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EXISTENCE THEOREMS FOR HIGHER ORDER
BOUNDARY VALUE PROBLEMS

KEITH SCHRADER AND S. UMAMAHESWARAM

ABSTRACT. In this paper the differential equation y(7) = f(x, y)
and associated boundary conditions y((x;) =y;, for i =1, 2, *** , k
and r =0, 1, *+* , A({) =1 where A(1) + A(2) + *** +A(k) =n are con-
sidered. Sufficient conditions on f are given to insure the existence
of a solution to this &k point boundary value problem. In the special
cases when k& = 2 or k = 3 sufficient conditions on f are given to in-
sure both uniqueness and existence of solutions for certain of the boun-

dary value problems.

1. Introduction. For n > 2 we are interested in the nth order nonlinear

ordinary differential equation
(1'1) )’(")=/(x,}’)

where f: (a, b) x R — R is continuous. The boundary conditions
(L2 Yy x )=y, r=0,1, 00, XD)=1, i=1,.0e, k,

where Efﬂ)\(i) =n,k>2and a<x <x,<---< x, < b will also be con-
sidered.

Our purpose in this paper is to obtain sufficient conditions for the ex-
istence of a solution to the problem (1.1) and (1.2) on [xl, xk]. The results
of this kind which can be found in the literature often fall into one of two
cases. In one case the sufficiency conditions require the existence of cer-
tain auxiliary functions which satisfy some inequality relationships with
respect to the function f, the boundary conditions (1.2) and each other.
Thus the problem of solving the differential equation (1.1) with boundary
conditions (1.2) for a single function y is replaced by the problem of
solving a system of differential and algebraic inequalities for several func-
tions. Results of this kind may be found in [2, Theorem 7.3}, [3, Theorems
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9 and 10}, [5, Theorem 3.1] and [6, Corollary 3.1] among other places.

The other type of results commonly found in the literature either assume
that { is uniformly bounded on (a, &) x R [5, Lemma 2.3} or assume condi-
tions that imply |f| is bounded by a function of the form A(x)|y| + B(%) (for
example by assuming [ satisfies a global Lipschitz condition with respect
to y on (a, b) x R) and that the interval [xl, xk] is sufficiently small.
These results are more explicit than the first type of results described above
because it is relatively easy, given [, to ascertain whether the hypotheses
are satisfied. They do, however, severely restrict the growth of f in the y
variable in order to assure the existence of a solution to (1.1) and (1.2).
When 7 = 2, considerably better results are known; for example if f is con-
tinuous and nondecreasing in y for each fixed x then all boundary value
problems of the form (1.1), (1.2) are solvable [2, Corollary 4.20]. In fact for
n = 2 an even better result is known; namely, if / is continuous and there
is an M>0 such that f(x, y) >~M for x;, <x<x, and y >0 and such that
f(x,y) <M for x; <x<x, and y <O then (1.1), (1.2) has a solution [6,
Corollary 3.21.

Our main existence theorems represent an attempt to generalize the re-
sult for n = 2 just described to the case for arbitrary n and are contained
in §2. In §3 we give existence and uniqueness theorems for some of the
boundary value problems (1.1) and (1.2) in the special case when k= 2 or
k= 3.

2. Multipoint problems. To simplify notation we make the following defi-
nition.

Definition 2.1. The symbol s(;) is defined by the equation s(j) =
2{’:1)\(17) where the A(p) are as in equation (1.2).

We now state one of our main existence theorems.

Theorem 2.2. Assume f in (1.1) is continuous on (a, b) x R and that
f(%,9) <M for a<x<bandy € R. Let a<x,<x,<---<x, <b and Ni)
for i=1, -+, k be fixed with s(k) = n and assume [(x,y) > K for x in
(%5 xi+l) and y such that (- 1)"+S(i)y <0. Then (1.1), (1.2) has a solu-
tion for all choices of y, € R.

Proof. Without loss of generality we may assume that M >0 and K <0.

Let p(x) be the unique polynomial of degree » — 1 satisfying p(’)(xi) =y,
for r=0,1,+++,Xi)-=1 and i = 1,--+, k. Let 1(x) be the solution of the
differential equation ox) = M satisfying v(')(xi) =0 for r=0,1, «-+,
AMi)-1and i=1,---, k Clearly,
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v(x) = M(x - xl)"(l) oo (x = xk))‘(k)/n!

and for %, <x<x. . Sgn wx) = (= 1))‘(1+l)+ © +A(R) _ (_1)n+s(D i.e.,
()™ > 0] .

