 2 freely generated

by x and y. Then the equation (1) has no solutions in G.

Two proofs of this theorem will be given. The first (which is due to the

second author) will be by representing G as a suitable transformation

group and then showing the impossibility by matrix arguments. The

second (which is due to the first author, who acted as referee for the

original version of the paper) is both simpler and provides a proof of a

related result, and will be by considering suitable homomorphic images of

free groups of finite rank. No doubt a proof by a word argument alone is

possible (in this connection see [3]) but seems difficult.

Received by the editors June 9, 1972 and, in revised form, June 30, 1972.

AM S (MO S) subject classifications (1970). Primary 20F05, 20F10, 20H05.
1 The first  author wants  to  acknowledge  support   from the National  Science

Foundation.
© American Mathematical Society 1973

267



268 R.   C.  LYNDON AND  MORRIS  NEWMAN [July

The result referred to above is the following :

Theorem 2.    Let G be the free group of rank n freely generated by x,, x2,

• • • , xn. Then x\x\ • ■ • x\ is never the product of fewer than « squares in G.

For the first proof of Theorem 1 we start with the classical modular

group

r = PSL(2, Z) = SL(2, Z)/{±/}.

The elements of Y will be written as matrices instead of cosets. We shall be

careful to make plain when elements of SL(2, Z) are being discussed and

when elements of Y are being discussed.

The group Y is generated by

-CI). «•-(_?]).
and is the free product of the cyclic group {T} of order 2 and the cyclic

group {ST} of order 3. The commutator subgroup Y' of Y is a free group of

rank 2 and index 6, and is freely generated by

*-(,:)■ H-,1)-
Then (as a matrix product)

[X, Y] = XYX-1Y-* = (^   o    _J - -S«.

The exponent of S modulo Y' is 6. An easy consequence of the Kurosh

subgroup theorem (or of simple matrix calculation) is that two commuting

elements of Y are necessarily powers of the same element of Y (see [1] and

[2]).
We first state and prove two lemmas.

Lemma 1.    All solutions of the equation

(2) A2B2 = -S6

in SL(2,Z) are given by A=S3M~1, B=MS~3N, where M, N are any

elements o/SL(2, Z) such that MN=NM, (NS~3)2=-I.

Lemma 2.    Let V belong to SL(2, Z), V2= —I. Then neither of the con-

gruences W2= ± V mod 3 has a solution W in SL(2, Z).

In fact, although this is not relevant to the proof of the theorem, the

congruence

W2 =. Fmod/?,       p prime,/? odd,
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has a solution  W in SL(2,Z) if and only if (2¡p)=\, where (2//>) =

(_ i)<j>2-i)/8 js tjje Legendre symbol.

Proof of Lemma 1.   We have

A2B2 - I = -S« - I = -2S3.

Multiplying on the left by A'1 and on the right by B'1 we have

AB - (BA)-1 = -lA^S^B-1.

Since tr(^5)=tr(fi^)-1, this implies that tr(A'1S3B~1)=0. But ^S8!?-1

belongs to SL(2, Z). Thus (¿-»S**-1)*«--/, which we rewrite as

(3) (ABS-3)2 = -I,

as well as

(4) -S3B-X = ABS'3A.

Rewriting (2) as

(5) AB = A-iS^-S^-1),

we find on substitution of (4) into (5) that AB=(A~1S3)(AB)(S-3A), so that

AB commutes with A~XS2. Put A~1S3=M, AB=N. Then A=S3M~1, B=

MS~3N, where MN=NM. Furthermore, ABS~3=NS~3, so that (NS~3)2=

-I, by (3). Thus

(6) NS~3N = -S3.

But now

A2B2 - S3M-1S3M-1MS-3NMS~3N

= S3NS~3N = S3(-S3) = -S6,

by (6). Hence all solutions are of the form indicated by Lemma 1, and the

proof is complete.

