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Z-REALCOMPACTIFICATIONS AS EPIREFLECTIONS
H. L. BENTLEY AND S. A. NAIMPALLY!

ABSTRACT. If £ is a countably productive normal base on a
Tychonoff space X, then 7(X, £) is an.# ,-realcompact extension of
X. R. A. Alo and H. L. Shapiro thus generalized the Hewitt real-
compactification of X. In the following paper, we extend this con-
struction to T)-spaces and show that it is an epireflection functor on
an appropriate category. We are thus concerned with the question
of the extendibility of a continuous map f: X—Y to a continuous map
g:n(X,Ly)—>n(Y,£Ly). We derive necessary and sufficient con-
ditions therefor in the case when £, is a nest generated inter-
section ring on Y.

All of the topological spaces which we consider are assumed to satisfy
the T;j-separation axiom. A family % of closed subsets of a space X is
called a countably productive separating base if the following are satisfied:

(i) Zisaring,i.e.itis closed under finite unions and finite intersections
and @, X e Z.

(ii) & is countably productive, i..e closed under countable intersections.

(iii) &£ is separating, i.e. whenever x € X—.S, S closed in X, there exist
L, L,e.¥ such that xe L,, ScL,, and L,NL,=a (E. F. Steiner [9]).

If in addition to the above properties,

(iv) & is nest generated, i.e. L € & implies the existence of E,, F, € &,
n € N, such that F,,,cX—E,cF, and L= {F,:n € N} (A. K. Steiner
and E. F. Steiner [8], [10]), then .# is called a nest generated intersection
ring. (R. A. Alo and H. L. Shapiro [2] use the term strong delta normal
base.) In [8], A. K. Steiner and E. F. Steiner prove that a nest generated
intersection ring % is normal, i.e. L,, L, €%, and L;NL,=@ implies
the existence of L;, Ly €% such that LyNLi=g, L,NLy;=g, and
LiVL;=X.

A well-known example of a nest generated intersection ring is Z(X), the
family of all zero sets of a Tychonoff space X.
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Any countably productive separating base £ on X determines a T;-
extension of X which we now proceed to describe. These extensions have
been studied previously by R. A. Alo and H. L. Shapiro [1], [2], A. K.
Steiner and E. F. Steiner [8], and M. S. Gagrat and S. A. Naimpally [5]
with the additional hypothesis that # is normal, in which case X is
Tychonoff. In the first part of this paper we weaken this to the T;-axiom.
In addition, we take a formally different approach to the subject at hand
by using the technically more convenient contiguity clusters (a concept
introduced in our earlier work [4]) instead of ultrafilters. We introduce the
following notation: if & is a countably productive separating base on X
and 4,< X for i € N, we write Cy(A,:i € N) iff there exist L; € & such
that A,=L; and (N {L,:ie N}=@. We write Cy(4;:ie N) iff not
Cy(A,;:i € N). In words, we are thinking of Cy(4,:i € N) as meaning
that the sets in the family {4;:i € N} are contiguous. We extend the above
notations by writing Cx(4,, -, A,) iff Cx(B;:i € N), where B,=4, for
i=1,--+,n,and B,=X for i>n.

Clusters play a key role in studying Hausdorff compactifications of
Tychonoff spaces (for the definition of a cluster see [7]). However, for T;-
compactifications of Tj-spaces the concept of contiguity cluster [4] is
useful. A collection o of subsets of X is called a contiguity cluster iff o is
maximal with respect to the property that A,,---, A, o implies
Cy(Ay, -+, A,). We now go a step further and call a collection ¢ an
w-contiguity cluster iff ¢ is maximal with respect to the property that
{A;:ie N}<o implies Cy(A4,:i € N).

Any separating base £ on X determines a 7,-compactification w(X, -£)
of X (E. F. Steiner [9]). w(X, £) is the space of all contiguity clusters and
P={L:Le ¥} is a separating base on w(X, . #)=X, where for L X,
L={c e w(X,Z):L € g} (for the equivalence of this to Steiner’s see [4]).
If we let e (x)={A4 < X:xd4} for each x € X, then the map e : X—>X is a
topological embedding of X in X and for each Lc X, L=Clg(eyL).

