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SEMIGROUPS OF MULTIPLIERS ASSOCIATED
WITH SEMIGROUPS OF OPERATORS

A. OLUBUMMO

ABSTRACT. Let G be an infinite compact group with dual object Z.
Corresponding to each semigroup 9={T(£); £ > 0} of operators on
Lp(G), 1< p < oo, which commutes with right translations, there is a semi-
group &= {bf (); £20,0 € 2} of LP(G) multipliers. If § is strongly
continuous, then {E;(U); £ > 0} is uniformly continuous for each o.
Conversely a semigroup & of L (G)-multipliers determines a semigroup
9 of operators on L ,(G). Jis strongly continuous if each E »(o) is uni-
formly continuous; and then there exist a function 4 on 2 and 20 cz
such that E »(9) = E(0)exp(£4 ) if o € 2 and Efo =0 if o g{zo.

1. Introduction. Let X be a Banach space and denote by B(X) the
Banach algebra of all bounded linear operators on X with the operator norm.
A family J = {T(£); €> 0} of operators in B(X) is called a strongly contin-
uous semigroup of operators on X if

(D) T(E, + &x = TENTE DA, &, &, €10, ), x € X;

(i) limg_ + T(E)x = T(0)x, x € X.

If (i) holds and (i) is replaced by

(iii) lim , +||T(f) - T0)| =
then J is called a uniformly continuous semigroup of operators on X.

Let G be an infinite compact group with dual object 2. We denote by
$(Z2) the set PB oex(H), where H is the representation space of the representation
U [1, 28.24]. Suppose that & and B are subsets of $(Z). An element E of € (%) is
said to be an (U, B)-multiplier if EA € B forall A € U[1, 35.1). If E is
an (¥, Y)-multiplier, we shall call E, simply, an ¥ -multiplier.

Throughout this paper, G denotes an infinite, compact group with dual
object 3. Haar measure on G is denoted by A, and it will be assumed that
A is normalized so that MG) = 1. For 1 < p < oo, LP(G) denotes the usual
Lebesgue space formed with respect to A. The set of Fourier transforms f
of fe L (G) will be denoted by L (G) It is shown in [1, 28.34] that
L (G) is a subset of €(2). To 31mp11fy our notation, we shall write

‘L (G)-mulnpher in place of ‘L (G) -muluphet .
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By a semigroup of Lp(G)-multipliers we shall mean a function E on

[0, =) x 2 such that
(i) for each pair (£, 9), E (o) € B(H,);

(ii) for each fixed &, E§ (+) is an LP(G)-multiplier;

(iii) for each fixed o, {E,f (0); £> 0} is a semigroup of operators on H_.

The results of this paper can be summarized as follows. Given a semi-
group J = {T(£);& > 0} of operators on LP(G)’ the elements of which com-
mute with right translations, we associate with J a semigroup &=
{E‘f(o); £>0,0 € £} of LP(G)-multipliers. We show that if J is strongly
continuous, then {55(0); £>01is uniformly continuous for each o. Con-
versely, given a semigroup & = {Eg (0); £>0,0 € 3} of Lp(G)-multipliers,
we associate with & a semigroup T =1{1(&); € >0} of operators on LP(G)’
the members of which commute with right translations. We prove, moreover,
that if {Ef (0); £> 0} is uniformly continuous for each o, then J is strongly
continuous. Furthermore, we show that there exist A =(A_) in €(2) and
a subset 20 of 2 such that Eé(a) = Eo(a)exp(‘an) if o€ 20 and Ef(o)
=0 if o ¢ 3. Finally, we prove that if @ is the infinitesimal operator of
T, then A is a (D@, L ,(G)-multiplier.

The results and proofs in the present paper generalize to arbitrary infi-
nite compact groups those of Hille [2, Theorems 20.3.1 and 20.3.2] for the
circle group and those obtained in [5] for compact Abelian groups. It will
be clear, however, that the orientation here is somewhat different from that
of [2] and [5]. Moreover, it is hoped that our proofs and results shed some

light on the classical situation.

