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A FILTER CHARACTERIZATION
OF REGULAR BAIRE SPACES

R.  A.  McCOY

Abstract.   A filter characterization of regular Baire spaces is

given.

Many topological properties can be defined or characterized in terms of

filters. Such characterizations often prove to be useful in certain situations.

We prove the following theorem which gives a filter characterization of

regular Baire spaces.

Theorem.   If X is a regular space, then the following are equivalent.

(i) X is a Baire space.

(ii) Every point finite open filter base fF on X is locally finite at a dense

set of points of U IF.
(iii) Every countable, point finite, regular open filter base IF on X is

locally finite at a dense set of points of U IF.

(iv) Every countable, point finite, regular open filter base F on X which

is not locally finite at any point of\JF has a cluster point.

A space X is a Baire space provided that every nonempty open subset of

A^is of second category in X. As is well known, this definition is equivalent

to the statement that the intersection of a countable number of dense open

subsets of X is dense in X.

A space X is lightly compact (or feebly compact) provided every locally

finite collection of open sets of X is finite.

An open filter base F on a space X is a nonempty collection of non-

empty open subsets of X such that whenever U and V are members of F,

then there exists a member W of F with W<=- Uf\ V. F is regular if when-

ever U is a member of F, then there exists a member V of F with Pc u.

Lemma 1 ([2] and [3]).    The following are equivalent.

(i) X is a Baire space.

(ii) Every point finite open cover of X is locally finite at a dense set of

points.
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(iii) Every countable point finite open cover of X is locally finite at a

dense set of points.

Lemma 2 [1].. A space X is lightly compact if and only if every countable

open cover of X has a finite subcollection whose closures cover X.

Lemma 3.    Every regular lightly compact space is a Baire space.

Proof. Let X be a regular lightly compact space. Let {t/JJi, be a

sequence of dense open subsets of X, and let U be an open subset of X.

It suffices to show that UC\(Ç\f=x Ui)?¿0. Let Vx be a nonempty open

subset of X such that c^K^c UC\UX. By induction define nonempty open

subsets K¿of X such that cl(F¿+1)c K¿n<y¿+1 for each/. Suppose {\px F¿ =

0. Then define ^F,=A'\cl(FI), so that {W¡}px is a countable open cover of

X. By Lemma 2, there exists ix<- ■ -<in such that {cl(JF, )}k=x covers X.

But 0 =f]^=x X\cl(Wik)=> f]k=1 V¡ =V¡ , which is a contradiction. Thus

uninZiU^n^v&vs.
We now prove the Theorem. Since an open subspace of a Baire space is

a Baire space, IJ ^ is a Baire space for any open filter base & on some

Baire space. Therefore it follows from Lemma 1 that (i) implies (ii).

Clearly (ii) implies (iii) and (iii) implies (iv). Finally, that (iv) implies (i)

will be established by the contrapositive.

If Jf is not a Baire space, then it has a nonempty open subspace U which

is of first category in X, and hence in itself. Therefore, by Lemma 3, U is

not lightly compact. Thus there exists a countably infinite, locally finite

collection, {Wt), of nonempty open subsets of U. Each W{ must be of first

category in X. Hence, for each i, there exists a sequence {Wy} of nowhere

dense subsets of X such that JF¿=|J3ti Wtí; also let WiO=0. If X is

regular, for each ;', there is a sequence {Vtí} of nonempty open subsets of

X such that ViX= Wt and, for each y, cl(Ki3+1)c y... Then for each /' and/

define

Ui,= (u vj\(ù üci(^.+í_n A
\*=í        /      \\n=0 t=0 /

Let J^~ be the collection {Í7!7|/^l,y_t0}, which is a countable collection

of nonempty open subsets of X. Note that [/¿,-c Uh¡hr\Uhth, where

/=max{/1, i2) and/=max{/,y2}, so that #" is a countable open filter base

onl.

To see that & is point finite, let x e (j &'. Since U ^=\JZX Wf, x e

Wi for some i; let i0 be the largest such i. Then there is a /'„ such that

x e WigJo. If ('>/„, then clearly x $ Uu for any/ On the other hand, if

z'^/0 andy>/'0-|-/0, then x ^ Utj—which can be seen by letting n = i+j—i0

and k=j0 in the definition of £/„. Therefore x is in only finitely many Utj.
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To see that F is regular, let U{¡ e F'. Then

(00 \

U  vk,i+j+x).
k=i+i+l I

But since {WA is locally finite, then {Vk¡i+j+x\k^.i+j+l} is locally finite.

Therefore
(00 \ 00

U    Vk,i+i+x) =    U   cl(F,,i+i+1).
k=i+i+l I        k=i+j+l

Also each cl(Vk>i+j+1)<= Vki, so that

Mcl(Ui+j+XJ) c    U    Vki <= £/•„.

To see that F is not locally finite at any point of (J #", let x e \J F',

and let W be a neighborhood of x. For every /and«, U7 is not contained in

UiLo cl( Wifc) because each Wik is nowhere dense in X. Then since

zoo \\      /   j      n \

uXj =   UifJVUU oi(wx+j_nM,
\k=i     !    \n-o*=o /

W must intersect every Uxj.

To see that F cannot have a cluster point, let x e X. Since {WA is

locally finite, there exist an integer n and neighborhood W of x which

intersects no IF, for fs£M. This means that x <£ {Jk=„cl(Wk). But i/nl<=

U£L» **t, so that cl(t7nl)ccl(Ur=» »»)• Again because of the local

finiteness of {WA, cl(UíL„ »^=U£.» ^K^)- Therefore x$cl(UnX), so

that x cannot be a cluster point of F.

Note that the hypothesis that X be a regular space in the Theorem and in

Lemma 3 can be weakened to X being a quasi-regular space; that is, for

every nonempty open U in X, there is a nonempty open V in X with V<^ U.
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