Now let £ be a countably productive separating base on X and let
n(X, ¥)={c€ X:0 is an o-contiguity cluster}. 7(X,.¥) becomes a
topological space by taking it to be a subspace of X. For each Lc X, let
L*=LNnn(X,¥). Then L*={L*:L e ¥} is a countably productive
separating base on n(X, £)=X* and for each Lc X, L*¥*=Cly.(exL).

We now introduce another notion of contiguity of collections. We
write Cx(A4,:i € N) iff N {4F:ie N}# @. Observe that Cx(4,:i € N)
implies that Cy(4,:i e N). We therefore have two associated Lodato
proximities (M. S. Gagrat and S. A. Naimpally [5]): A0y B iff Cy(4, B)
and A0 B iff C\(A4, B). Observe that if o€ X*, then {4,:ie N}jcgo
implies Cx(4,:i € N).

R. A. Alo and H. L. Shapiro [1] say that X is #-realcompact iff every
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Z-ultrafilter with the countable intersection property has a nonempty
intersection. It is easy to see that X is #-realcompact iff for every
o € X*, there exists x € X such that {x} € o, and this condition is equiv-
alent to X being homeomorphic to X* by the map ex: X—X*. R. A. Alo
and H. L. Shapiro [1] proved (and their proof is valid in our more general
setting) that X* is £ *-realcompact, and they call X* the £-realcompacti-
fication of X (by a slight abuse of language).

Our principal objective is to find a category for which n(X, £)=X*
becomes an epireflection functor. Thus we now turn to the study of maps
f:X—Y where X and Y are endowed with countably productive separating
bases £ x and £y respectively. We are interested in conditions which
guarantee that f has a continuous extension g:X*—Y*. By the phrase
g:X*—Y* is an extension of f: X—Y, we mean that goex=ey o f.

THEOREM 1. Let f: X—Y and g: X*—Y* be continuous. Then g extends
[fiff for each o € X*, f[s]<g(0).

ProOF. Suppose that g extends f, that ¢ € X*, and that L € ¢. Then
o € L* and g(o) € g(L*)=g(Clx.L)<= Cly.(gL)=Cly.(fL)=(fL)*. Hence
fL e g(0).

Conversely, suppose that f[o]<g(o) for all o € X*. Let x € X. Then
{fO=f[{x}] e flex(x)]=gex(x). If A € gex(x), then f(x)dyA and so
Ae€eyf(x). Thus gey(x)<eypf(x) and because of the maximality of
clusters, gex(x)=eypf(x).

A function f: X— Y is called an w-contiguity map iff Cx(A;:i € N) im-
plies Cy(fA:i € N), or equivalently iff Cy(B;:i € N) implies Cx(f~'B;:
ieN).

If f:X—Y is an w-contiguity map, then clearly f: (X, dx)—>(Y, dy) is
proximally continuous and therefore is continuous. Those maps which we
are able to extend are defined as follows. The concept is a modification of
D. Harris’ [6] # O-maps. If A<X and B< Y, then we will write 4</B
iff for all H< X, Hd x A implies (fH)d, B. If A;< X and B,< Y, then we will
write (4;:i € N)<’/(B;:j € N) iff for each i € N there exists j € N such that
A;<’B;. f:X—Y is called an w-map iff whenever Cy (B;:j € N) then there
exists (4;:i€ N) with Cx(4;:i€N) and (4;:i € N)</(B;:;jeN). If
f:X—Y is an w-map, then we shall let, for each ¢ € X*, f,(0)={E< Y:
forall He o, (fH)0y E}.

Our fundamental result is the following.

THEOREM 2. Let f: X—Y be an w-map. Then

(1) fis an w-contiguity map.

(2) fy:X*—>Y* is an w-map.

