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REDUCTIVE ALGEBRAS OF COMPACT OPERATORS!

ROBERT A. BEKES

ABSTRACT. A closed subalgebra 9 of the bounded operators on a
Hilbert space is called reductive if every closed invariant subspace for %
is reducing for %. We show that every reductive subalgebra of the compact
operators is selfadjoint.

Introduction. Let H be a Hilbert space. Let B(H) denote the algebra of
bounded operators on H, K(H) the algebra of compact operators on H and
F(H) the algebra of bounded operators on H with finite dimensional range.

A closed subalgebra & of B(H) is called reductive if every closed invariant
subspace for ¥ is reducing for A [i.e. if M is a closed invariant subspace
for & then M is also invariant for = {T* T € W}].

It is not known whether every weakly closed reductive algebra is self-
adjoint. Using Lomonosov’s theorem [5], H. Radjavi and P. Rosenthal have
shown that every reductive subalgebra of K(H) is selfadjoint [7]. This gen-
eralizes the following earlier result due to the author [4]: Every semisimple
reductive subalgebra of the compact operators is selfadjoint.

In this paper we will show that every reductive subalgebra of K(H) is
semisimple and then prove Radjavi and Rosenthal’s result using our tech-
niques.

We introduce some notation. Let A C B(H) and M C H. Then cl(¥) de-
notes the norm closure of ¥ in B(H) and cl(M) denotes the closure of M in
H. UM denotes the span of {Tx: T € U and x € M}. If M is a closed invari-
ant subspace for T € B(H) then T|M denotes the operator T restricted to M.
If M is a closed invariant subspace for & C B(H) then UM ={T € BM): T =
S|M for some § e Ul

The main result. Let X be a Banach space. A subalgebra of B(X), the

bounded operators on X, is called transitive or irreducible if it has no proper
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closed invariant subspaces. The following version of Lomonosov’s theorem
will be used. See [5, Lemma 1].

Lemma 1. Let ¥ be a transitive subalgebra of B(X) and T a nonzero
compact operator on X. Then there exist R € U and x € X, x £ 0, such that
RTx = x.

We will also need the next result, which is contained in the proof of

[6, Theorem 3].

Lemma 2. Let U be a reductive subalgebra of B(H) and T a nonzero
compact operator in U. Then there exists a closed reducing subspace M for
U such that T#0 on M and U acts transitively on M.

From these two lemmas we get

Lemma 3. Let ¥ be a reductive subalgebra of K(H). Then U is semi-

simple.

Proof. Suppose T is in the radical of . If T # 0 then by Lemma 2
there exists a closed reducing subspace M for ¥ such that T #0 on M and
U acts transitively on M. By Lemma 1 there exist R € & and x € M, x £ 0,
such that RTx = x. This implies that 1 is in the spectrum of RT when com-
puted in . But RT is in the radical of Y. This is a contradiction. Hence
T = 0 and therefore ¥ is semisimple.

In the next lemma we determine the structure of the minimal closed two-
sided ideals of a reductive subalgebra of K(H). These ideals turn out to be
the basic building blocks for reductive algebras of compact operators. An
element E of a complex normed algebra ¥ is called a minimal idempotent
of W if EZ=E and EUE ={\AE: A is complex}. If x, y € H then the oper-
ator x @y is defined by x @ y(z) = (z, y)x for all z € H. Then ||x®y| =
Il -

Lemma 4. Let ¥ be a reductive subalgebra of K(H) and E # 0 a mini-
mal idempotent of U. Then c1(UEW) is selfadjoint and isomorphic to
Ul c1 (AEH).

Proof. By induction choose x5 -+, x, € H such that Ex,=x,,
x| =1fori=1,---,% and Us, l?lxj for i £ j. If E is zero on
(?le@-- -@%xk)l, then the induction stops. If E is not zero on
(Ux @ .. -Q)?ka)"‘, then choose z € (Ux,®...® ?ka)l such that Ez £ 0.
Set x4 = Ez|Ez|~!. Then Ex,,, =x,,, and |lx [ = 1. Also, since pif
is reductive, ﬂxkﬂ 1 QIx]. for j=1,.-+, k. This process must stop in a
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finite number of steps since E has finite dimensional range. Suppose it
stops in n steps. By [2, Lemma 1] for each i =1, ---, n there exists y; €
cl(?Ixi) such that (xi, yi) =1 and El|cl (Qfxi) =x,®y,. Now since the ?Ixi
are orthogonal and E = 0 on (Ux ®.. -eﬁxn)J' we have

n
E=3) x,®y,

i=l
Set x=x, +---+x . Then again by [2, Lemma 1] there exists w € cl (Ux)
such that E|cl(¥x) = x@w.
We claim that Ux is closed in H. To see this suppose that {Tix§?°=l
is a Cauchy sequence in Ux. Let S], ey, Sn € W. Then

n
WTE-TENSx ) +-+-+ S x M=) 30 (Sx, y T x, - Tix))
k=1

IN

n
2 15 X My MIT 2 = T %l
k=1

IN
™ s

"51"1 toeet t Snxn"“yl Forect y,,""T,'x - zj"

a~
1)
—

0
=

‘Slxl 4o 4 Snxnllnyl oo yn""Tix _ zj".

Since E =0 on (Ux & -@ﬂxn)l, {T,E}?_, is a Cauchy sequence in UE,
which is closed in U. So there exists S € ¥ such that ||T,E - SE|| —0.
Therefore ||Tlx - Sx|| — 0 and so Ux is closed in H.

