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ON THE ZEROS OF CERTAIN CONFLUENT
HYPERGEOMETRIC FUNCTIONS
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AsTRACT. The theory of continued fractions is used to derive
the following results which hold for —}<a<oo: (1) If

Fie; 20 +1;2) =0 [[Fi(e +1;20 +1;2) =0]

then Re(z)>0 [<O0]. (It is deduced from this result thatif 7,_, 22+
I, /2(z)=0 then Re(z)>0, and it is shown that if « is an integer,
an unbounded number of roots of this equation exists.) (2) The
roots of the equations

1File; 205 2) = (Fiy(o; 20 + 15 2)
and
1Fi(e 205 2) = (Fi(e + 1520 + 15 2)

are identical, pure imaginary, symmetrically distributed about the
origin and unbounded in number. (3) Let C,(z) (n=0, 1, - - -) be the
successive convergents of the continued fraction associated with
g(2)=1Fy(x; 20; )/, Fy(; 22 +1; 2). The roots z=iy{® (v=1,
2, - - +) of the equation g(z) =C,(z) have the same properties as those
described in (2). Furthermore, they interlace: subject to a suitable
ordering, y{® <y{"+V <y, (v=1,2, ). (A special case of this
result concerns the function e and the convergents of its continued
fraction expansion, and is an extension of the formula *'7=1

(v=1,2,--°))

A number of results concerning the location of the zeros of certain
special confluent hypergeometric functions have been obtained by in-
vestigating the behaviour of integral expressions involving the functions in
question and, in the case of real argument and parameters, by the use of
Sturm sequences (for a survey of known theory and associated references
to the literature see [1, §6.16]). In this paper we introduce a new method,
based upon the use of continued fractions, to establish that the zeros of
certain confluent hypergeometric functions lie in a fixed half-plane and that
those of certain combinations of these functions lie on the imaginary axis.
(The reader is referred for the analytic theory of continued fractions to the
standard works [2] and [3].)
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The results of which we make use are as follows:

THEOREM A (STIELTIES [4, Notes 3 and 4]). The function S(z) generates
a nonterminating continued fraction of the form

) T MZ
1+ 1+ 14

in which

2) O0<uy, <o (r=12--9), limu,=0

if and only if S(2)=727o M,[(1+2zt,) where t,=0, M,=0, 0<t,<T< 0,
M, >0 (v=1,2,--°), 220 M,=u,, the {t,} being distinct; S(z) is then
regular at the origin, is meromorphic in any finite region of the z-plane, and
has simple poles at the points z=—1t;" (v=1, 2, ) on the negative real
axis. Expansion (1) converges, in particular, in the neighbourhood of the
origin to S(z).

THEOREM B (GAuss [5]; see also [3, §89]and [2, §91]). (i) When y+v##0
(»=0, 1, + - *) the function

1Fu(as y;2) = i{ﬁ w}z_"

v=0 lreo0 ¥ + 7) !
is an entire function.
(ii) The function f(z)=\F(«;y; 2)[;Fi(x;y+1;z) generates the cor-
responding continued fraction

V12 057 v,z
3 e Tee L,
3) Uy 1+ 1+ I+
where vy=1,
(x+v—1)
Vg1 =
2t +2v—=2(y+2v—-1)
(1’:1,2,"')
(y —a+7)
v2v=

T+ — D+ )

which converges uniformly to f(z) in any finite region of the z-plane from
which the zeros of the function ,F,(«; y+1; z) have been excluded.

THEOREM C (PONTRIAGIN [6, §1]). Let P, ,(z, w) be a polynomial in the
two variables z and w of the form

m n
P,..(z,w) = z Z .22 (1 =m,n< ™)
v=0 r=0
where each of the four sets of numbers ¢ ., Cp . (T=0, 1, ,n), ¢, 0, ¢, n
(v=0, 1, -+, m) contains at least one nonzero member. Then if c,, ,=0
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[¢o.,=0] the equation P, ,(z, €)=0 has an unbounded number of roots with
arbitrarily large positive [negative] real part.

Our first main result is

THEOREM 1. If —}<a< o0 and
(i) Fi(a; 20+1; z)=0 then Re(z)>0;
(ii) 1Fy(a+1; 2a+1; z)=0 then Re(z)<O0.

