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ON THE SCALAR CURVATURE AND SECTIONAL

CURVATURES OF A TOTALLY REAL SUBMANIFOLD

CHORNG-SHI HOUH

ABSTRACT.  For a totally real minimal submanifold of a complex space

form, pinching for scalar curvature implies pinching for sectional curva-

tures.

r\j _

Let ¡VI     Ac) be an  (72 + ô)-dimensional complex space form with con-n+p   . . ~ rr^ ^

stant holomorphic sectional curvature  c, complex structure  J   and metric g.

Let M     be an 72-dimensional real submanifold immersed in  M     Ac)  with the
72 72 +p

induced metric g. We denote by T (M ) and v the tangent space and the

normal space, respectively, of M at x. M is called the totally real sub-

manifold of M      (c)  if 7(T (M )) C v .
n+p J        x     77 x

Let a be the second fundamental form of the immersion, and  H  the

length of the mean curvature vector of M  .   For a normal vector c;  on M  , the& 72 ^ ' 72>

tangential component - AcX of the covariant derivative  V çf satisfies

giaiX, Y), çf) = g(A^X, Y). We choose a local field of orthonormal frame

e ,,•••, e  , e   ,,,-■-, e   , ., e,,   = 1 e,,•••, e  ,= /e  ,
1' '       72'       72+1 72+.í> 1* ■"       1 ' »2* J      n

e .-le . . .    p .-le
C(n+l)*~ >en+V '     (n+p)' ~ '    n+p

on  M     Ac)  in such a way that, restricted to M   , e,, - - • , e     are tangent to
72 +p J 72 i 72 °

Mn.  If we set Aa= Aea(a, ß = 72 + 1, • • • , 72 + p, I*, ■ ■ ■ , (n + p)*), then

a(X, Y) = lg(AX, Y)ea.

Let R  and ß  be the curvature tensor fields of M     Ac)  and M  .   Then
n+p 72

r(x, y)z = ̂  Ig (y, z)x - g (x, z)y + g (j y, z)/ x

-g(/x, z)/y + 2g(x, /y)/zi

and the equation of Gauss is

P(X, y; Z, W) = R(X, y; Z, IV) + giaiX, Z), CT(Y, HO) - g^ioiX, Vf), oiY, Z)),
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~   ~   ~ ~        ^,.
where  X, y, Z   are vector fields on  ¡M       (c),  and X, Y, Z, W  ate vector

fields on M  .  Since  M     is totally real in M     Ac)  we have
72 77 ' n+p

RiX, Y; Z..W)mj \giX, W)giY, Z) - g(X, Z)giY, W)\

+ T,\g(AaX, W)giAaY, Z) - giAaX, Z)giAaY, W)l

The sectional curvature   KÍX, Y) i\X, Y\  in  KÍX, Y)  is supposed to be or-

thonormal) and the Ricci tensor SÍX, Y) of M     are then given by

KiX, Y) = RiX, Y; Y,X)=- +ZigUaX, X)giAaY, Y) - giAaX, Y)2\,4

SiX, Y) m Ç R(X, e.; e., Y)

72-1
cg(X, Y) + £(tr Aa)g(AaX, Y)-Zg{AaX, AaY).

4

Let p  be the scalar curvature of M   ;  then we have

L,            .      72(72 - l) -x.      v^7      a   \2      11   112      22(72 - l) ^ 12       ,,    m 2
Sie., e) =-^- c + 2>r Aa)¿ - ||or||    =-j— c +n H   - \\a\\   ;

i

here   ||a||   is the length of the second fundamental form  a, \\a\\   =StrA¿ If M

is a minimal submanifold, then  H = 0  and p = 72(72 - l)c/4- ||c||  .

We need the following algebraic lemma which is proved in [l].

Lemma.   Let a.,..., a , b be  n + 1  (72 > 2)  real numbers satisfying the

following inequality:

2

a. + b       iresp. > l);(t ")   >■<•-» t

/77e72, for any distinct  i, j;   1 < i < j < n, we have  2a.a. > b/in- l)   iresp.>).

We now establish the

Proposition.   Let M     be a totally real submanifold of M     ö(c)-  If the

scalar curvature p of M    satisfies

(*) p > 72(72 - l)/4 • c + 722(t2 - 2)/in - I) ■ H2 - a

at a point p, then every sectional curvature of M  at p is > c/4 - a/2.

Proof.   For the frame field, {êj,--., en, e1#, •--, ej,  chosen

above let

Kj = &Aa.ei' e?'
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then  Aa = ih), Aa is symmetric and

IMI2- Z(*¿>2,    «2h2= IE(^2.
i,J,a

Let T be any plane section of M spanned by two independent tangent vec-

tors X, Y to M . We choose the frame field suitably so that e., e, span r,

and that e     ,   is parallel to the mean curvature vector of  M  .   Then we have72 +1 r 72

KiX, Y) = K(ev e2) = j+  £ \h^h2\ - ihl2)2\,
a

n2H2-(z^1)-

The assumption (*)  is equivalent to  ||cr||    <nH  /in — l) + a.  Hence we

have

^(T,^)2>_\\a\\2-a--Z^r)2+Zi^2+     £    (Ig)2-«.
\ 2 / 2 iW a>n+1

(Zh«A2>in-l)ZO>T)2

+ in-l)\Y.ih1¡l)2+     Z    Ua)2-4-
W; a>„+l     *7 j

By the Lemma we have

>2(^+!)2+     Z    \ihalx)2 + iha22)2 + 2ihal2)2\-a

c>n + l

>2(/2^i)2-2 z ¿-rAV2 s (Ä12)2-«.
a.>„4-l a>«+l

Hence we obtain

2     L    \hallh°22-ihal2)2\ + a>0.
a>n+\

This yields

K(X, Y) > c/4 - fl/2.

If A4     is minimal, then  H = 0;  the Proposition yields the

Theorem.   Let M     be a totally real minimal submanifold of M     Ac). If
72 J > >      n+p '

the scalar curvature p of M    satisfies p  > 72(72 - l)c/4 - a at a point p,

then every sectional curvature of ¡M  at p  is > c/4- a/2.



456 CHORNG-SHI HOUH

REFERENCES

1. B.-Y. Chen and M. Okumura, Scalar curvature, inequality and submanifold,

Proc. Amer. Math. Soc. 38 (1973), 605-608.

2. B.-Y Chen and K. Ogiue, On totally real submanifolds, Trans. Amer. Math.

Soc. 193 (1974), 257-266.

3. -, On the scalar curvature and sectional curvatures of a Kaehler sub-

manifold, Proc. Amer. Math. Soc. 41 (1973), 247-250.

DEPARTMENT OF MATHEMATICS, WAYNE STATE UNIVERSITY, DETROIT, MICHI-

GAN 48202.