Now E*(x) = E?=1yi®xi(x) =y, ++++y,. Butsince U is reductive,
E*|Ux = w®x. So we also have E*(x) = w@x(x) = |[x||?w. If we set y=y,
+++++y,, then y = |[x|?w = nw € Ux. By Lemma 3, ¥ is semisimple and
so semiprime. Therefore by the proof of [2, Lemma 2] ¥ acts algebraically
irreducibly on ¥Ux. So there exists R €Y such that Ry = x. Then Ry, =x;
fori=1,««+, n. Nowlet T €Y. Then

’ ER*T*Tx=x @ w(R*T*Tx) = (R*T*Tx, w)x
n
=n"NTx T)x= Y n~ Y Tx| ’x,
i=1
But we also have
n n n
ER*T*Tx =Y x, ® yR*T*Tx) = 3 (R*T*Tx, y)x; = 3 ||Tx,| %,
i=1 i=1 i=1
Therefore
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(1) n= V2 Tx| = |Tx,| forall T €%

and i=1,---,n From this set of equalities it follows that each of the spaces
%x, is bicontinuously isomorphic to Ux. In particular each Ux; is closed

in H and lel. is isometrically isomorphic to ?Ix]. for all 7 and j. So for all

T € U we have 0
o 1% = 7% .

Now since ¥ is reductive, cl(?l*yi) is an invariant subspace for %. And
since U acts irreducibly on Ux; and E*y, =y, £ 0, we have cl(Ury,) = U .
Therefore

F(llx)) Ccl spaniSx, ® T*yil?lxi: S, T e UL
But Sxi®T*yi|?Ixi = SET|¥x,. Therefore

cl(?IE?IIE’[xi) = cl(‘ZIl?Ixi) = K(?[xl.).
Now the ?le. are orthogonal and reduce ¥, and AEU = {0} on
(U, @ - ~-$?Ixn)l, so for T € c1{UEY) and each i we have
\T|| = | T|NEH]| = max{HTl?[xjH; i=1,---, n}=|T]%x .
Therefore cl(?«[E?I)luxi is closed in K(?le.), and so
(3) cLAEW)|Ax , = AAx, = K(Ux).

Now let T € cl(UEW). Then since ¥ is reductive, by (3) we have T*|Ux, =
(T|Ux )* e cl(UEW)|Us,. Also T*|(UEH)" = (T|(AEH))*= 0. So (1) and (2)
imply that T* € c1(YEW). Hence cl(UEY) is selfadjoint and isomorphic to
U|c1(UEH).

Theorem. Let ¥ be a reductive subalgebra of K(H). Then U is self-
adjoint.

Proof. Let § be a maximal set of minimal idempotents of U such that
if E;,E, €Y with E; # E, then cl(UE U) # c1(UE,U). We complete the
proof in three steps.

I. We first prove that if E , E, € ¥ with E| £ E, then UE H 1 UE,H.
Let T € Y. Then

B TE, € (UE ADQUE) C el (UE W) N el (UE ) = {0}

since the cl(UE A) are distinct minimal closed ideals (1, p. 335). Since ¥

is reductive,

*
E¥IUEH - (E,

‘JIEZH)* =0 and ?I*(?[EZH) C el (AE,H).
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Now let R, S €U and u, v € H. Then (RE u, SE,v) = (u, EXR*SE ,v) = 0,
which completes step I.
II. Let M= closed span {UEH: E €9}. Then

UM = cl < > e ?IE%I) M and UM ={T|M: T(M) = {0}}.
Eef

To see this let T € ¥ and €> 0. Since T is compact and the UEH are or-
thogonal and reducing for ¥, we must have {E € g I\TIYEH| > ¢ a finite
set, say {E, -+-, E_}. By Lemma 4 choose T; € cl(UE,¥) such that
T|cl(¥UE H) = T,|cl(UE H) for i=1,---,n. Set T;=3"_,T, Then

T, € cl< 2 @?IE?I)

Feg
and

T = TIM|| = max{| TINEAY: E e NE L -+, £ 1 <e

Therefore T|M € cl(Zp (D UEW)|M. Since cl(Z; . ®UEW|M = {0}, it fol-
lows that 2[|MJ' ={T|Mt: T(M) = {o}}.

III. We show that M = {0} or U M* = {0}. Suppose U|M* #{0}. Then
by step II, we have that U|M* is a reductive subalgebra of K(M1), and so
by Lemma 2 it is semisimple. Therefore there exists T € U|M' such that
the spectrum of T in U|M! is not zero. We can produce a nonzero idempo-
tent E' in Y|M* by taking the appropriate contour integral about a nonzero
(isolated) point of the spectrum of T. E' must have finite dimensional range.
But then by the proof of [3, Theorem 2] U|M* contains a minimal idempotent.
Also by claim 2 we may assume that this minimal idempotent is of the form
EOIMJ', where E € U and EO(M)= {0}. Now since ¥ is reductive, E,TE,
=0 for all T € ¥ such that T(M1) = {0}. Therefore Eo?IEO is isomorphic to
EO(?I‘ML)EO ={AE,: A is complex}. So E, is a minimal idempotent of .
But cl(UEW)|M = {0} for all E €9. So cl(UEY) £ cl (?IEo?I) for all E €4.
This violates the maximality of the set §. Hence U|M* = {0}.

Therefore U = cl (2555® UEYU), and by Lemma 4 this implies that ¥
is selfadjoint.
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