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BEURLING GENERALIZED PRIME NUMBER SYSTEMS
IN WHICH THE CHEBYSHEV INEQUALITIES FAIL

R. S. HALL

ABSTRACT. It is proved that there exist systems of generalized
primes in which the asymptotic distribution of integers is N(x)=
Ax+0O(x - log”? x) with A>0 and y €10,1) and in which the
Chebyshev inequalities

1
timinf 7OM%8% S 6 limsu
z—>00 X z—©

do not hold.

p -rr(x)Jl‘ogx < o

A nondecreasing sequence P of real numbers p,, p,, * - * such that p,>1
and p,—o0 is called a Beurling generalized prime number system. The
associated system of generalized integers, N={n,}:Z,, is the sequence of
real numbers obtained by letting n,=1 and arranging in nondecreasing
order the elements of the multiplicative semigroup generated by P. The
distribution functions 7(x) and N(x) are defined in the natural way,

7(x) =mp(x)= > 1, N(x)=Np(x)= D L.

piSzx nisz

Beurling [2] proved that if
) N(x) = Ax + O(x log™" x)

with 4>0 and y >3, then the prime number theorem holds for the system,
that is, m(x)~x/log x. He also showed, essentially, that there exist
systems for which (1) holds with y=% and in which the theorem is not
true. A summary of results and conjectures about systems of generalized
primes is given in the recent work of Bateman and Diamond [1].

It is easy to show (as was done by the author in [3]) that if N(x)=
Ax+o(x), then

liminfmg 1, lim supmg 1.
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In the following article by Diamond the Chebyshev inequalities

liminf TCUBX > 0 S 0 lim sup

z— X - o

m(x)log x <A<
x

are shown to hold when (1) is satisfied with > 1. In this paper we show

that these Chebyshev inequalities need not hold when y<1.

THEOREM. Let w € [0, 1], f € [l, + ], and y € [0, 1) be given. There

exists a generalized prime number system in which
(i) N(x)=Ax+0(x log™ x),

(ii) lim inf,, (7(x)log x/x)=q,

(iii) lim sup,_, , o(7(x)log x/x)=p.

PrOOF. Let my(x) be the distribution function for the rational
primes. For each rational integer n define the interval I,=(a,, b,] by
log~?a,=2" and b,=a,2"/%. Let C, be the set consisting of the largest
[(1 —o){m(b,)—mo(a,)}] rational primes in I,,.. If B< 4+ 0, let D, be a set
consisting of any [(8—1){m(b,)—mo(a,)}] distinct real numbers in the
interval (b,—1,b,]. If =400, let D, be a set consisting of any
[27/8{zro(b,)—mo(a,)}] distinct real numbers in (b,—1,5,]. Let C=
Uoad n Cns D=Ueven n Pn, and let P={p;};;, be the nondecreasing
sequence formed from the set P=(R—C) U D, where R s the set of rational

primes.
Then for some K= K(f) we have

S REP oS b)) — mo(a,))

pecunp P odd n

4K Z 28 o(b,) -—aﬂ'o(a,,)}logy a,

evenn

_ o(z 21,2) o).

1

n

Thus we see that [ [,ec (1+1og” p/p) - [ Teep (1—log" g/g)~* converges. If
for Re s>1 we define {c;}i53 by

K 1 1\
2= 1= TT(1-2)
1k pec P’/ q¢eD q
then we have

o SRk (i) ) [ (-

k=1 k peC qeD q
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by repeated use of the inequality log’(mn)=(log m+log n)’<log' m+
log? n.
Define for Re s>1 the function

1© =401 (1 - I%) Il (1 - qi,)_l= +::—

where {o(s) is the Riemann zeta function. Then 1% a,/n*=
(Z 21 1/m?) Zk=1ck/k' and

Nx)=>a,= ck[ ] —xz +0(2|Ck|)

nSz k=e ksx k=2
-—x} +o( Zlk|)+0(2|ck|)
k=l k> k kS2

From (2) we have
y
logylec—k!S M= o)

k> k —k>:c k
lel log? k ( x )
¢ <001 + =0 .
kgzl kl ( ) y X kéz k 10g7 X
Thus N(x)=x 25 ci/k+O(x[log’ x).
We next show that (ii) and (iii) hold. Since my(x)~x/log x we have

lim mo(2x) =0 and lim 7o(bas) on/8
= mo(b,) n~o o(dy)

and

=0.

From the fact that

m() Zm() — D [ — @){me(by) — mo(an)}]

bnSzin odd
Z mo(x) — (1 — 0)my(x)

it is clear that
m(x)log x

—liminf 7 > ,

lim inf
2=+ X z—+0 'n-o(x

On the other hand
m(a,) = mo(a,) + K Z 248 mro(by) — me(ap)}

k<n;keven

é 7"'O(an) + Kznlsﬂo(bn—l)-
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It follows then that lim,,_, ., 7(a,)/m¢(b,)=0 and we have (i), since

tlim inf 2 < liminf 722
x> wo(x) n—+oo;n odd ﬂo(bn)
= liminf 7"'(an) + a{"O(bn) — ﬂo(a'n)} =q

n—oojn odd "O(bn)

If B< o0, then
m(x) S m(x) + > (B — D{me(b,) — mo(a,)} = Bro(x).

bn=z;n even

Similarly, it follows that

lim sup 7(x) Z lim sup m(ba)
z—+o (X n—co;neven Wo(bn)
= lim sup 7T(a'n) + ﬂ{WO(bn) _ wO(a")}= ﬂ'
m—o0;n even ﬂo(b,,)
Thus, lim sup, .., m(x)log x/x=p. If f=co, then
lim sup () = lim sup ﬂ
z—® o X n—>o Wo(bn)
n/8 —
— llm sup Tr(an) + (2 + 1){"0(b'n) ﬂo(an)} = o
n= o Wo(bn)

This completes the proof.

A slightly more complicated argument shows that (ii) and (iii) can hold
for systems in which N(x)=Ax+O0(x/g(x)) provided g(x)=o(log x).
Details may be found in [3].
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