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ON TYPE-SETS OF TORSION-FREE ABELIAN

GROUPS OF RANK 2

RYUICHI ITO

ABSTRACT.     We prove existence of a torsion-free abelian group with

a prescribed type-set.

The existence of torsion-free abelian groups with prescribed type-set

has been studied by Beaumont and Pierce [l] and Koehler [3], [4]. In this

paper, we give an improved version of Theorem 7.10 in [lj.

We refer the reader to [2] for the concepts of characteristic, type, and

so forth.  The type-set of a group  G  is denoted by   T(G).  As in [l], we say

that a torsion-free abelian group  G  is completely anisotropic if r(x) / r(y)

whenever x and y  are linearly independent elements of  G  and  r(x) de-

notes the type of the characteristic of x in G.   We say that a set of char-

acteristics  Xn' Xi' " " -   *s relatively disjoint if X' > Xn  ^or a'^  z ^ ^  anc^

if, for all primes  p  and all  i / ;', either x,(p) = Xq(P) or  X^P) = X^P)-   A

set of types  \r„, r. ,• ■ • j is relatively disjoint if it can be represented by a

relatively disjoint set of characteristics.  (This is stronger than merely re-

quiring that  r. = r. n r. for  i / /'. )

Theorem 1.   Let  T = \r   , r. , ■ ■ ■ \ be a countably infinite relatively dis-

joint set of types.   Then there exists a completely anisotropic rank two

torsion-free abelian group A  such that   T(A) = T.

Proof.  It clearly suffices to prove the case  t   = T(Z), where  Z  is the

group of integers.  We may then choose characteristics  y. representing the

r. in such a way that for all primes p, XrS-P^ = ® an^ f°r aU  z ^ 7« either

Xi(p) = 0 or Xj(p) = °-  Let  nn = \p\xn(p) > 0\ for n > 1, and let Pn =

min 77  .  Thus  77. D 77. = 0   for  i -/ j.   We may suppose that the  x    have been

numbered in such a way as to satisfy the following:

(*) For all »2, p    < p     ,.
' r n       c n+l

Received by the editors November 1, 1973 and, in revised form, January 15, 1974.

AMS (MOS) subject classifications (1970).  Primary 20K15.

Key words and phrases.   Type, type-set, characteristic, completely anisotropic,

relatively disjoint.
Copyright © 1975, American Mathematical Society

39



40 RYUICHI ITO

For each n > 0, choose a rank one group  G    with type  r    and let x    be

an element of characteristic y     in  G .   Let  G = (rft      „G  .

We now arrange the set of elements with integer coefficients  \ax    +

bx Ab > 0, (a, b) = 1Î into a sequence  ly   i in such a way that y , = x,   and

(**) If y    = a x. + b x,, then max! la   I, b  \ < n.
J n n   0 n    I' '   n'       n   —

From  (*)  and  (**) we get

(***) For all  ô £ 77  , max! la  \,b  \ < p.

Now let // = (-ft   ,.(v    - x  ).   We will now show that  G/H  is the desired
^ls n> 2 Ny n n'

group A. It is clear that  G/H has torsion-free rank 2, since the cosets

corresponding to x    and xl  are a maximal linearly independent set.  We

prove next that H  is pure in  G (i.e.  G/H is torsion free).   Let w =

2. >2e ,(y . - x.)  be any element of /V, where the  e. are integers.  Since the

y. are linear combinations of x„   and  x,, it is clear that if p 4 U    ^->?r  ,
' ; 0 1' r        ^-* n >2   n

then  w £ pG only if p|e. for all  /',   On the other hand, if w £ pG and p £

rr    for some  n>2, we still have  p\e . for / ^ »», since  77. nn   =0.  Writing

y . = a .x    + b .x ., we see that the component of w in  G ,   is  1.b e .x ..   Since

h  (x j) = 0  and p^b     by  (***), we also see that p\e , so again w £ pH.

