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UNIFORM APPROXIMATION  BY  SOLUTIONS
OF ELLIPTIC  EQUATIONS

BARNET  M.   WEINSTOCK1

Abstract. The space HA(K) of continuous functions on a

compact set K in Euclidean space which can be uniformly approxi-

mated by solutions of the elliptic, constant-coefficient partial differ-

ential equation Af=0 is studied. In particular, it is shown that

HA(K) is local, in the same sense as in the theory of rational approxi-

mation in the complex plane. Simultaneous approximation of

functions and their derivatives is also considered.

Let Khea compact set in ft" and let A be a partial differential operator

on Rn. We denote by HA(K) the uniform closure on K of the space of

functions satisfying the equation Af=0 in some neighborhood of K.

The properties of HA(K) when n=2 and A = d/dx+id/dy are well known.

(See, for example, Chapter 3 of [1].) One of the more interesting of these

properties is that HA(K) is local in the sense that a continuous function/

belongs to HA(K) if each x e K has a compact neighborhood N such that

fe HA(KñN).
Kallin [6] has shown that HA(K) is not local in general if AT is a compact

set in Cm and A = S, the Cauchy-Riemann operator. (See [7], however,

where HS(K) is shown to be local for certain product sets in Cm.) The

purpose of this note is to present some results concerning HA(K) when A

is an elliptic operator with constant coefficients, in particular the result

that HA(K) is local. Simultaneous uniform approximation of functions

and their derivatives by solutions of Af=0 is also considered.

Many of these results are contained explicitly or implicitly in the work

of F. Browder ([2], [3]) who considered the case of elliptic equations

with variable coefficients. However, the simplicity of the proofs in the

constant coefficient case when contrasted with the elaborate techniques

from functional analysis required in the general situation seems to warrant

separate treatment.

Let A be a linear partial differential operator on Rn with constant

coefficients. A fundamental solution for A is a distribution £ on Rn such
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that AE=è, where ô is the unit point mass at 0. In particular, AE=Q on

Rn—{0}. Suppose now that A is elliptic of order m with real coefficients.

(In this case m is necessarily even.) If F is a fundamental solution for A

then F|Ä"-{0} e C°°(AB-{0}) and

E(x) = 0(\x\m~n), « odd,

= 0(\x\m-"log\x\),      «even.

(See, for example, [5].) Thus we can state the following result:

Proposition 1. If A-is an elliptic operator of order m on R", with

constant real coefficients, then every fundamental solution E for A satisfies

D*EeLlc(R«)forW=m-l.

Henceforth, A will denote an operator satisfying the hypotheses of

Proposition 1. We note that the formal adjoint A' also satisfies these

conditions.

Proposition 2. Let K be a compact set in Rn and let T be a distribution

of order k=m-\ with support in K. If T(f)=0for allfe Cœ(Rn) such that

Af=0 in a neighborhood of K then there exists Fe L1 with support in K

such that D"Fe L1 for \<x\=m—k—l and such that A'F=T.

Proof. Let F= T * E, Then F is a distribution satisfying A'F= T. If

A is a closed ball disjoint from K and <f> is a C*5 function supported in A

then f(x)=$A E(y—x)(f>(y) dy is a C°° function satisfying Af=0 in a

neighborhood of K. Hence F(/)=0. But T(f)=(T'* E)(<f>). Thus F is

supported in K. Finally, T=J_^ik Dqpa where each pq is a measure with

compact support in Rn. Hence,

F = T*E = 2i"c* D"E>
|«|£fc

so Proposition 1 implies that D*F is locally integrable if |a|_«z—k— 1.

If /i: is a compact subset of Rn let Ck(K), k=0, 1, 2, • • • , denote the

space of germs of Ck functions on K, i.e., the space of equivalence classes of

functions of class C* in a neighborhood of AT where two functions are con-

sidered equivalent if their derivatives up to order k agree on K. We make

Ck(K) into a normed space by setting

||;L = maxmax|Z>7Xx)|.
|«|S* xsK

If U is a neighborhood of K each function/in Ck(U) defines an element of

Ck(K) which we will denote again by / It is clear that every continuous

linear functional on Ck(K) can be identified with a distribution of order

=k whose support lies in K.
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Let HA(K) denote the closure in Ck(K) of (the germs on K of ) the func-

tions/satisfying Af=0 in some neighborhood of K.

Proposition 3. Let K be a compact set ofLebesgue measure zero in Rn.

Then HkA(K) = Ck(K) for 0=k=m-l.

Proof. By the above remarks it suffices to show that if Fis a distribu-

tion of order =m— 1 with support in K such that F(/)=0 for all/satis-

fying Af=0 in some neighborhood of K then F=0. But, by Proposition 2,

T=A'F, where £ is an integrable function supported in K. Since K has

measure 0, F vanishes, hence F=0.

For general compact sets K we have the following approximation

theorem :

Proposition 4. Let U be a neighborhood of K and let f e Cm(U).