PrOOF. Setting y=2a, it follows from clause (ii) of Theorem B that
when —} <a< oo the function

4 8(z) = 1Fy(a; 2a; 2)/1Fi(o; 20 + 15 2)

generates the corresponding continued fraction (3) with vy=1, v, ;=
—0y,=1/{2Qa+2v—1)} (»=1,2,---). The even part of expansion (3)
(i.e. (see [3, §4]) that continued fraction whose successive convergents are
those of even order of expansion (3)) then becomes

az  wzZfu,z®  u, 2
(5) 1+—_.1__2....._1_._...
1 —az+ 14+ 14 1+
where
1
Tt )
(6) 1

u, = r=12--).
4Qa 4+ 2v — NQ2a + 2v + 1)

From clause (ii) of Theorem B, expansion (5) converges to g(z) in particular

in the neighbourhood of the origin. The coefficients u, (v=1,2, - - ) of

formulae (6) satisfy conditions (2). Hence, from Theorem A, the expansion

1+ 1+ 1+

converges in the neighbourhood of the origin to S(2)=2>.2, M,/[(1+2%,)
where the numbers M,, t, (v=0, 1, - - ) are as described in that theorem.
In the neighbourhood of the origin

@) g(2) =1+ az/(1 — az + 225(z%))

and, by analytic continuation, this relationship holds throughout any
finite region of the z-plane.

The functions az and 1 —az+225(z?) are analytic when Re(z) <0, and the
only singularities of the function S(z%) upon the line Re(z)=0 are simple
poles. Furthermore, since Re(z*)=<0, Re(—a)<0, Re{zS(z%)} =0 when
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Re(2) =0 (z0), it follows that the function z—1—a+zS(z?%) is never zero
when Re(z)=<0. Hence the function g(z) of formula (4) is analytic when
Re(2)=0.

Now assume that , F;(«; 2o+ 1; z)=0 for some finite value of z such that
Re(z) =0. Since g(z) is analytic for Re(z) =0, it follows that ; F; («; 2a; z)=0
also. But [1, §6.4]

®)  2,Fi(x;20;2) — (Fi(o; 20 + 15 2) = Fi(a + 1520 + 1; 2).
Hence, for this value of z, ;F;(ae+1; 2a+1; z)=0. Since [1, §6.4]
9) DFi(x;2a;2) =4, Fi(a+1;20 4+ 1;2) (i< a< o)

(where 2, now and subsequently, denotes d/dz) it follows that we have
shown that the function , F;(«; 2« ; z) and its first derivative vanish for the
value of z in question. Using the homogeneous second order differential
equation satisfied by the function ,F;(a; 2; 2) [1, §6.3] it can then be
shown that all derivatives of this function vanish at the point in question,
and hence that ,F,(e; 20; z)=0 identically. This is manifestly untrue, the
initial assumption is false and, indeed, if ; F; (o ; 2+ 1; z) =0 then Re(z) >0.

The second result of the theorem is an immediate consequence of the
formula [7], [1, §6.3]

(10)  Fi(a;c;2) = esF(c —ajc;—2z)  (c#0,—1,--).

Theorem 1 says nothing concerning the existence of the points referred
to. Indeed, it is clear that when =0 such points do not exist. We therefore
describe two special cases in which the existence of such points can be
established and in which something further can be said concerning their
distribution.

THEOREM 2. Let n=1 be a fixed finite integer. There exists an unbounded
number of values of z having arbitrarily large

(i) positive real part for which \F,(n; 2n+1; z)=0,

(ii) negative real part for which ,Fy(n+1; 2n+1; z)=0.

PROOF. Set
(11) Pu(2) = z-"-‘{e’ -2 —}
v—o?!
As is easily verified, we have in succession

Fu(n; 2n + 15 2) = (2n)!(n — DD y,(2),

(12) D", (2) = (—1)" 7 {p,(2)e" — 4.(2)}
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where

RSO R e ) LD
(13) P"(Z)—vgov!(n-—v—l)!n( "

) = Z(2n —v =D,

= vi(n—)!

Since a term involving z” occurs in the expression contained in braces in
formula (12), but a term in e“z® is missing, it follows from Theorem C
that this expression has an unbounded number of zeros with arbitrarily
large positive real part. That the zeros of the function ,Fy(n;2n+1; z)
are confined to the half-plane Re(z)>0 is a consequence of Theorem 1.

The second result of the theorem is proved in a similar way, noting that
1Fi(n+1;2n4-1; 2)=((2n)!In)D™yp,_,(z). We note in passing that in the
notation of formula (11)

D" pu(2) = 2ATTH(n + 9)! y,a(2)})/n!
D ypa(2) = z7"AH(n + v — D!y, (DN (n — !
where the difference operator A is defined by A%(»)=f(») (»=0, 1, - - ),
AHf0) =Af() = Af(+ 1) (=01,
Agf(r) =47(0)  (r=0,1,""").