Choose ¢(x) = p(x) + (x); consequently (-1)"*+*(I[h(x) - p(x)]
=(=1D"Dyx) >0 on x,<x<x, . Also qS(")(x) =M> f(x, y) for all x,
y with x; <x<x, and y € R. We will now show that we can choose a func-
tion ¥ € C"[x}, x,] such that Sgnle(x) - ¢(x)] = (- 17+ on x,<x<
%;, fori=1,+++, k—1 and such that $”(x) < f(x, y) forall (x,y) € W

where
k-1

W= U.{(x, y): %, <x < X0 (=1)7+s Dy (x)
(2.1 i=1
Sy <1y Dgol.
In fact, we shall obtain a function ¢y € C [xl, x ] such that Sgn[(x) — Y(x)]
= (="+s(D o %, <x<x and l/J(”)(x) < f(x, y) for all (x, y) with x, <
x<x,,; and (- D7y 1) for i 1, -ne , &~ L.
By hypotheses f(x, y) > K for x, <x <x, | and (- 1)"+s(i)y <0. Let

C, = Max {(-1 )""’S(’)qS(x) X, <x<x; l}

and Cz.' = Max10, C,1. Then there exists a constant K, < K such that {(x, y)
> K, for x, <x<x; ; and (-D™**Dy <C/. Let Kj =Min{K: i=1,2,
oo, k=11

Let u be the solution of the differential equation u(")(x) = K, satis-

0
fying the boundary conditions u(')(xi) =0,7r=0,1,--- , NMi)-1,i=1, 2,

s k. Then
u(x) =(K(x - JCl)k(l) cee X — xk))\(le))/n!

and for x, <x<x_ ,
i+l

Sgn u(x) - (_1)A(i+l)+ oo+ NR)+1 = (_1)n+s(z)+1

i.e., (- D"*+Wy(x) <0 for X, <x <X

Let Y(x) = p(x) + u(x), so that we have Sgnly(x) — p(x)] = (= )7 +5(D+1
and (- 1)) — p(x) <0 for x, <x <x, ;. Thus (-1 Dy(x) <
=D Op(x) < (D™D Yx) for x, < x < x, ;. Now $(x) = u(x) =
Ky <K, <f(x,y) for x; <x<x; and (- 1)”+S(i)y <c/.

The functions ¢ and i/ together with the differential equation (1.1)
and boundary conditions (1.2) satisfy the hypotheses of Theorem 3.1 of [s]
so it follows from this theorem that (1.1), (1.2) has a solution y such that

(%, y(x)) € W where W is as defined in equation (2.1).
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Corollary 2.3. Assume f in (1.1) is continuous on (a, b) x R and that
f(x,y9) <M for a<x<bandy € R. Leta<x; <x,<:--<x, <b and
Ai) for i =1,2,+-+,k be fixfad with s(k) = n. Assume [(x,y)) > [(x,y,)
for x,<x< X1 and (- 1)”"3(’)()/1 - yz) <0. Then (1.1), (1.2) has a solu-
tion for all choices of y, € R.

Proof. If x, Sx <X -and (- 1)"+$(i)y <0 then f(x,y) > f(x,0) so

let K = Min{f(x, 0): x; <x < xki.

Theorem 2.4, Assume [ in(1.1) is continuous on (a, b) x R and that
f(xy ) >M for a<x<b and y € R. Let a<x,<x,<-:--<x, <b and
Ni) for i=1,2,--+, k be fixed with s(k) = n and assume f(x,y) <K for
x in (x;, xi+1) and y such that (- 1)"+s(i)y >0. Then (1.1), (1.2) has a
solution for all choices of y, € R.

Proof. The proof of this result is similar to the proof of Theorem 2.2
so it is omitted.

Corollary 2.5. Assume f in (1.1) is continuous on (a, b) x R and that
[(x, ) > M for a<x<band y € R. Let a<x,<x,<:+-<x, <b and
Ni) for i=1,2,++, k be fixed with s(k) = n. Assume f(x, vy <f(x0y,)
for x;<x<x,  and (-1)™*y, —y ) >0. Then (1.1), (1.2) has a solu-
tion for all choices of y. € R.