Proof of Lemma 2. Since V2= -I, tr(K)=tr(- V)=0. Also, the trace

of W2 is t2—2, where t is the trace of W. Hence t2—2=0 mod 3, an im-

possibility. This concludes the proof.

We now turn to the proof of the theorem. For this purpose it is only

necessary to show that equation (2), considered as an equation over V,

has no solutions in V. Suppose the contrary. Then A e V, B e V, so that

N=AB e F, MS~3=A~1 e F'. Since M and N commute, we must have

M=Ua, N=U", UeV. Since (NS~3)2=I (as an element of T), we have

N= VS3, V2=I, VeT. Since MS~3=UaS 3 e T', we also have MbS-3>> =

UabS~3b e T' (generally, if x, y are elements of a group G such that xy

belongs to a normal subgroup H, and « is any integer, then xnyn also

belongs to H). It follows that S3b e P, since U"=Ne T'. Since the ex-

ponent of S modulo r is 6, b must be even. Thus A/= W2 for some matrix
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W of T, and W2=VS3. As an element of SL(2, Z), V satisfies V2=-I.

But then Lemma 2 implies that this has no solutions. This completes the

proof.

We now turn to the second proof of Theorem 1 and the proof of

Theorem 2. We prove

Theorem 3. Let F be free ofrank n — 1 with a basis X={xx, x2, ■ • • , xn}.

Let N be the normal subgroup of F generated by all triple commutators

[x, y, z]= [[x, y], z] together with all squares [x, y]2 of double commutators.

Let G=FjN, so that G is generated by the images xt of the x¿. Then ifk<.n,

there do not exist elements w,, u2, • • • ,uk of G such that

/n\ -2-2 -2 2   2 2
(7) x{x\ • • • x„ = u{u2 ■ ■ ■ u'k.

Furthermore, there do not exist elements ult u2 of G such that

Proof. We drop bars and set ki}= [x(, x¡]. Then G is the group

generated by the xt together with the Rtj with defining relations

XtXj = ICfjXjXf, I K. ],

xhku = ki¡xh, i < j,   all n,

We note that it follows that fc^—fo, Xj] = [Xj, x{], and that x\ lies in the

center of G.

Suppose now that (7) holds. Then every element uh has a representation

of the form

"» = n *r n fcs*
i i < 3

where the aih are unique elements of Z and the bijh e {0, 1}. An easy cal-

culation gives

«; = n *?'" n kt¡\i i < j
whence

i i<3

Hence we may conclude from (7) that

(9) 2a«=l    for all«,

(10) 2 aiham = 0 mod 2,   for all i, j with i ^ j.
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Let afÄ be the image of aih in Z2 (the ring of integers modulo 2). For

l—i—^n, let vi=s{ail, <xi2, • • • , xik), a vector in the vector space V of

dimension k over Z2: Then (9) implies that 2/*=i a?» = 1 for all /; that is, that

(11) 1er«! — 1    for all/.

Similarly, (10) implies that

(12) vt • v}; = 0   for all i, j with i # /

Thus (11) and (12) assert the existence of an orthonormal set of «

vectors in V, impossible since n>k=dim(V).

Suppose now that (8) holds. Clearly, we may assume that «=2. Then

retaining the notation for uh introduced previously, we have

/i'l\ K      _     2(an+ai2>v.2(a2i+a22)/,aiia2i+ai2a22
\iJ) K-i2 — -^l X2 /Vi2 ,

whence

an + au = 0,    a21 + a22 = 0,    ana21 + a12a22 = 1 mod 2.

The first two equations give

an = a12 mod 2,       a21 =■ a22 mod 2,

which when substituted into the last gives 2aua22=l mod 2, an impos-

sibility. This completes the proof.

In conclusion, we note that Theorem 1 may also be proved by means of a

finite group of order 64: namely, the group G of all 3 X 3 matrices

where a, b, c run over all of Z4. Here

are generators of G, and

xyx^y'1 =
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