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ON A SUBCLASS OF SPIRAL-LIKE FUNCTIONS
E. M. SILVIA

ABSTRACT. Let 220, 0=8<I1, |A|<w/2 and suppose that
f(@=z+ 3., a.z" is holomorphic in U={z:]z|<1}. If

Rel et L@ '@ T 1
el:e 5 + a 120 + 7@ > B cos

for z € U, then f(2) is said to be a-A-spiral-like of order § and we
write f(z) € SA(). The author shows that for each «=0, a-A-
spiral-like functions of order § are A-spiral-like of order f. The
following representation theorem is obtained: The function
f@) € SEP) (>0,0=8<1, |A|</[2), if and only if there exists
a function F({) A-spiral-like of order f such that

F(2) = I:(e"‘/oc) f: Foeag- d{] ae=id

A distortion theorem for log|f(z)/z| and a rotation theorem for
arg f(z)/z are also proved for functions f(z) € Sﬁ(ﬂ).

1. Let A denote the class of functions normalized by f(z)=z+
-2 @,z" which are analytic in U (|z|<1). For 0=8<1, we will let
S*(B) represent the class of functions contained in 4 which are univalent
and starlike of order 8; i.e., f(2) € S*() if f(z)=z+ > 2 a,z" is analytic
and univalent satisfying Re zf'(z)/f(z)>8 (z€ U). Also, let P denote
the class of analytic functions normalized by p(z)=1+>;., ¢,z" such
that Re p(z)>0 (z e U).

A function f(z) € A is said to be spiral-like if there exists a 4 (|A|</[2)
such that Re e*’zf'(2)[f(z)>0 (z€ U). L. Spacdek defined the class of
spiral-like functions in 1933 and showed that these functions are univalent
[15].

In 1967, R. Libera [6] extended this definition to functions spiral-like
of order 8. We say that f(z) € 4 is A-spiral-like of order 8 (0=8<1,
|| <m[2) if Re e*zf"(2)[f(z)>B cos A (z € U).

A function f(z) € 4 satisfying f(z)f'(z2)#0 (0<]|z|<1) is said to be
a-starlike of order § (=0, 0=8<1) if

'@ | (")
+
1) “(f'(z)
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Re:(l —a) + 1)} >B (zel).
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For =0, we have the class of a-starlike functions (of order zero) which
has been thoroughly investigated in [7], [8], [9], [10], and [11]. Some of
these results have been extended to 0<f<1 by the author [13].

In this note, a class of functions which contains the classes of «-starlike
functions of order § and A-spiral-like functions of order f as special cases
is defined; the functions in this new class will be shown to be A-spiral-like.
The author obtains an integral representation for the elements of this class
in terms of A-spiral-like functions of order f§. Finally, a distortion and a
rotation theorem for f(z)/z whenever f(z) is in this class is proved.

2. Just as the definition of A-spiral-likeness of order f generalizes the
definition of starlikeness of order 8, we will generalize the definition of
a-starlikeness of order § to a-A-spiral-likeness of order £. In this section,
we define the class of «-A-spiral-like functions of order p—denoted
S2(B)—and show that each f(z) € SX(f) is A-spiral-like of order f.

DEFINITION 1. Let f(z2)=z+27 .a,2" € A and satisfy f(z)f'(z)7%0 in
0<]z|<1. Set

(1) KA f(2) = (" — 0zf (D] f(2) + «(2f (D) f'(2) + D).
Then f{(z) is said to be a-A-spiral-like of order § if
2 Re K(4, «, f(z)) > P cos A (ze U)

where 20, 0=56<1, [A|<7/2.

REMARKS. (i) For «a=0, S3(f) is the class of A-spiral-like functions of
order f. _

(i) For A=0=p, we have S2(0)—the class of «-star-like functions
(of order zero); while S3(B) (x=0,0=p8<1) is the class of a-starlike
functions of order f.

In order to prove that a-A-spiral-likeness of order f (x=0) implies
A-spiral-likeness of order 8, we will need the following two lemmas: the
first lemma is due to I. S. Jack [4] while the second is due to R. Libera

[6].

LemMMA A. Let w(2) be regular in U with w(0)=0. If there exists a

{ € U such that Max, < lw(2)|=|w(0)], then Lo (H)=kw({) for some
k=1.

LEMMA B. The function f(z) € A is A-spiral-like of order f (0=8<1,
|A|<7[2) if and only if there exists an w(z) analytic satisfying w(0)=0,
|lw(2)| <1 such that

o zf'(2)

@

= fcosd + (1 — f)cos l(ﬁ%) +isind (zeU).
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THEOREM 1. If f(z) € Si(B) (¢=0,0=8<1,|A|<7[2) then f(z) is
A-spiral-like of order f.