2. Preliminaries. Let G and X be as defined above. It will be as-
sumed throughout this paper that, for each o € X, a fixed representation
U with representation space H_ has been chosen and that, in each H_,
a fixed conjugation D has been chosen. It will be understood that all
Fourier-Stieltjes transforms and Fourier transforms are defined in terms of
these fixed U'“)’s and D,’s. In this and other definitions and notation, we
follow Hewitt and Ross [1] where any undefined terms concerning harmonic
analysis, used in this paper, will be found. Similarly, the reader is referred
to Hille and Phillips [2] for an account of the theory of semigroups of oper-

ators on a Banach space.

2.1. Lemma. Let 0 € X and for U in o with representation space H

let T _(G) denote the set of all finite complex linear combinations of func-

tions of the form x — (Uio)f, n as &, n vary over H,. Then {f(o): /€
S (G} =B(H).
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This is [1, Theorem (28.39)(i)].

2.2. Lemma. Let T be a bounded linear operator on LP(G) which com-
mutes with right translations. Then there exists a unique E € €(3) such

that (Tf)(0) = E(0)f(0) forall f € L (G) andall o € X.

Proof. Since T commutes with right translations a routine argument
shows that T(f * g) =(Tf) * g forall f, g € Lp(G) (see e.g. [1, p. 376]).

The result now follows from Theorem 35.8 of [1] and Lemma 2.1 above.
3. Semigroups of operators and semigroups of multipliers.

3.1. Theorem. Let J = {T(&); €> 0} be a semigroup of bounded linear
operators on LP(G)’ each of which commutes with right translations. Then
J defines a semigroup & = {Ef(a); £>0,0 € 2} of Lp(G)-multipliers. If,
in addition, J is strongly continuous, then, for each o € X, the set {Eg(o );

&> 01 is a uniformly continuous semigroup of operators on H .

Proof. By Lemma 2.2, there exists, for each £> 0, a unique E; € €=
such that (T(£)/) = E, f for every f € L,(G). To complete the proof of the
first assertion of the theorem, we only need to show that for each fixed o €
3, the set {E§ (0); £>0} is a semigroup of operators on H_. We have, for
/€ LP(G) and fl, ‘fz >0,

E, +E 2(a)f(a) = (T(&; + €))7 (o) = [TENTENN (o)
= E; 1(a)(T({"z)/)A(a) =E, 1(0)E52(0);(0)°

Since, by Lemma 2.1, there exists [/ € £ (G) such that flo)= I, we have
E§1+; (o) = E, (0)E§ (o). Hence, & = {Ef(o) £>0,0 € 3} is a semi-
group of L (G)-mulnplxers

Suppose that T({) is strongly continuous and let o be a fixed element
of 2. By Lemma 2.1, there exists ¢ € S(G) such that ;(0) = 30. Let € >
0; there exists y > 0 such that ||[T(£) — T(0)]z Hp <e for all ¢ satisfying
0 < £<y. We have

IE £(o) - EO(O)HB(HO) = ||E (o) - Eo(o)“qb [1, D.42]

= ILE£(0) - EgoMi@)] = 1(T& - TON @] _

< ATd - TN, (1, 28.34]
<Ird - 0e), (1, 28.36]
< LT - TN, <€
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for all £ satisfying 0 < £ <y. This concludes the proof.

3.2. Corollary. If J is strongly continuous, then there exist a subset
3, of 2 andan A € C(3) such that
E o) - {I;O(o) exp(éA,) :; Z :ioy
0
Proof. By Theorem 9.6.1 of [2], E (o) is, for each o, a projection oper-
ator and

Ef(o) = Eg(a)EO(o) = Eo(o)Eg(O)-

In particular, if E (o) = 0, then Eg(a) =0 for all & If for a given o, E,(0)
is not the zero operator, then there exists a (unique) A € B(H_) such that
Eglo) = Eyo dexp(£A ). Now define A € €(Z) by setting A(c) = A, for
each o € X, and set 20 =lo € 3 E (o) £0].

3.3. Theorem. Let & = {Ef(o); £>0,0 € 3} be a semigroup of LP(G)'
multipliers. Then & defines a semigroup J= {T(£); £> 01 of bounded lin-
ear operators on LP(G)’ each of which commutes with right translations. If,
in addition, for each o, the set {Ef(o ); €>0} is a uniformly continuous
semigroup of operators on H _, then J isa strongly continuous semigroup

of operators on L (G).