IfAf=OonKthenfeHA(K),k=0,- ■ ■ ,m-l.

Proof. Again, it suffices to show that every distribution F of order

=m— 1 with support in K which satisfies T(g) = 0 for all g satisfying Ag=0

in some neighborhood of K also annihilates/ But T=A'F, where F is

a measure supported on K, hence T(f) = (A'F)(f)=F(Af)=0, since

Af=0 on K.
The next result shows that membership in HA(K) is a local property in

a rather strong sense, for 0=k=m— 1.

Proposition 5. Iffe Ck(K) and if for each x e K there is a neighbor-

hood Ux ofx in Rn such thatfe HA(Kr\0x) thenfe HA(K).

Proposition 5 follows immediately from the following result :

Proposition 6.    Let The a distribution of order =m—l with support in K

such that T(f)=0 for all f satisfying Af=0 in some neighborhood of K.
If {£/,-} is a finite open covering of K there exist distributions Ti of order

=m— 1 such that 2 Tt=T, F¿ is supported in KC\0it and F¡(/)=0 for all

f satisfying Af=0 in a neighborhood of K(~\Üi.

Proof. Let {<f>A be a smooth partition of unity subordinate to the

covering {[/J. Then, by Proposition 2,

t = a'f « a' 2 w = 2 A'(<t><Fy
Let T—A'^F). Then F¿ is a distribution supported in KC\Üt, 2 Tt=T,

and if Af=0 in a neighborhood of KnUt then F¿(/)=(0¿F)(^/")=O.
It remains to show that F¿ has order =m—l. But Ti = A'<biF=<f>iA'F+R

where F is a sum of terms involving derivatives of order =m— 1 of F.
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Let Ba(K) denote the subspace of Ck(K) consisting of functions satis-

fying Af=0 in the interior ofK. As an application of Proposition 5 we can

show that Ba(K)=Ha(K) if K is sufficiently well behaved.

A set K is said to have the segment property if for each x e K there is a

neighborhood U of x and a vector wx such that, if 0<r<l and z e K(~\U

then z+twx lies in the interior of K. If K is the closure of an open set D

whose boundary is a hypersurface of class C1 then K has the segment

property.

Proposition 7. Let K have the segment property. Then B¿(K)=

H^(K),0=k^m-l.

Proof. By Proposition 5 it suffices to show that if fe Ck(K) and

Af=0 on int K, then in a neighborhood of each point x of AT the function/

can be approximated by functions/, satisfying Afn=0 locally. But if AT has

the segment property we can choose /„ to be a suitable translate off in

the direction wx, since translation is continuous in the Ck topology and A

commutes with translations.

It is of interest to note that instead of approximation by germs, i.e., by

functions satisfying Af=0 in an arbitrary neighborhood of K as in

Propositions 3, 4, or 7, one may require that the approximating functions

satisfy Af=0 on any fixed neighborhood U of K such U—K is connected.

This follows from the general theory of linear partial differential operators

with constant coefficients, in particular from Theorem 3.4.3 of [4]

together with the fact that solutions of homogeneous elliptic equations

are analytic.

Finally, we consider briefly the case of nonelliptic operators with

constant coefficients.

Let CX(K) be the space of germs on K of Cœ functions defined in

neighborhoods of K. We give C°(K) the topology determined by the semi-

norms {||/||t:*:=0, 1, 2, • • •} defined above. We denote by H%(K) the

closure in C°(K) of the functions satisfying Af=0 in some neighborhood

of AT.
An open set U<=Rn is called A-convex if ACco(U)=Cx(U) (cf. [4,

Chapter 3]). If A is elliptic then every open t/is ,4-convex (and conversely).

Proposition 2'. Let K be a compact set which is the intersection of a

decreasing sequence of A-convex open sets. If T is a distribution with support

in K and ifT(f)=0for allfe Cx(Rn) such that Af=0 in a neighborhood
of Kthen there exists a distribution S with support in K such that A'S=T.

Proof. Let A=f] Q.,, where Í2í+1c Q3. and each Q3 is an ^-convex open

set. For each y we can regard Fas an element of the dual of the Fréchet space

CCC(D.A. As such it is orthogonal to the kernel of the continuous operator
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A which maps Cm(D.A onto Cco(Q.A. Hence there is a distribution 53 with

compact support in Q.¡ such that A'Sj = T. But A' is one-to-one on

distributions with compact support, so there is a distribution S, with

compact support in Rn such that S¿ = S for ally. Clearly S is supported in

K and A'S= T.
Using Proposition 2' one can derive analogues of Propositions 5 and 7

for the spaces HA(K) and BA(K). In particular, one has the following

result:

Proposition 8.   Let Kbe the closure of a domain in R" with C°° boundary.

If K is the intersection of a sequence of A-convex open sets then for each

fe CCC(A^) such that Af=0 on the interior of K there is a sequence fn ofC™

functions, each satisfying Afn=0 on some neighborhood of K, such that

\\f-fjk-+0forallk.
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