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CONVERGENCE SETS IN REFLEXIVE BANACH SPACES
BRUCE CALVERT

ABSTRACT. A closed linear subspace M of a reflexive Banach
space X with X and X* strictly convex is the range of a linear con-
tractive projection iff J(M) is a linear subspace of X*. Hence the con-
vergence set of a net of linear contractions is the range of a contractive
projection if X and X* are locally uniformly convex.

Let X be a Banach space over C or R, and let (T ) be a net of linear
contractions on X. The convergence set for (T ) is {x € X: T x — x}.
Bernau [1] showed that if X is an Lp space, p € (1, ), then a convergence
set is the range of a linear contractive projection. A simplification and gen-
eralization of this result follows from the characterisation of ranges of con-
tractive linear projections of Theorem 1, and is given as Theorem 2 below.

Let § be a subset of X. Then the shadow of § is the setof x in X
such that T x — x for every net of linear contractions on X such that Ty
—y forall y in S. Assuming X to be an Lp space, Bernau [1] showed that
the shadow of § is the range of a contractive projection, and that if E is the
range of a contractive projection, and E contains S, then E contains the
shadow of S. This result holds generally, and is given as Corollary 2.

Theorem 3 considers finding the projection in terms of the net (T ).

By a nearest point projection (on a subset K of a Banach space X) we

mean a function Q taking x in X to a nearest point in K.

Lemma 1. A set is the range of a linear contractive projection iff it is

the nullspace of a linear nearest point projection.

Proof. O is a linear nearest point projection iff I — Q is a linear con-

tractive projection.

Theorem 1. Let X be a strictly convex reflexive Banach space with
strictly convex dual X*, Let J: X — X* be the duality map; |Jx| = ||,
(Jx, %) = || x| 2. Then a closed linear subspace M of X is the range of a
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linear contractive projection iff J(M) is a linear subspace of x*,

Proof. Suppose J(M) is linear. Let Q be the nearest point projection
on ](M)'L. (There exist nearest points since X is reflexive, and only one
since X is strictly convex.) For x € X, Ox € ](M)'L is defined by the
property that for y in ](M)l, (J(x — Ox), y) = 0. (The real part of | is the
Géteaux derivative of the function taking x to |x]|%/2, since X* is strictly
convex.) J(M) is closed since ]'l is continuous from the strong to the
weak topology (since X is reflexive and strictly convex). Hence, Ox is
defined by Ox € (J(M)™ and J(x — 0x) € J(M), or x - Ox € M. This shows
Q is linear, forif y € X,y — Qy € M, Qy € (J(M)*, then (x + y) - (Qx + Qy)
€ M, and Ox + Qy € (J(M), giving O(x + y) = Ox + Oy, and similarly O(ax)
= aQ(x).

Since Ox =0 iff x € M the result follows from Lemma 1.

Conversely, suppose M = R(P), the range of a contractive linear pro-

jection. If m € M,
1P*Iml|l < |Jmll < Imll, and (P*/m, m) = (Im, Pm) = ||m|?,

giving P*Jm = Jm, since X* is strictly convex. Hence, J(M) C R(P¥). Re-
placing P by P* and ] by ]'1 (since X is strictly convex), ]"IR(P*) C
M, giving J(M) = R(P™), completing the proof.

Corollary 0. Let X be a reflexive Banach lattice with X and X*
strictly convex. Then a closed subspace M is the range of a positive lin-
ear contractive projection iff JM is a linear subspace and sublattice of X*

iff IM is a linear subspace and M is a sublattice.

Proof. Let P be apositive linear contractive projection. Since P is
positive, for x in X, P(x+) 2(Px)+. Replacing x by Px gives P((Px)+)
> (Px)*. Let y be a convex combination of P((Px)") and (Px)*. Since X
is a Banach lattice, ||y| > [[(P%)*||. Since ||P| = 1, the opposite inequality
holds. By strict convexity, P((Px)+) = (Px) +, which implies M is a sublat-
tice. The argument applied to P* gives J(M) a sublattice.

Suppose |M is alinear subspace and M is a sublattice. For x in M
and y in J(M*, x* € M, giving

41 = UG, 2 = U, 2+ 9) < UG, e D) < et e e 9L

If x+y<0,then x <0. Since X = M + J(M)!, the linear contractive
projection on M is positive.
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Corollary 1. Let X be as in Theorem 1. Let (Mi)iEI be a net of ranges
of linear contractive projections. Then M = U]. niszz' is the range of a

linear contractive projection.

Proof. J( U].(ﬂiszi)) = anizj](Mi) is a linear subspace since
each J(M,) is.

Theorem 2. Let X be a reflexive Banach space, with X and X* local-
ly uniformly convex. Then convergence sets are ranges of linear contractive
projections.

Proof. Let (T ) be a net of contractions with convergence set M. If
m e M, (T:]m, m) — |m|?, and ||T:]m” < |m|l, giving T:]m—>]m since
x*is locally uniformly convex. (If Y is reflexive and locally uniformly
convex, then given y # 0, and € > 0, there exists 6 >0 such that if |x| <
llyll, and ||x = y|l > €, then |(x + ¥)/2|| < |lyll(1 — 8). Hence if a subsequence
T4 Jm — y weakly, then |y| = . Since |5 Jm] — ], (7% Jm + /2]
—|yll, which implies T:, Jm — y. Since y satisfies the inequalities de-
fining Jm, y = Jm.) Hence, M*> J(M) where M* = {f € X™: T:/ — f1. Sim-
ilarly, M D ]'I(M*), giving equality. The result follows by Theorem 1.