Proof. Similar to the proof of Corollary 2.3.

3. Two and three point problems. In this section we consider equations
(1.1) and (1.2) when k=2 or k= 3. We need the following lemma due to

Kolmogorov [4] in some of the proofs to follow so it is stated here.

Lemma 3.1. Given M >0, [c, dl CR, y € C™c, dl an arbitrary function
with the property that |¥x)| < M and |y™(x)| <M on [c, d] then there exists
a constant K >0 depending on M and d - ¢ such that |y™(x)| < K on [c,
dl for 1<r<n-1.

We begin by considering a two point problem with all but one boundary
condition specified at x,.

Theorem 3.2. Let f in equation (1.1) be continuous on (a, b) x R and
be nondecreasing in y for each fixed value of x, a<x <b. Let k=2, 1)
=n-1 and N2) = 1. Assume that solutions of IVP’s (initial value problems)
of (1.1) are unique. Let xy be fixed, a < x; < b, and S(xz) = {yz’oz Y20 €
R, there exists y satisfying (1.1) and (1.2)}. Then for each x,, a < x, <
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x, < b, either S(xz) =@ or S(xz) = R. In case S(xz) = R, the solution satis-
fying (1.1), (1.2) is unique.

Proof. (i) We will first show that if for some Y, @ solution satisfying
(1.1) and (1.2) exists, then it is unique.

Assume, if possible, # and v are both solutions of (1.1) and (1.2) and
that they are ditsinct. Then since solutions of IVP’s are unique we must
have u("'l)(xl) £ ("= l)(xl). We assume.that ("~ 1)(xl) > v("'l)(xl). Let
h(x) = u(x) -— {x) and let Xgs %1 <Xy <%, be the smallest value of x bigger
than %y for which A(x) =0

Now h satisfies h((x)=0,7=0, 1, -+, n~2, h(x)) =0 and h{™(x)

2 0 for x; <x < x,. Using Taylor’s theorem with remainder we can write

72-_1 b(]) ) h(") ' _ n
h(x) = h(x )+ 3 j(!xl) (rmx )i (x )ix' %)
j=1

where x; < x'<x< x, and x' depends on x. Thus,

p=1)(x ) hn)(xr)
1 -1
b(x0)=_m!—(xo_x1)n +._.7.l_!.——(xo_xl)n
and hence
pm=1)x )
1 n-1
Peg) 2y (om0

which is a contradiction. We conclude that # and v must be identical.

(ii) We will now show that for each x,, a <x; <x, <b, S(x,) = & or
S(xz) =R

It suffices to show that §(x,) is both open and closed. To see that
S(x,) is closed, we let {y } be a sequence of solutions of (1.1) on [x,, x,]
with y( )(xl)—yl , 7=0, 1 e y,n—2 and y](x)-—v a as j — +oo. We will
treat the case where {y (xz)} is monotone and strictly increasing, the other
case being similar. By part (i) of the proof, we have ¥ l(x) > ¥ (x) for
x, <x<x, Leth, (x)_ (x)-yl(x) for j > 2. Then bg’)(x )—0 for r=0,
1, oo m-2and b, (x)>0 for x; <x < x, and K" D(x)) > 0. Also h{™(x)
20 for x; <x < x,. Smce

b§"-1>(x)=h§"-”(xl)+f: b](.")(t)dt,

we also have b("'l)(x) >0 for x; <x < x,. Then b("’z’(x) = h("'z)(x )+
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fc b(""l)(t) dt implies h(""z)(x) > 0 for x; <x < x,. Continuing in this
way, we see that h;')(x)>0 for r=0,1,--,n, x, <x<x and j = 2, 3,

.. From this we see that 5. (x) <h, (xz) for x, < x < x, and hence |h (2]
is uniformly bounded for x; < x <x, and i>2. Smce {y } satisfies (1. 1)
we have Iy(")(x)| umformly bounded forx; <x<x, and j> 2.

It now follows from Lemma 3.1 and [1 Theotem 3.2, p. 14] that there is
a solution y of (1.1) on [xl, xz] with y(')(xl) =yp7=0,1,--+,n-2,
and y(xz) = a. Hence a € §(x,) so S(xz) is closed.