ProoF. Let
id ZL(Z) _ _ 1 — o(2) ..
3 e @ = fcos A+ (1 — f)cos 1(1 n w(z)) + isin A

Clearly, »(0)=0. In view of Lemma B, it suffices to show that |w(z)|<1.
Simplifying (3), it follows that

H zf'(2) el + (2Be cos 1 — e )w(2)}
@ 1+ ofz) '

Differentiating (4) and using (1), we have

©

K(A, o, f(2)) = Bcos A + (1 — B)cos l(l—l(z)) + isin A
) 14+ w(z)
+ {2Be7* cos 1 — e7**}zw'(2) ze'(2)

“1 + (2Be ** cos A — e *)w(z) % + o(z)

Suppose that there exists a { € U such that Max|,|§|qlw(z)|=lw(§)|=1.
Clearly w({)# —1. From Lemma A, there exists a k=1 such that
{w'()=kw(). For this {, we have
(6) Re(l — w(Q))/(1 + ©(0) =0, Relo(Q)/(1 + w())) = k/2.
Also, for
@) m = 2Be"** cos A — ¥4,
R miw’({) k(Im|* + ma({))
e—— = Re
1 + maw(f) 1 + |m|® + 2 Re mw({)

k(Im|* + Re ma({))
1+ |m*+ 2Remaw(l)’

Hence,

®) RC(M_) _ Re( Lw'(D) ) _ k(Jm|® — 1)
1 + ma(l) 14+ @/ 201 + 2 Remw(@) + |m®)

Thus, from (6), (7) and (8), it follows that

2kB(1 — B)a cos® A
1 4+ |m|* + 2 Re ma()

(9) Re K(4,«,f(z)) = fcos i —

< Bcos 4,
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contradicting the assumption that f(z) € SA(8). Therefore |w(z)|<1 in U
and f(z) is A-spiral-like of order f.

COROLLARY. If f(z) € SX(B) then f(z) € S}(B), 0Sy=a.

PrOOF. By Theorem 1, f(z) € Sg(B). Suppose there exists a y, 0<y<a,
such that f(z) ¢ S;(B). Then there is a { € U for which

§L(C)+ 1 — U’(O) §ﬂ0051 —lReU,(O.
pA((9) f© 14 y  f
However, for f(z) € S:(8),

1) 0< —poosi+Ree*LE L re(LEO YO
() pooshtRee™ Sy T ° e(f'@) f© )
Substituting (10) into (11), we obtain

0 < (1 — afy)(Re e?Lf' ()] f(§) — B cos A).

But (1—a/y)<O0 implies Re e’*zf'(z)/f(z)<B cos A, contradicting the
assumption that f(z) € Ss(B). Thus, f(z) € S3(f).

3. In this section, the author obtains an important integral represen-
tation for the elements of S}(8). Throughout this section «, 8, 4 will
represent constants such that >0, 0=4<1, |A|<#/2.

DEerINITION 2. The function

(10) Re(

f@) = [(7 + i,u)fa(t)yt-lm dt] Yr+in)

where o(t) € S*(0), y>0, u real, ze U and the powers are meant as
principal values, is called a Bazilevi¢ function of type y+iu. Denote the
class of such functions by B(y+iu) [2].

Due to a result by Eenigenburg et al. [3], we know that each
f(2) € B(y+ip) is spiral-like. The functions that we will use in order to
characterize the elements of Si(8) are those obtained when y=(cos 1)/«
and pu=(sin 2)/a.

DEFINITION 3. A function f(z) € 4 is said to be a Bazilevi¢ function
of type e}/« and order f if

ot ik

(12) f(Z) — [_f‘a(c)(cos i.)/az—1+((isin A)/a) dg]a
o Jo

for some o({) € S*(B). Denote this by f(z) € B(e**/a, f).
Immediate from Definition 3 is

THEOREM 2. Iff(z) € B(e'[x, B) then f(z) € Si(B).
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Proof. For f(z) € B(e**/«, B), it follows from (12) that

(13) f(2) = o(z)°® Ala,~1+((isin l)/a?f(z)l—e“/a.

Taking the logarithmic derivative of (13) we obtain an expression for
[zf"(2)[f’(2)]41. Substituting this into (1), we have

19 K(4, «, f(2)) = cos Azd’(z)[o(z) + isin A.

Thus, Re K(4, a, f(2))>f cos 4 or f(z) € Si(B).
Using the following lemma due to Basgéze and Keogh [1], a necessary
and sufficient condition for f(z) to be in B(e**/«, B) is obtained.