Corollary 2. Let X be as in Theorem 2. Let S C X. Then the shadow

of S is the smallest convergence set containing S.

Proof. By definition, the shadow of S is the intersection of all con-
vergence sets containing §, which is a convergence set by Theorem 2 and

Corollary 1.

Corollary 3. Let X be as in Theorem 1 and (T,) anetof linear con-
tractions. Then {x: T x— x}, the weak convergence set, is the range of a

linear contractive projection.
Proof. By the proof of Theorem 2.

Lemma 2. Let X be a reflexive Banach space, with X and X* strictly
convex. If M is the range of a linear contractive projection P, it is the

range of only one.

Proof. By Theorem 1, I — P is the nearest point projection on N(P) =
kL L
R(PH™ = (JM)™.

Lemma 3. Let X be a reflexive Banach space with X and x* strictly
convex. Given a finite set (T ) . of linear contractions, then the linear

AF

contractive projection on {x: T, x=x forn in F} is limp_mlimk_)°° ok
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(in the strong operator topology), where

and the product can be taken in any order.

Proof. For n in F, let P_ be the linear contractive projection on
N(I-T ), unique by Lemma 2. By the mean ergodic theorem, T (k) =
(1/k) Ef;é Ti converges to Pn.

By induction we show l'ln «f ,% = %, where I CF, implies P x = x for
n in I. Suppose it is true for m elements in I; then for n in F, suppose
P 1. P.x=x. If y is a convex linear combination of x and Il P x,
then Py = x, giving ||y|| = [|x||. By strict convexity, x = HieIPl.x, giving
P.x = x for x in I by the inductive hypothesis, and hence P x = x. Hence,

N N(I—T)—ﬂN(I—P)—N(I—H P)

neF neF

By the mean ergodic theorem, the nonexpansive projection on this set
is limp_m(l /p) 2?.__.(} (HPn)j. By continuity of multiplication of operators

in the strong topology, we can take the limits outside, giving the formula.

Lemma 4. Let X be a reflexive Banach space, and A = (A), es @ net
of bounded linear operators on X, ||A | <M for all n. Define N(A) =
{x: A L% — 0} and R(4) = {y: there exists a subnet (A (m ))msT of A,
a bounded set of X, {y almys ™ € T}, and for N in T there is a set of positive
numbers a for finitely many m>N in T, % a =1, and y =
thzmaanAn(m)yn(m)!

Then by defining A* = (A:), we have R(A)* = N(A™).

Proof. Take /€ N(A™), y € R(A), y = limyS alNA 'y . where
||yn(m)|| <K for all m. Then

. . N . g% N
(f’ }’) = l.u'n(f, Z amAn(m)yn(m)> = lim (An(m)f’ Z CLrn:yrz(rn)>
m m
<Tim |47, fIK = 0.

Suppose instead that [ € R(A)J'. We wish to show that if T is a cofinal
subset of §, then (A: D e has a subnet converging to zero. Take Yo =



CONVERGENCE SETS IN REFLEXIVE BANACH SPACES 427

I 1A:/ for n in T. By weak compactness, there is a weak cluster point

pyp: P € T’
p > N}, and hence the strong closure of its convex hull. Thus for U a neigh-

y for (A y ), cr- For N in T, y is in the weak closure of {A

borhood of y, we can take OLQ"U >0, for p> N, p in T, nonzero for only
finitely many p, EP a;"'u 1, so that 2 aN UApyp € U. Let Q be the di-

rected set of neighborhoods of y; then for (p, U) in T x Q, putting A(p Uy

= Ap gives (Ap,U)(p,U)ETxQ a subnet of (Ap)peS and
- H N,U
¥ lim Z a Apyp,
(N,U)eTxQ p
giving y € R(A). But

0 Jlim (1 Do Uy5,) - lim T N7 tim 41
(N,U) » peT

(N,U)

completing the proof.

Theorem 3. Let X be a reflexive Banach space with X and X* strictly

convex. Let (Tn)’z es

x =T x eventually. Then the convergence set M is the range of the linear

be a net of contractions such that x = lim T x implies

contractive projection

A=lim lim lim lim A ,,
N FEQN p—0oo k—oo

where Q is the set of /inite subsets of the set of elements p of S, p >N,

directed under inclusion. Ap p is defined in Lemma 3.

Proof. M = UN ESnnZN - T,). By Corollary 1, M is the range of a
linear contractive projection. Set | ~T=(-T)) .c. By Lemma4, X =
M+ cl R(I-T). Given € >0, for x in M and 2z in clR(Il - T), take y in
RUI-T), |y- z" <e/3, let y = thEmam I- n(m))yn(m), where I]yn(m)"

< K, take N, a , such that xeN(I—Tn) for n> N and ||y - Sal -
<e€/3. Take FN the support of am, =n(Fy), and set

n(m))yn(m) "

where T (k) = (1/k) Ek' 1 T’ and some order is chosen in the product.
Choose p and g by Lemma 3 so that ||A EOLN(I n(m))yn(m)" <e/3.
Then
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||A:’k(x +2)—x| < HA’;’k(z -+ ||A§’k(y -Zag(l T )Y nimy )

+ llA;.k Za:(l - Tn(m))yn(m)”
<e/3 +¢€/3 +¢/3,

proving the claim.
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