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A GENERALIZATION OF THE 5-COLOR THEOREM

PAUL C. KAINEN 1

ABSTRACT. We present a short topological proof of the 5-color the-

orem using only the nonplanarity of K,. As a bonus, we find that any graph

which becomes planar upon the removal of 2 edges can be 5-colored and

that any graph which becomes planar when 5 edges are removed is 6-col-

orable.

Let  G be a graph with no loops and no multiple edges joining the same

pair of vertices.   A 5-coloring of G  is a function  c which assigns to every

vertex v of G  a color c(v) in the set  {l, 2, 3, 4, 5!  and which satisfies the

constraint  c(v) 4 <AW)  whenever v  and w  are adjacent.   A graph is planar

if it can be embedded in the plane.  We assume our graphs have a finite non-

zero number of vertices.  Our goal in this paper will be to present a short

topological proof of Heawood's 5-color theorem [3] for planar graphs which

leads to some interesting generalizations.

Theorem 1.  Let G  be any planar graph.   Then  G can be ^-colored.

Proof.  Suppose the theorem is false.  Then there is a planar graph  H

with a minimal number n of vertices which is not 5-colorable.   Since H is

planar, it contains a vertex v of degree not exceeding  5.  Let H   = H — v.

If the degree of v is strictly less than  5, then it is easy to see that any

5-coloring of H     extends to a 5-coloring of //.  Moreover, by minimality of

H, H    does have a 5-coloring.  Hence, we may suppose that  v is adjacent

to five vertices, Vy, v2, v,, v,, v,   enumerated in no special order.  If every

pair f¿, v., 1 < i < j < 5, were adjacent, then the set  \v, Vy, • • • , vA would

determine a complete subgraph  K,   of order 6  in  H  which is impossible

since K,    is not planar.   Hence, some pair of vertices, say  v., v2, are not

adjacent.  Let H be the graph obtained from H    by replacing v.   and v2

with a new vertex v   which is adjacent to any vertex  w of H     to which
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either v,   or v2  was adjacent.  The other vertices and adjacencies of H

ate the same as in  H  .

Let  e.  denote the edge [v, v.], I < i: < 5.   Then  H is planar since it

can be obtained from H by first deleting the edges e,, e, and e,, and then con-

tracting the edges e. and e2 removing any multiple edges which result. Since // has

only /2 — 2  vertices, it has a 5-coloring c. Defining  c (vA = c(F) = c (vA)

and c (w) = c(z¿A  for any other vertex w produces a 5-coloring  c    of //

in which two of the vertices adjacent to  v receive the same color.  Hence,

c    extends to a 5-coloring c of //.  (Incidentally, we should mention that

this approach is somewhat similar to arguments given by Birkhoff and by

Gró'tzsch [2].)

Let us make three remarks about the proof of this theorem.

Remark 1.  We needed to know that  K,   is not planar.  (In fact, K,   is

not planar and so we have proved the 5-color theorem without using the non-

planarity of K .  One could regard this as a bit of propaganda for the 4-col-

or conjecture.)

Remark 2.  We also needed to know that any planar graph has a vertex

of degree less than or equal to 5.  This is proved as follows.  Suppose  G

is planar with 22  vertices and 222  edges.  Then  m < 3« - 6  by Euler's for-

mula.  Let d denote the average degree of G.  Then, by definition,  dn = 2m

so d < 6 — 12/22 < 6.   Hence, there is some vertex of degree < 5.

Remark 3. Finally, we needed to know that the class of planar graphs

is closed under the operations of edge deletion and contraction.

We can make use of these three remarks to prove an interesting gener-

alization of Theorem 1. Define the skewness p(G) of a graph G to be the

minimum number of edges whose removal makes  G planar.

Theorem 2. Lei G be any graph with ¡i(G) < 2. Then G can be ^-col-

ored.

Proof. The proof of Theorem 1 will go through provided that we can

verify the analogues of Remarks 1, 2, and 3-

Lemma I.   K,   does not have skewness < 2.
6 —

Proof. K6 has 6 vertices and 15 edges so it must have skewness at

least 3. Since it is easy to construct aplanar embedding of K, minus 3

edges, p(K6) = 3-

Lemma 2.  Suppose ¡i(G) < 2.   Then G has a vertex of degree < 5.

Proof.  Let G have n vertices and 222  edges.   Then  722 - 2 < 3/z - 6  so
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222 < 3/2 — 4.  Hence, as before, the average degree  d is less than 6.

Unfortunately, it is not necessarily true that the class of graphs with

skewness < 2 is closed under edge deletion and contraction.   For if an edge

e  which we want to contract must be deleted to make the graph planar, then,

once  e is contracted, it becomes a vertex whose removal is no longer al-

lowed.  Nevertheless, we can still push through the proof.

As before, let H be a minimal non-5-colorable graph satisfying p(H) <

2.  Suppose H has n  vertices and 222   edges.   If 22. is the number of vertices

of degree i, then by minimality  n . = 0  for i < 5, n = X.n., and  2m = ^,-in .

Moreover, by Lemma 2, 222 < 3/z - 4  so

6/2- 8 = -8+ £6/z. > £'"»'

2 2

or

8 <  V (6 -   z')/2¿  =  72     - «7 -  2/2g

2

Hence, we have proven the analogue of a famous lemma of Franklin [ l].

Lemma 3.   Let H  be a minimal non-5-colorable graph satisfying p(H)

< 2.  Then H has at least 8   vertices of degree 5.

We can use this lemma to complete the proof of Theorem 2.   Choose two

edges  e  and  e    in H  whose deletion makes   H planar.  These edges are in-

cident with at most 4 vertices and so we can choose a vertex v in H of

degree 5 and not incident with either e or e  . Now deleting and contract-

ing edges incident with   v produces a new graph  H  whose skewness does

not exceed 2  since H - \e, e  \  is the planar graph obtained from//-le, e \

by  deletion  and contraction of edges.   This  completes  the proof of  The-

orem 2.

By the proof of Lemma 1, p(K6) = 3, and certainly  K,   cannot be 5-col-

ored.  Thus, Theorem 2 is best possible.  The following result is proved

just like Lemma 2, of which it is a strengthening.

Lemma 4.   // /¿(G) < 5, then  G has a vertex of degree < 5.

Using this lemma, we can generalize Theorem 1 further provided we

weaken 5-colorable to 6-colorable.

Theorem 3.   Every graph  G with p(G) < 5  can be 6-colored.

Proof. Let H be a minimal non-6-colorable graph with p(H) < 5. By

Lemma 4, H has a vertex v with degree < 5. Since p(H - v) < p(H) < 5,

H — v has a 6-coloring which necessarily extends to  H.
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This result is also best possible since p(K_) = 6.
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