(3) If o e X* and if flo]<o’ € Y*, then f4(c)=0".
(4) f4 extends f.
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ProoF OF (1). This result follows easily from the fact that if 4<’B,
then f~1B< Clx 4.

Proor ofF (2). First observe that if H, L € ¢ € X*, then ¢ € H*NL*
and so HOxL and (fH)0y(fL). This implies that for each o€ X*,
flo1=f o).

In order to show that f, sends X* into Y*, let 0 € X*. Let {B;:j € N}<
f#(0) and suppose that Cy(B;:j € N). Then there exists (4;:i € N) with
Cx(A;:ie N)and (4;:i € N)<'(B;:j € N). There exists i € N with o ¢ A¥.
A; ¢ o so there exists H € ¢ with HoxA,. Let je N with 4,<’/B;. Then
(fH)dy B; which contradicts that B; € Sf#(0). To show that f,(o) is maxi-
mal, let A< Y such that 4 ¢£,(o). Then for some H € o, (fH)dyA. Since
flol=fy(0), then fH € f,(0) and so f,(0) is maximal and f,(c) € Y*.

Now, to show that f,:X*—Y* is an w-map, let Cy.(B;:j € N). Then
there exists {L;:je N}c¥y with B;cL} and N {L}:je N}=@. So
Cy(L;;j€N) and since f:X—Y is an w-map, for some (4;:i € N),
Cx(A;:ieN) and (4;:ie N)</(L;:j€ N). Then N {4¥:ie N})=g and
since ex.:X*—>X** is a homeomorphism, then A}*=Cly..(ex.AH)=
ex.AF and N {4}*:ie N}=g. Therefore Ck.(A¥:i € N) and it suffices
to show that (4F:i e N)<f#(B;:j€ N). Let 4,<’L,. To show that 4} </B;,
let Pdy.A¥. For some H, Ke £y, PcH*, A¥Y<K* and HNK=g.
Then HOxA; and so (fH)dyL,. There exists J €%y with fH<J and
JNL;=&. Then 4, L{ and f,P<J* and so (f,P)0y.A, as required.

PROOFOF (3). Leto € X*and fl[o]<o’ € Y*. Let E € f4(0) and suppose
that E ¢ ¢’. Then there exists B € ¢’ with By E. Thus, B ¢ f,(c) and so
there exists H € o with BSy (fH). This contradicts fH € f[o] < o’

PROOF OF (4). By (1) and (2) both fand f, are continuous. Therefore
by Theorem 1 and the observation at the beginning of the proof of (2)
above, f, extends f.

An immediate consequence of (3) of Theorem 2 is the following result.

THEOREM 3.  If an w-map f: X--Y has a continuous extension g: X*— Y*,
then g=f,.

We do not know whether the composition of two w-maps is always an
w-map. In order to get a category, we modify the concept as follows.
f:X—Y is called a reduced w-map iff whenever Cy(B;:j e N) then there
exists (4,:i € N)with Cy(A4,:i € N)and (4,:i € N)<’/(B,:j € N).Obviously
each reduced w-map is also an w-map. Clearly the composition of reduced
w-maps is again a reduced w-map. Thus, T;-spaces endowed with count-
ably productive separating bases together with reduced «-maps form a
category A. It is obvious that the embedding ey :X—X* is a reduced

w-map.
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THEOREM 4. The embedding e x.: X—X* is an epimorphism in the category
A

Proor. Let Y be a Tj-space with a countably productive separating
base #y and let g, h: X*— Y be reduced w-maps such thatgo ey =hoey.
We must show that g=h. Let f=g o ex. Then f: X— Y is a reduced w-map
and since (ey o h)oey=eyp o f=(ey o g) o ey, then both of ey o h and
ey o g are continuous extensions of f. By Theorem 3, ey o h=f,=ey o g
and since ey is injective then h=g.

The following theorem follows directly from Theorems 2, 3, and 4.
Extend the function % to all of the category A by defining n(f)—f# for
each reduced w-map f.

THEOREM 5. 7:A—A is an epireflection functor with the maps e y: X—
X* as universal arrows.

