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COMPACT SUBSETS OF R AND DIMENSION
OF THEIR PROJECTIONS

SIBE MARDESIC!

ABSTRACT. In this paper it is proved that a k-dimensional
closed subset X< R" admits a projection p into one of the co-
ordinate k-planes such that dim p(X)=«.

The purpose of this note is to prove the following theorem:

THEOREM. Let X<R" be a k-dimensional compact subset of R",
1=<k=n. Then there exist k different factors R, =R, - - »R; =R of
R, 15i<---<i=n, such that dimp,..;(X)=k, where p, .. is the
projection R*—>R; X - 'XRz‘,,'

The question of whether the above statement is true was raised by
J. D. Lawson in connection with a problem concerning n-dimensional
topological semilattices on a Peano continuum. I am indebted to J.
Nagata for bringing it to my attention.

It is well known that a subset Y< R* is k-dimensional if and only if it
has nonempty interior, Int Y & (see, e.g., [1, Theorem 1V.3, p. 44]).
Consequently, the theorem can be given the following equivalent form:

THEOREM. Let X<R" be a k-dimensional compact subset of R",
1=k=n. Then there exist 1=i,<---<iz=n such that Intp, .., (X)# &
in Ry X" -XR,,.

We prove the theorem by induction on r using this second form.
If n=1, then k=1 and p,: R—R is the identity so that p,(X)=X. However,
X< R must contain a nonempty open set for otherwise R\X would be
dense in X, which would imply dim X=<0 (inductive dimension), con-
tradicting the assumption dim X=1.

We now assume that the theorem holds for positive integers <n—1,
nz=2, and we prove it for n. Let X< R", dim X=k, k=n. Consider any of
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the n factors of R, say R;=R, so that R"=R; X R"1. Let S;<R, be
the set of all points &, € R, such that

(1 dim(X N (& X R* 1Y) =k —2.

Furthermore, for any k—1 different integers 2=<i,<---<i_;=n,
consider all balls B, .., (q,¢&<R;X---XR,  with rational radius
£>0 and center g=(q;,, * - * , ¢;,_,) all of whose coordinates are rational.

Let S; ...;,_,(g, ¢) be the set of all points £, € R, such that

) &1 X By iy (95 8) € Pryye, (X N (& X R™Y)).
We shall first show that

€)) R\S; = U 84,5, ,(95 ©)

where the union is taken over all sequences 2=/ <:*-<fj_;=n and
over all rational (g, ¢) and thus has countably many terms. Indeed,
if & € R,)\S;, then dim(XN(& X R 1Y))=/=n—1 is k—1 or k. By the
induction hypothesis, there is a sequence 2=i; <" - -<i{;=n—1 such that
the set py; ... (XN(§XR"™)) contains a nonempty open subset of
§&1XR; X---XR; and a fortiori contains a ball EIXBir-'i,(q’ €) with
(9, ) rational. If /=k—1, this yields (2) and thus £, €S;..; (g, ¢).
If I=k, we consider the projection

P:R X Ry X -+ XR,

tk-1

XRik—PRIXRiIX“'XR

-1
and note that
Pliyip_y = PPliyips
P& X By .5 (q,€) = & X By, (p(9), €)

and (p(q), ¢) is rational. Consequently, py; .., (XN (& X R™™)) contains
&1XB,,..;, ,(p(q), ¢) and therefore & €S, .., (p(q9);¢). Formula (3)
is thus established.

If a given set ;.. (g, ¢) intersects a nondegenerate interval I< R,
in a set D which is dense in /, then by (2),

C)) D X B;,..;, (4, &) © priys,_,(X)
Since py;,...;, ,(X) is compact and D=1, (4) implies
5) IXB;.; (q¢8c< Pliyeiy_(X)-

Consequently, in Ry X R; X *XR,;

tk—1

(6) Int Pu,-‘-i,,_,(X ) # 2.
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We have thus either a projection
1< < <y =,

satisfying (6), or every set S ..;, (g, ¢) is nowhere dense in R,. However,
in the latter case, by Baire’s theorem, R,\U S;,...;, (¢, €) must be dense
in R;. It then follows from (3) that S, too is a dense subset of R,.

The same argument applies to any otherj € {1, - - - , n} and we conclude
that either there is a projection p; ., :R">R; XX Ry, 15, < <
i,=<n, such that je{i, --,4} and Intp, ., (X)# @ in R; X -XR;
or the set S;< R; of all £, € R; satisfying

7 dmX NRy X " XR_ 4 X EXR X XR)Sk—-2

lk—l’

Pliyip_ R = Ry X Ry X -+ X R,

is dense in R;.

However, S, cannot be dense in R, for all je{l, - - -, n}. Indeed, that
would imply that every point x € X admits arbitrarily small neighborhoods
U=(, B1) X" - "X (2, B,)<R", where «;,f;€S; for all j. Since,
by (7), the boundary of U meets X in a set of dimension =k—2, we would
have dim X<k —1, which contradicts the assumption. This completes the
proof of the theorem.

ReMARK 1. For k=n we have here an alternate proof for the fact
that an n-dimensional compact subset X< R" has a nonempty interior.

REMARK 2. A compact subset X< R" need not be of dimension
dim X=k if it admits a projection p; ., :R"—>R; X-:-XR, with
dimp, ... (X)=k. Eg., let I= [0,1] and let f:I—I% be a continuous
surjection (I% is a Peano continuum). Then X={rxf(t)|t € I}< R® is an
arc and dim pyy(X)=2.

REMARK 3. The conclusion of the theorem remains true if one weakens
the assumptions to X being a closed k-dimensional subset of R™. Indeed,
every closed X is the union of a sequence of compact subsets X;<R",
i=1,2,---. Since k=dim X=max{dim X,|i=1,2,- -}, there is an i
such that dim X;=k and the conclusion follows from the one in the
compact case.
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