To see that S(x,) is open, we assume that S(x,) is not empty. Then,
if B €S(x) and y is a solution of (L.1) with yUx) =y, ,7r=0,1,---,
n — 2, and y(x ) = B, it follows that there exists an ¢ >0 such that all solu-
tions z of (1.1) which satisfy 27(x,) = Yip 7=0,1,+--,n -2, and which
satisfy |y("'l)(x ) = 27 l)(x )| <€ have a maximal interval of existence
(w=, @+) which contains [x, xz]. Let A= {y: |y{*~ l)(xl) —- ] <€} and de-
fine T: A > R by T(y) = z(x,) where z is the solution of (1.1) on [xl, x2]
which satisfies z(')(xl) =¥y, 7=0,1,+++-,n -2, and z(n-l)(xl) =y. By
part (i) of the proof, T is one-to-one. T is continuous, since solutions of
IVP’s are unique. It follows that T is a homeomorphism and that T(A) is
open. From this it follows that S(xz) is open.

Now we consider a three point problem with one boundary condition
specified at each of the two endpoints and n — 2 boundary conditions speci-
fied at the middle point.

Theorem 3.3. Let { in equation (1.1) be continuous on (a, b) x R and
let a < x, <x,< x5 < b with x, [ixed. In equation (1.2) assume k = 3, M1)
=M3 =1 and N2) =n - 2. Assume f(x, y]) > f(x, yZ) for x, <x< b and
¥, 2y, and assume that [(x, yy) > f(x, y,) for a< x < x, and
(- 1)""1()/l -¥,) £ 0. Assume that solutions of IVP’s are unique and define
S(xyy %3) for @ <x; <x) <x,<b by S(x}, %) =y, g1y o)t there exists
y satisfying (1.1), (1.2)}. Then for each pair (x, x;) and for each fixed
(yl'o, y3’o) there is at most one solution satisfying (1.1), (1.2). If solutions
of IVP’s extend to (a, b) then for each pair (x,, xa), S(xys x3) =R x R.

Proof. (i) First we show that if for some pair (yl'o, y3'0) a solution
satisfying (1.1), (1.2) exists, then it is unique.

Assume, if possible, # and v are both solutions of (1.1), (1.2), and that
they are distinct. By the uniqueness claimed in Theorem 3.2 we cannot have
u("°2)(x2) = v(""z)(xz). Thus we may assume that u(""z)(xz) > (= 2)(x2).
If 2*(x,) > »*"D(x,) then an argument similar to that in part (i) of
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Theorem 3.2 yields a contradiction. If u(n= l)(x.‘,) < 7= l)(xz), let h(x) =
(= D™(u(x) - (%)) and let Xqy ¥ S %5 <%, be the largest value of x less
than x, for which A(x) =0

Now h satisfies h(7(x,) =0, r=0, 1, -, 7~ 3, Sgn h("~x,) =
(=17, Sga h*=D(x,) = (=1)™*, b(x,) = 0, h(x) >0 for x, <x < x,,
(-1)"Sgn ™ (x) >0 for x; < x < x,. Using Taylor's theorem with remainder

and

we can write

()x (n)(ye _ n
Py PN )

pe) b+ T

=1

n!
where x; < x < x' < x, and x' depends on x. Thus,

pn=2)x ) oo
k(xo)=T2—)!2-—(xo_x2) 2

(n=1), (n)
+ -——-—b Y (x,—x )14 Py - 5y
(n=1) 0 2

n!

and hence

B =2)x ) )
h(x )>—————-(x x )""4>0
0 (n=2) *2
which is a contradiction. We conclude that # and v must be identical.

(ii) We will now show that for each pair (xl, x3), a<x <x,< X3 <b,
S(xl, x3) =R x R.