We now turn to the case where Y is Tychonoff and is endowed with a
nest generated intersection ring £y. In this case we have a fairly simple
characterization of w-maps and at the same time, several necessary and
sufficient conditions for extendibility.

THEOREM 6. Let £y be a countably productive separating base on X
and let £y be a nest generated intersection ring on Y. Let f:X—Y be a
Sunction. Then the following are equivalent:

(1) f:X—Y is an w-map.

(2) f:X—Y is an m-contiguity map.

3) (X, éx)—(Y, dy) is proximally continuous.

(4) f:(X, 0x)—(Y, 8%) is proximally continuous.

(5) f has a continuous extension g: X*—Y*,

(6) f has a continuous extension g:X*—Y* and g: X*—Y* is an w-map.

ProoF. To show that (3) implies (2), assume (3) and let Cy-(B;:j € N).
Then there exist L; € &£y with B;<L;and N {L;:j € N}=&. There exist
E;., F; e,iﬂy with F; ,,+1c Y—E;,©F,, and L,;= {F; neN} Let

m'_f j.ntl and Qm f_ Since FJ n+151’( Y_f_lF , then
P;,0%0;,. We now proceed by contradlctlon Suppose Cy(f~1B;:je N)
and let 0 € N {(f'B;)*:j € N}. Since X=J {Q;,:je Nand n e N} and ¢
is maximal, there exist j, n € N with Q;, € 0. Then P,, ¢ o which con-
tradicts that f~1B; € o and that f~'B,c 1L, P;,.

To show that (2) implies (1), assume (2) and let C(B;:j € N). Then
there exist L;e %y with B;=L; and N {L;:j € N}=g. Next, there exist
E; e,?y with F; ., < Y——E,,,CF,,, and L;=( {F;,:n € N}. Then

ins

ﬂ {F,,, jEN and n eN} @ so Cy(F;,:jeN and n € N) and therefore
Cx(f~'F;,:;je N and neN). Let j, ne N. Claim that f~F;,<’B,.
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Let Hox(f~'F;,). Then HNf"'F;,=@ and (fH)NF;,=z. Therefore
fH<E;,, B;)<L,<F;,,, and E;,NF; ,.,=&. This shows that (fH)dy B;.

That (1) implies (6) is the content of Theorem 2. That (6) implies (5) is a
triviality. That (5) implies (4) is well known and easy to prove. That (4)
implies (3) is obvious.

The preceding theorem (with Theorem 2) implies that Tychonoff spaces
endowed with nest generated intersection rings together with w-maps form
a category B and 7:B—B is an epireflection functor.

We remark that a sufficient but not necessary condition for the existence
of a continuous extension g:n(X, Z y)—n(Y, £y) of a continuous map
f:X—Y has been discovered by D’Aristotle [3]. Theorem 6 above thus
represents an improvement.

We will now illustrate the utility of Theorem 6 with a simple example.
Let X be a T;-space and let . be the collection of all closed subsets of X.
Then .Z is obviously a countably productive separating base on X, and so
we have an extension rX=n(X, .#) which is a subspace of the Wallman
compactification wX of X. By an easy application of Theorem 6, rX has the
property that every real valued continuous map f:X—R has a unique
continuous extension f;:rX—rR. Since rR=vR, the Hewitt realcompacti-
fication of R, and vR=R, then every continuous map f:X—R has a
continuous extension g:rX—R, i.e. X is C-embedded in rX. We have been
unable to answer the following question: Is X the largest subspace of wX
in which X is C-embedded ? If X is a normal space, then wX=/4X and so it
follows from the definitions (as an easy exercise) that in this case rX=
vX, the Hewitt realcompactification of X.

The following theorem is an exact analogue of D. Harris’ theorem on the
Wallman compactification being a functor [6]; it is a corollary to Theorem
2 above.

THEOREM 7.  The correspondence X—rX, f—f, is an epireflection functor
on the category of Ty-spaces and reduced w-maps (with respect to the
collections £ ., Ly of all closed subsets of X, Y respectively).
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