We now denote by  y*.   the coset containing x     and by  y     the coset

containing  y    = a xn + b x,, and show that  r(y   ) = r(x ).  It suffices, of
D  J n        n   0 «   1 ' v n «

course, to show that  r(y   ) < r(x ).  For ?» = 0  or »» = 1, this is easy.  For if

h  (y   ) > s > h (x ) for some  p,  then there must exist   c .   such that
p y n   — p   n r ' i

h Ax   + 2-_-,c-.(y . — x.)) > s.   Then clearly ps  divides all  c.  (except for atp   n        i>2  i ' i        i" — '   r iv r

most one  c, if p £ rr. for some  ; > 2) .   But then comparing the coefficients

of x. (in case  »2 = 0)   or x    (in case »2 = 1), using  (***)  shows us that

ps\c. as well, and this yields a contradiction.

For n > 2, we consider two classes of primes.

i. if p £ UzV„vwe claim that hp(y~J = hp^xr?-

Suppose there exist coefficients  c .  so that

y    + 2- c ,(y . - x .) =  (1 + c  )y   -ex   + ¿_, c .(y ■ - x .)
iî2 ijtn

has height greater than h Ax ).  Checking the coefficients of x. for i > 2,

we see that p\c . for all  i; this fails because, by   (***), h  (y  ) = 0.

2.  Consider those  p  such that  p £ rr. for some  / /= n.   We claim that

h  (y   ) 4=- »a and for almost all such  p, h (y   ) = 0. Now
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(1) h Ay   )< h   (b.y   ) = h  (b   y . + (a b .- a .b   )x ).
p J n    —     p     jJ n p     nJ j n   ¡ ;    n     U

Since  h Ay .) > h (x .)   and  h (xn ) = 0  and  a  b . - a b    / 0, this means that
P J y  —    P     ] />     0 n   j in'

h  (y   ) / oo if h  (x .) = oo.  On the other hand if h  (x.) < <x>  and h  (y   ) = x,P 7 n' r pv   ;' pv   ;' p^> n'

then there must exist  c.  so that  h  (y    + 2_ ,c .(y . - x.)) > h  (x.).   Butin

this case p\c . for ail  z  and we get a contradiction.  Thus  h  (y   ) / oc.

It remains to show that there are at most a finite number of pairs  (/', p)

such that  i /= n, p £ rr., and  A  (y   ) > 0.  Now since  Z>  (b y".) > 0  and
' r y p y n p     nJ ;

h (x „) = 0, we see from (1) that h  (y   ) = 0 whenever p\(a  b   - a b ). Now
pO ' p J n r   '      n   ) ;   n

let ¿>. = min 77..   By  (*) and a well-known theorem in number theory (for ex-

ample [5, p. 10]), lim .^^ j/p . = 0, so that, by  (**), lim a./p . = lim b./p . = 0.

Thus for sufficiently large  j,\a  b . - a.b   \ < p . < p  for all  p £ 77,.  Therefore

there are at most finitely many pairs (;, p)  so that p\(a  b. - a b  ).  This com-

pletes the proof that  r(y~  ) = r(x ) for all  ?2.   Since every element of G/H  is

a rational multiple of some  y   , the theorem is proved.

Considering the proof of Theorem 1, we can easily see that the follow-

ing theorem also holds.

Theorem 2.   Let  T' - {t., T-, • • • } be a type-set such that  rQ   is ex-

cluded from the type-set  T of Theorem 1.   Then there exists a completely

anisotropic torsion-free abelian group A'  of rank  2 such that  T(A ) = T .

Remark.  Let  p    denote the  »2th prime from the smallest.  Let r   =
r n r n

P2n-V and   Sn = P2n-   Let   ni = irJ  and   E2 = !sJ'   Let   X0' *1' A¿' and

p. be the characteristics such that:

y0(p) = 0    for every prime p,

Xl(P)=0    for p£Ur       X1(P)=l     (or p£U2,

A^p--,       ^)=0    for p/rz, (z.;.= lf2j3>...)#

pj(s.)= oo,      p.(p) = 0    for p £ s.,

Let  T = i[Xo], [xi]> [Aj], [à2],..., [p,], [p2],--- \, where  [X] denotes

the type corresponding to the characteristic  x-  Then  T  is neither relative-

ly disjoint nor satisfies the condition of Theorem 2.  But we can construct

a completely anisotropic abelian group A  of rank 2 such that  T(A) = T.

The type-set of Example on p. 190 in [3] cannot be realized as type-set

of any completely anisotropic group of rank 2.
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