LemmAa C. A function o(8) € S*(B) if and only if there exists a function
F(0) € S}(B) such that

(15) (0@ = FQI™ (e

LEMMA 1. A function f(z) € B(e**|a, B) if and only if there exists a
function F({) € Sg(B) such that

. —iA
eul

(16) 1@ = = [rorta ar|”

where the powers are meant as principal values.

Proor. From Definition 3, f(z) € B(e**/a, f) if and only if there exists
a o({) € S*(P) satisfying (12). However, a necessary and sufficient con-
dition for ¢({) € S*(P) is that there exists an F({) € S5(p) satisfying (15).
Thus, for f(z) € B(e*|«, f), we may obtain

it

f(z) = [e:"l J; ZU(L)(cosA)/aC——H-i(sin)./a) d{]a

an = l:eﬁ L z(@)wo”)/}u(e“/a) d{]wa

« 4
ei/l z e”'/a - ae'“‘
= |=—| [FQQF " "dg ,
o Jo
where o({) and F({) are as above. Since each step in (17) is reversible, the
result follows from this identity.
REMARK. From Lemma 1, a necessary and sufficient condition for
f(z) € B(e**|, B) is that
(18) F(z) = f(2)[zf' ) f (DI
where F(z) € S§(B). Also, B(e'*/a, f)=SA(f). In order to obtain the

iA
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characterization for functions f(z) € Si(8), we consider the converse
problem. Given F({) € S§(8) and «>0, when is the solution to the dif-
ferential equation (18) with boundary condition f(0)=0, a function that
is oc-l-splral-hke of order #? Since (18) may be rewritten as [F(z)]*”"*/%/z=
f'(2)f(z) "= we may perform the integration with boundary condition

f(0)=0 to obtain
I i il L) e e
o= [£[ 29

We will now show the proper definitions for which this formal solution
is indeed an «-A-spiral-like function of order §.

LEMMA 2. Let f(2) € Si(B). For 0<y=a, choose the branch of
[z @f 1 equal to 1 when z=0. Then the function

—il

19 F(2) = f(2)[zf"(2)| f(2)]"*
is A-spiral-like of order B.
PrOOF. We have
2 2F)(2) — i zf'(2) zf"(z) 1— zf'(2)
“Fo o " Ao 1 T

But by the corollary to Theorem 1, we have that f(z) € SX(®) implies
f(2) € S}(B) (0Sy=a). Therefore, Re e**zF,(z)/F,(z)=Re K(4, y, f(2))>
B cos A and F,(z) € S5(B).

LEMMA 3. If F(z)=z+Asz+- - € S§(B) then F(z) may be expressed
as

) = K 1./ (@).

—iA

(20) F(z) = f(2)[zf ()] S (2)I*
where

iA [z ) ae—t4
@1) f(z) = [i— f [F(Q1 ™o dc]

is an a-A-spiral-like function of order .
PROOF. Let h(z)=2z"*"/* {3 [F()]*""/*{-* d{. We have

f@) = z[(e"])h(2))*

so that if /(z) is independent of the path of integration it will follow that
f(2) is well defined.
Since F(z)=z(14+A,z+---) € S§(f), we have that (14A,z+4---) i

—iA
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nonzero in U. Thus, we may write
A <
(22) (L4 Az + -y =14 c,z"
n=1

for the power series expansion about z=0. From (22), it follows that

(23) f FQF™ ™ dg = ae™z e"‘"“(l + O c).
0 n=1oe’'n + 1

To obtain a solution of (23) which is analytic and zero at the origin, take
C=0. Thus, h(z2)=ae""*(14+ 32, c,z"/(xe**n+1)) is independent of the
path of integration so that f(z) given by (21) is well defined.

That f(z) is a-A-spiral-like of order f is a consequence of Theorem 2
and Lemma 1. Thus, the lemma is proved.

By combining the results of Theorem 2, Lemma 2 and Lemma 3, we have

THEOREM 3. A necessary and sufficient condition for f(z) to be in
SX(B) is that f(z) have the integral representation
& -ik

24) 16 =[ [rortaal”

for some F({) € S§(B), where the powers are assumed to be principal values.

ProOOF. Iff(z) is of the form (24), it follows immediately from Theorem
2 and Lemma 1 that f(2) € SA(B). If f(z) € S#(B), then—by Lemma 2 and
Lemma 3—f{(z) can be written in the form (24).

Note that we now have B(e**/«, f)=S2(B) for >0, 0=p<1, |A| <=/2.

4. We conclude this paper with a determination of a distortion theorem
and a rotation theorem for f(z)/z whenever f(z) € M{B)=M*B) 0=
B<1, || <7[2).