The results of Theorems 1 and 2 may be presented in terms of Bessel
functions:

n=1a2,”.)a

and

THEOREM 3. If, when —}<a<oo, I, ,/5(2)+1,.1/5(z)=0 then (apart
Jfrom the case z=0 when a>%) Re(z)<0; furthermore, when « =1 is a finite
positive integer, this equation has an unbounded number of roots with
arbitrarily large negative real part.

ProoOF. We have [1, §6.9.1]
(14 1File; 205 2) = (1T (e + D™ {(32)* 1,0 2(32)),
and [8, §3.71]
(15) D2 1p(2)} = 2 g 10(2).
With the help of these two equations and formula (9), we derive
To1/2(2) + 1o 1/2(2)

= (32" V% D(a + D) File + 1520 + 1522) (=} <a < ).

The first result of the theorem follows immediately from clause (ii) of
Theorem 1.
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The second result may be deduced from Theorem 2. It may also, with the
help of Theorem C, be deduced from first principles using the fact [8,
§3.71] that when a=1 is a finite integer

L) = {e“ai 4027 =3 (= 1)'¢,‘,(2z)'} / {e(22) "/ (2m2)}
where =0 =0
bur = [H {@ =1 = Q- 1)2}] {(a = r— 1)1 4=

(r=0,1,---,0—1).
Our second main result is

THEOREM 4. Let —}<a < 00. The roots of the equations
(16) 1Fi(a; 205 2) = 1 Fi(a; 20 + 15 2),
a7 1Fi(e; 205 2) = (Fi(o + 15 200 + 13 2),

are identical, pure imaginary, symmetrically distributed about the origin,
and unbounded in number.

Proor. From formulae (4) and (7), we have
1 —g(2) + azg(z)
g(z)—1
_1Fi(e;2e+ 152) + (az — 1), Fiy(®; 245 2)
N 1Fi(o; 205 2) — (Fy(o; 200+ 15 2)
where a=1/{2(20+1)}. Setting

2°S(2) =

(18)

h(z) = zza{lFl(ot; 2a; 2) — (Fy(o; 20 + 15 2)}

and using [1, §6.4], it is easily verified that Dh(z) =4z F;(a+1; 20+ 1; 2).
Hence, from equation (8),

22 Fi(a; 2a; 2) = 29h(z) — h(z),
122 Fi(a; 20 + 1; 2) = Dh(z) — h(2),

and formula (18) may be written as z25(z%) = (2az2h(z) — (1 +az)h(2))[h(2).
The expressions in the numerator and denominator of the fraction upon
the right-hand side of this equation represent entire functions. These
functions do not vanish for the same value of z, for if they were to do so,
the function ,F,(a;2a;z) and its first derivative },F,(a+1;20+1;2)
would also vanish simultaneously, implying that the former is identically
zero. It was shown in the proof of Theorem 1 that the function S(z°) is
analytic for Re(z)#0, and that its poles are unbounded in number, pure
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imaginary and symmetrically distributed about the origin. The poles of
S(z?) occur at the zeros of 4(z). We have disposed of what has to be proved
concerning equation (16).

That equations (16) and (17) have identical roots follows immediately
from equation (10).

The results of Theorem 4 may, with the help of relationships (14) and
(15), also be presented in terms of Bessel functions. However, the sole
product of this change of notation is that, if 0 <8< 0o, the zeros of J,(z)
are real, symmetrically distributed about the origin, and unbounded in
number, a result which is in any case well known to hold for —1=8< o0
[9], [8, §15.27].

THEOREM 5. Let the function g(z) and the numbers a and u, (v=1,2, - - -)
be as defined in Theorem 1. Set

Co(z) =1, Cl(z) =1+ az/(l - az),
(19) az  u;z® u, 2%
C=1+—2 12 M (3.0,
() + 1 —az+ 1+ 1 ( )
Then for a finite integer nZ0, the roots z=iy\™ (v=0, 1, - - -) of the equation
(20) 8(2) = G,(2)

are pure imaginary, symmetrically distributed about the origin and unbounded
in number. One of these roots is at the origin, the rest are bounded away from
it. Furthermore, these roots interlace: if the roots on the nonnegative im-
aginary axis are ordered according to the scheme y§® =0, y{" <y < - -,
we have yi <yt <yl (v=1,2, - ).