Since solutions of IVP’s extend to (a, b) the solution of (1.1) with
initial conditions y(x,) =y, for r=0,1,+++,n=3,5""Dx)=0
y("'l)(xz) =0 existson [x, x,] so S(x, %) # @. Thus it suffices to show
that §(x,, x,) is both open and closed

To see that S(x,, x,) is closed we let {y } be a sequence of solutions
of (1.1) on [x,, x ] with y( )(xz)_yz ,7=0, 1 -,n-3,and y, (xl) -

Ay . (x3) —->B as | — +o, Let h (x) = Y (x) —yl(x) We may now pick a
subsequence of {b }, again denoted by {b } such that either h(""z)(xz) >

0 for each j or else h(”'z)(x ) <0 for each j and such that either
b("‘l)(x 2 20 for each vj or else b(”'l)(x ) <0 for each j. We will treat
in detail only the case when bg" 2)("2) > 0 and b(]"" 1)(x ) >0 for each
j and the case when bg” 2)(x )2 0 and h(]"' 1)(:‘:2) <0 for each j since

the other two cases are somewhat similar.
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If 5"~ 2(x) >0 and 7= 1(x,) > 0 for each j then an argument simi-
lar to that in part (i) of the proof of Theorem 3.2 shows that 5. (x) >0 for
%, < x < x50 Also, b( Nx,) =0 for r=0,1,+++,n~3 and b(")(x)>0 for

xz <x< xs. Since

n=1)(y) = p(n=1) X g (n)
b= 1(x) = b (x2)+fx2b]. (¢) dt

we also have b(”'l)(x) >0 for x, <x < xy . Then h("'z)(x) = h(."—z)(x )+

fx h(" (1) dt implies h("'z)(x) > 0 for x, <x < x;. Continuing in this
way we see that b(')(x)>0 forr=0,1, - ,n, x SxSxB, and j > 2. From
this we see that b](x) < b](x ) for x, <x < Xy and hence |b (x)| is uni-
formly bounded for x, <x < x; and j > > 2. Since {y } sausﬁes (1.1) we have
Iy(")(x)l uniformly bounded for x, <x<x; and j> 2 It now follows from
Lemma 3.1 and [1, Theorem 3.2, p. 14] that there is a solution y of (1.1) on
[x), x ] which satisfies y(')(x )=y,, forr=0,1,---, 7 -3, 5(x)) =
and y(x ) = . Thus (a, B) € S(xl, x )

If h("'z)(x ) >0 and b("'l)(x )<O for each j then let q; (x) =
(- )"b (x) An argument s1m11ar to that in part (i) of this theorem shows
that ¢, (x)>0 for x; <x <x,. Also q(')(x )=0 for r=0,1,+-, n =3,
(-1" Sgn q("'z)(x )> 0, Sgn q(" l)(x )= (=1)"?*! and (- 1)”Sgn q(")(x) >
0 for x; <x < x,. Since

g D) =g "= Nx ) +f: (" Xe)dt
2

we have Sgn q("' Dix) = (= 1)"*1 for x; <x<x,. Then q("-z)(x) =

("' (% )+ f q("- (1) dt implies (- 1)" Sgn q("" D(x) > 0 for x; <x < x,
Contmumg in th1s way we see that (- 1)"Sgn q(')(x) >0 for r=0, 1 .., n,
x < x < xy, and j > 2. From this we see that q](x) <q. (xl) for x, <x<x,
and hence |q](x)| is uniformly bounded for x; < x <x, and i> 2 Smce {y }
satisfies (1.1), |y<")(x)| is uniformly bounded for x, < x<x, and j> 2.
Now by Lemma 3. 1 and [1, Theorem 3.2, p. 14] it follows that there is a sol-
ution y of (1.1) on [xl, x3] which satisfies y(')(xz) =y,, forr=0,1,---,
n -3, y(x;) = and y(x3) = B. Thus (a, B) € S(x,, x3) so S(x, x3) is
closed.

To see that S(x,, x ) is open, let (a, B) € S(xy,y x ) and y be a solu-
tion of (1.1) with y(')(x ) =Y,, for r=0, 1,--- ,n - 3, y(xl) = a and y(xz)
= B. Define T: Rx R =R x R by T(y,, y2) = (2(x,), z(x )) where z is
the solution of (1.1) on [xl, x ] which satisfies z(')(xz) =Y,p 7= 0,1, ,
n -3, z(”'z)(x )=y, and z(” I)(x ) =y,. By part (i) of the proof, T is
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one-to-one. T is continuous, since solutions of IVP’s are unique. By the
Brouwer invariance of domain theorem it follows that T is a homeomorphism
and that S(xl, x3) = T(R x R) is open.
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