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SUBALGEBRAS OF DOUGLAS ALGEBRAS

KEVIN CLANCEY AND WAYNE CUTRER

ABSTRACT. A closed subalgebra &/ of L® is called a Douglas
algebra in case & is an algebra generated by H* and a set of inverses
of inner functions. It is shown that if the Douglas algebra .« contains
properly H® +C, then there is another Douglas algebra </’ such that
H®+Cg o’ g . Some results on subalgebras are also given for
algebras generated by H® and a function of the form fB, where f is
in H® and B is an infinite Blaschke product.

Let H® be the algebra of bounded functions analytic in the unit disk D.
The notation L™ will denote the algebra of bounded Lebesgue measurable
functions on the unit circle. The space of continuous functions on the unit
circle will be denoted by C. This note is concerned with closed subalgebras
&/ of L® that contain H*. The maximal ideal space of the algebra .o/ will
be denoted by M _,.

A closed subalgebra 7 of L® is called a Douglas algebra in case &/ is
the algebra H[X] generated by H® and a set X of inverses of inner
functions. In the special case where X contains the inverse of a single
inner function ¢ the notation’ H*[¢] is used for the Douglas algebra
H”[Z].

Douglas [2] has conjectured that every closed algebra o/ satisfying
H*< /< L” is a Douglas algebra. A recent discussion of this problem
is contained in Sarason [5].

Douglas has also asked whether every subalgebra o/ of L* satisfying
H*®+Cg & contains properly a subalgebra &/’ satisfying H* +Cs o/’
We give an affirmative answer to this question when .o/ is a Douglas
algebra.

Our main result is:

THEOREM 1. Let &/=H%[X] be a Douglas algebra which properly
contains H”+C. There exists another Douglas algebra o/’ such that
H+Co A’ s A.

The above theorem makes it obvious that Douglas’s second question is
weaker than the first.
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1. Proof of Theorem 1. Fortunately, if a subalgebra of L* properly
contains H”, then it contains H* 4 C (see, Hoffman [4, p. 193]). There-
fore, if ¢ is a nonconstant inner function, then H®[@] contains H* +C.
Clearly, H*[¢]=H®+C whenever ¢ is a nonconstant finite Blaschke
product. The converse of this last statement is true; that is, if ¢ is inner
and H*[@g]=H*+C, then ¢ must be a nonconstant finite Blaschke
product. To see this, observe that My~ , o=Myo>~D (Hoffman [4, p.
207, Exercise 1]), and when H*[¢]=H~+C, then |@§(y)|=1 for every y
in My o (here, ¢ denotes the Gelfand transform of ¢). This is impossible
since if @ is not a finite Blaschke product, then there are always points
y in My~ where ¢(y)=0.

A theorem of Frostman (see, e.g. Hoffman [4, p. 175]) permits one to
conclude that for some small 4 in D the function S;=(1—¢)(1—A¢)tisa
Blaschke product. This result and the remarks of the preceding paragraph
show that it suffices to prove Theorem 1 in the case where the algebra &/
is H®[B]; here, B is an infinite Blaschke product.

Douglas and Rudin [3] prove that, for ¢ inner, My« is the set
K,={y:1¢(y)=1, y € My=}. Since the homomorphisms of H® have
unique Hahn-Banach (norm-preserving) extensions to linear functionals
on L®, it is easily seen that whenever the algebras ¢ and &/’ satisfy
H*co/'<o/< L%, then M, <= M_,. (see, Hoffman [4, p. 182]).

If the Blaschke product B, divides B, then H*[B,]< H*[B]. In order
to complete the proof of Theorem 1 it suffices to show that for every
infinite Blaschke product B there is an infinite Blaschke product B,
dividing B such that Ky Kp . The key to showing this is the following
lemma concerning “strong” exponential sequences.

LEMMA 1. Let {z3};2,< D and assume lim supy_..|z:|=1. Then there
exists a subsequence {z, }72, such that
F)
] > 0.

(1) inf[ I
kB Li=ui#x
Proor. Let 0<c<1 and let {p;}i2; be any infinite strictly increasing
sequence of positive integers. Set z, =z, and inductively choose {z, }i2,
such that

Q) 1 — |z, < ™1 — |z,,1]
For j>k, 1=z, | <cPit-+Peni[]1 —|z, |], which implies

an

Z,,
1—2,z,,

|Za,l = 1zpel Z [L = PF7F P00 — 2,1,
Further,

1 - Iznfl Iznkl é 1 - ]znil + 1 — lznkl é [1 + cm+"'+9k][1 - |Z,“‘|].
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Using the estimate |a— /|1 —&BlZ(la—8)/(1—ol |B]), for «, B D,
it follows that

I_I{ Izmc — Zy, }j
ZnZmel

isplll — 2,z

v

I—I{ 1Znsl = |zl }"

i>k |zm| |zmg|

> 1_[{1 — cm+ +Dk}3

Py 14+ Pt tek
For j<k, one can obtain similarly
1_[{ lan — Zy; }j; I_I{l — ij}j‘
i<ill = Zp,z, i<kl +¢”

Next select an increasing sequence {p;};2, of nonnegative integers such
that (1 —c?)/(1+c?)Z{(1—¢))/(1 +c?)}. If the z, are chosen in accord-
ance with (2) using this sequence {p,}, then

e [ (L= Zals PTL=C 5

k j#p |1 - Zn,'znkl j=1 1 + 4

IIV

N

14 c”

This completes the proof.