ProOF. We first remark that g(0)=C,(0)=1: equation (20) has the
root z=0.

From Theorem A, the continued fraction

I+ 1+ 1+
converges in the neighbourhood of the origin to the function

© M(r)
S(r)(z) — v
Z(:. 14 zt!”

where 17 =0, M{"=0,0<- - <t" <1{" < T <0, MT >0 (v=1,2, ),
S® 6 M{"=u,, ;< oco. The function S (z) has simple poles at the points
z=x"=—1/t" (v=1, 2, ) where, setting XM'=—1/T", .. - <x{"'<
x{" < XM <0. For real values of z=x!{" (v=1,2, - - ) we have

" L) M(r)t(r)
287(z) = — ) ——— < 0.
@ Zo(l + z1))?
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For real values of z, the function $(z) is real valued, and is positive
for nonnegative values of z; between its successive poles its gradient is
negative. It follows that exactly one zero z=4%{" of $‘”(z) lies between each
pair of neighbouring poles of this function: subject to a suitable ordering,
<2 <x" (v=1, 2, - - -). The functions {S”(z)} satisfy the equation
S"(2)=u,,,/(14+2S+1(z)). The poles {x"*'} of S+1)(z) correspond to the
zeros of S (z): we have x{7; <x{™V <x{” (v=1,2,- ).

In conjunction with formulae (19), we have

az  uyz U, 12° u,z?

8 1 —az+ 1+ 1+ 14 228"
When S™(z%)= o, equation (20) is satisfied. This occurs when z2=x{"
(»=1,2,--), ie. when z=4ip{” (v=1,2,---) where p{"*=—x{"
(»=1,2, - - -). The stated properties of the numbers {y{"} follow from those
already derived for the numbers {x{™}.

It is clear that the argument used in the above proof can be applied to
derive a similar result concerning any function which generates a continued
fraction having a tail which is of the form described in Theorem A, or
which has a similar form.

COROLLARY. Let C,(z) (0=n< o) be the nth convergent of the continued
fraction expansion [10], [2, §48], [3, §91]
z  2°[122°/60  Z’[{4(4* — 1)}
1 —4z4 14+ 14+ 1+

of & (or, equivalently: let C,(z) be the Padé quotient R, ,(z) derived from the
power series expansion of e*); then the roots of the equation

(22) e = C,(2)

possess all the properties of those relating to equation (20) described in
Theorem 5.

(21) 1+

PrOOF. As « tends to zero, the function g(z) of formula (4) tends to
$(e*+1), and the continued fraction (5) tends to the form (21) in which the
partial numerator z is replaced by 4z. We denote the successive convergents
of this expansion by C,(2) (n=0,1,---). Theorem 5 then concerns the
equation (e +1)=C,(2). This equation may be rearranged in the form
(22).

The above corollary may be regarded as being an extension of the
result e¥*"=1 (»=+40, 1, - - -), and Theorem 5 as being an extension of
this corollary.

The successive convergents of expansion (21) may be expressed in closed
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form [11], [12]: in the notation of formulae (13), we have

(23) Co(2) = (pu(—2) + 4.(2D/(pu(2) +9u(—=2))  (n=0,1,--").

Equation (22), expressed in the form e*=C,(iy), involves complex
numbers. However, by rewriting it in a form involving (e —1)/(e” +1) and
using formulae (13) and (23), we may derive an equation involving real
numbers only; it is

(24 tan(dy) = (1.(0) + 0N (M.(P) + 0,(»))  (r=0,1,--)

where
(22 (2n — 29 = D)1 (=1)

— 2v+1
B = 2 = 2 — 2)in
(2 2n — 2v = )1 (=1)"
(l)"(y) — ( n v ) ( ) 2v+l,
= Qv+ D(n—2v— 1)
(2 20 — 2v = DI(=1)
Na(y) = ®,

= )!'(n—2v—1D!'n

_[n/2] 2n —2v — DI(=1)" ,
o.(y) = ‘Zo (2»)! (n — 2v)!

v

Denoting the expression upon the right-hand side of equation (23) by
&,(y) we have, for n fixed and large values of y, &,(y)~—n(n+1)[y when
n is even, and &,(y)~y/{n(n+1)} when n is odd. Denoting the root of
equation (24) in the interval ((2r—1)m, (2r+1)=) by J, , we have, for large
values of r, §, .,~2rm when n is even and p, ,~(2r+1)7 when n is odd.
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