For f(z) € M*(8) (0=B<]1, |A|<m[2) there exists a p(z) € P such that
(25) e*zf'(2)[f(z) = (1 — B)cos Ap(z) + Bcos A + isin A.
From (25) it follows that

(26) e(zf'(2)[f(2) — 1) = (1 — P)cos Ap(z) — 1).
Throughout this section 4, B will denote constants satisfying |1| <w/2,
0=8<1.

Using (26) we are able to obtain the convex hull of the image of
log f(2)/z for fixed z (|z|=r<1) when f(z) € M*(8).

THEOREM 4. Iff (2) € M*(B) then the set of all possible values of log f(2)/z
(z fixed, |z|=r<1) lies in the image of |z| =r under the map

27 w(z) = log[(1 — ez) 2A-Meheosdy 1o = 1,



418 E. M. SILVIA [June

Proor. Dividing both sides of (26) by z#0, integrating from 0 to z and
simplifying, we have

an 022 = (1 = e cos 1 2= p(Z)—l i

Since p(z) € P, Herglotz’s theorem [12] may be applled‘ to obtain
1+ Cett
_z 1 — g £17

where u() is nondecreasing in [—m, 7] and 7, du(f)=1. From (28), it
follows that

(28) p0) = du(t)

p(C) -1
29 =| —/——d
29) f o,
Substituting (29) into (27), we obtain
(30) log ]L) = —2(1 — B)e *cos A ”log(l — €''z) du(t).

—i4

Let g(z,t)= log(l—e“z)‘2‘1—”)° cs 2. Then Re{1+zq"(z Nlq'(z,t)}=
Re[l1/(1—ze*)]>4%. Thus, g(z,t) is univalent in z and maps |z|=r<l1
onto a convex domain E, independent of 7. From (30), we know that for
fixed z (|z|=r<1) the points of logf(z)/z lie in the convex hull of E,
denoted con E. However, since E is convex, E=con E and the points of
log f(2)/z (z fixed, |z|=r<1) lie in the convex image of |z| =r under the
mapping w(z) given by (27).

REMARKs. (i) For

logft(Z)/Z = IOg[(l — eitz)—z(l_p)z—i).cos ).] (_17, § [ < ﬂ'),
we have
ft(z) = Z(l — eitz)“z(l—ﬁ)e—‘;‘ cos

These f,(z)—for different —are the extremal functions for Theorem 4.
(ii) We have

(3D log | f{(z)/z] = Re log[(1 — ei'z)20-# cos ]
and
(32 arg f,(z)/z = Im log[(1 — ¢'z) 2P cos 3

Also, for z=re*® (0<r<1,0=60<2n) and n=~0+1, we have
(33)  logl(l — ei'z) 2B 83 = T(r, 9, A, B) + iS(r, 9, 4, )
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where
T(r,n,4,5) .
G4 _ (1 — B)cos 1{2 sin Aarctan T cosAlog(l — 2rcosn + rz)}
1—rcosy
and
S(r9 1]’ }“’ ﬁ) .
(35)_ (1 — B)cos 1{2 cos lar‘ctanﬂ + sin Alog(1 — 2rcosn + r2)}.
1 —rcosy

Since { f,(z)|t € [—m, 7]} represent the extremal functions of Theorem
4, the distortion and rotation theorems follow from (31) through (35).

THEOREM 5. If f(z) € M*(B), for fixed z (lz|=r<1), T(r, m;, 4, f)=
log| f(2)[2| = T(r, 72, 2, B) where
—cot A F (cosec®* 1 — ,.2)1/2}
- —— .

Proor. It suffices to determine the bounds for log|f,(z)/z| where f,(z)
are the extremal functions for Theorem 4. Since log|f,(z)/z| =T(r, 7, 4, B)
is a real-valued function of 7, we may determine the maximum and mini-
mum points by using elementary calculus. It follows that 07/06=0 for
7, given in (26). By examining 027/062, we find that 0*7/06? is positive
for n, and negative for 7,. The result follows.

THEOREM 6. Iff(z) € M*(B) (z fixed, |z|=r<1), then
S(r’ 773’ }" ﬂ) _s— argf(z)/z § S(I‘, 774’ l, /3)

(36) 771'2 = 2 tan_l{

where

tan A F (sec®* A — r)'/2
37 = 2 tanY }
(37) N3.4 an \ 1+

Proor. This follows immediately by applying the same procedures as
in the proof of Theorem 5 to arg f,(z)/z=S(r, 0, A, B). Here S(r, n, 4, )
is a real-valued function of # whose derivative is zero for #; ,—given by
(37). The second derivative of S is positive for 7; and negative for n, from
which the result follows.

ReMARK. For =0, Theorems 5 and 6 give us the known results for
A-spiral-like functions of order § [13].
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