The proof of Lemma 1 is fashioned after Newman’s proof that an
exponential sequence is an interpolating sequence (Hoffman [4, p. 203]).

Now we complete the proof of Theorem 1.

Select a subsequence {z, };Z, of the zeros of B satisfying (1) and
i1 k[1—lz, |1<co. For k=1,2,- - -, let

zZ— 2,

Qk()—lnkll__z 5

and set B'=[[i, Q. Factor B'’=B,B,, where B,=[];_, Q,, and B,=
[T O2p- Fmally form By=TT1%; [Q2p 11" Let y be a pomt in
Mp~~D and in the closure of {z,, };_,. Since (1) holds, then |By »I>0
and, clearly, |By(»)|=|B; ()I; moreover, B (y)=0.

Fix ¢>1 and define

° q
Co=] 10002 and P, =]](Qs_)%".
j=q+1 el

From the identity B3*C,= B,P,, it follows that

B (9)Co(y) = By )By(»).

Then |By()|%1=|B, (y)|>0 and, therefore, |By(y)|=1. It follows that
My S My g, and, therefore, H*+Cg H”[By))s H*[B]. This ends
the proof of Theorem 1.
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2. In this section we will briefly discuss algebras generated by H* and
a function fB where fis in H® and B is an infinite Blaschke product. A
major obstacle to studying these algebras is a lack of working knowledge
of whether the function fB belongs to H® +C (Sarason in [6, Theorem 2]
has given necessary and sufficient conditions for fB to be in H*+C in
terms of the compression of the operator of multiplication by f onto the
star invariant H20BH?). We will consider a fairly obvious case.

Let {a;}i=, be the zeros of B and assume lim sup| f(a,)|#0. The function
fB is not in H*+C. To see this, observe that if | f(a,, )|=6>0 on the
infinite subsequence {a, },_, of the zeros of B, then for every y in the
closure of {a; };-, in My~ we have | f(»)|=6>0. If fB is in H*+C, then
fB=g+p where gisin H® and p is in C. Since |B|=1, then f=Bg+ Bp.
It follows that f must vanish on M« where B does, contradicting the
fact that | f(y)lgé for some y where B vanishes.

We can prove the following analogue of Theorem 1 for the algebras

H*[fB).

PROPOSITION 1. Let B be an infinite Blaschke product with zero
sequence {ai}ie,. Let f be in H* and assume lim sup| f(a,)|#0, then there
is a subalgebra of H”[fB] of the form H”[fB,], where B, is a Blaschke
product dividing B, satisfying H® +Cs H*[fB,] < H® [ fB).

Proor. Clearly if B is a Blaschke product dividing B, then H*[fB']<
H>[fB]and we can, therefore, assume that lim inf| f(a,)|#0. It is possible
(by the techniques in §1) to factor B=B,B, such that B, and B, are
infinite Blaschke products and such that lim,|By(c,)|=1, where {c;};_, is
an infinite subsequence of the zeros of B,.

The following inclusions exist:

H*[B,] 5 H[B]
U |V
H® + C 5 H[fB,] = H[fB].

Let y be a point m Mp>, ¢ and m the closure of {c,,},c_1 If y is in
My, then (fB)"(»)B(y)=(fBB)" (y)=f{(y) and since B(y)=0 and
f(»)#0 a contradiction results. It follows that y is not in Mg °(18]-
Clearly y is in My=(g }, hence, y is in My=;p . This implies H* LfBol<
H*”[B,] and completes the proof.

REMARKS. If the zero set {ay};—, of B is an interpolating sequence,
then it is possible to combine the results of Clark [7, Theorem 2.1} and
Sarason [6, Theorem 2] to obtain that fB is in H*+C if and only if
lim f(a,)=0. Moreover, in this case the zero set of B is the closure of
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{ap}rZ1 in My~ (Hoffman [4, p. 206]). It follows that if
lim inf | f(a,)| # O,

then H*[fB]=H"[B]. To see this let y be in the zero set of B. If ¥ is
multiplicative on H®[fB), then (fB)" B(y)= f(y) and since f(y)0 and
B(y)=0a contradiction results. Therefore, B does not vanish on My g,
and it follows that B is in H*[fB].

A similar argument can be used to show that if fB is not in H*+C and
the zeros of B form an interpolating sequence, then H®[fB] contains a
Douglas algebra different from H* 4 C. The authors have been unable to
decide, in this case, whether H*[fB] is a Douglas algebra.

ADDED IN PROOF. A recent result of Sarason can be used to show that
any algebra properly containing H*+ C contains an algebra generated
by H* and the inverse of an infinite Blaschke product. This result, along
with the results in this paper, implies an affirmative answer to Douglas’
second question.
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