Proof. For each £> 0, we define T(£) on Lp(G) by (T(f)f)A= E‘ff';
[€ LP(G)° Then, by [1, 35.2], T(£) is a bounded linear operator on Lp(G).
That the operators T(&) have the semigroup property follows directly from
the definition. We show that T(£) commutes with right translations. First,
we note that if f € LP(G)’ then, for each x € G,

(1 flo) = f(o)U(:_) .
for each o € Z. In fact, forall {,n € H_,

(JT 1 n) =TT D,£), 1)

= fG (U(f)(l_lic:)lf), 7/ (y)dA(y) = fG (U(:;)_ & M ()dA(y)
- [ @& 1, 0dG) = ()€ 1,

and hence fx(o) = f(a)Uii)l ,0 € 2.
Now (T(€)/,)(0) = E 2(0)f (o) and

(T(&)71) () = (TEON T, by (1)

= E;(0)](0)U'?), = E40)] (0) (again by (1)).
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We therefore have (T(tf)fx)h(a) = ([T(f)f]x)ﬂ(o) for all 0 € X, which implies
that T(cf)/x = (T(f)f)x for each x € G.

Suppose now that for each 0 € I, the set {E;(0); £> 0} is a uniformly
continuous semigroup of operators on H_. To show that {T(£); £> 01 is
strongly continuous, we shall first show that for every coordinate function
u, ||[T(f) -T(¢ )]u“ — 0 as & — f Let 0 be an arbitrary, but fixed,
element of 2. Let U(U) € ¢ and let rfl, fz, . 'fd } be a basis in H_

We consider the coordinate function uj ) defined on G by u( ) (x) =
U(x")é‘k, {-’I) where j, k is a fixed pair from {1, 2, , d L We have, for
all o' € 3,

7€) - TNV (0" = (B - E )27

) (Eg - E§0)(0)u§‘(l:)(a) if o' =0,

o if o' £0,
by [1, p. 80, (2)]. Thus ([T(§) - T(tf )]u(.g))AE @OO(E) and hence

[7(8) = TN
is a trigonometric polynomial [1, 28.39]. We now have
7€) - T(§0)]u§°)|| < Ir(€) - 1€, )]u(c')"

<NTE) - TENL D N 4y [1, 34.6)
= X d AT - TN @ 1, 344)

olez
= do‘ “([T(f) - T(fo)]ugz))A(O')"(ﬁl
= d,|lE (o) - Eéo(o)]ﬁs.z)(a)"qsl
<d,EL0) - B @l - lay@ly (1,052
= da"Ef(a) - Efo(a)"B(Ho) ° "agz)(a)"(t,l [1, D.42]
—~0 as £E€&,

by the uniform continuity of E - (o). Hence, € - T(fo)]u"p — 0 as
&— fo for every coordinate function u. By the linearity of the operators

T(&),

IT(€) = TN, =0 as &=,

for every function ¢ € S(G).That |[T(£) - 'Kfo)]f"p —0as & — &, forevery f €
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LP(G) now follows from the last assertion, the fact that %(G) is dense in
LP(G) and the continuity of the operators T(&). This concludes the proof.

3.4, Let & be as in Theorem 3.3 and suppose that, for each o € X,
the set §El5 (0); £>01% is a uniformly continuous semigroup of operators on
H,. Then there exist a subset £ of ¥ and an A € &(Z) such that

Eo(o) exp(£A,) ifo 620,
Eglo) = {o itof 3,

. . . . . 18
Let @0 denote the infinitesimal operator of the semigroup J generated by
&. The following theorem gives some information about the relation between

@0 and A. Here, as is usual, we set E (o) =1,.

3.5. Theorem. For each [ in the domain D(@O) of @0 and o ¢ 20,
we have f(a) = 0. Furthermore, (@0/)A= Af for [ € D(@O); ie. A isa
(D(G)O), LP(G))-multiplier. If, in particular, J is of class (A) with infinites-
imal generator (@, then 20 = 2. If, in addition, A € & _(Z), then

D@ =[f €L, (G): Af € L ()],
and (@f) = Af for [ € D(Q), so that A is a (D(®), L (G))-multiplier.

Proof. Let ¢ > 0; then there exists y >0 such that
&,/ = LT}/ = A/mll, <
for 0 <75 <y. This implies that if o ¢ 20, then f(0) =0, and if 0 € 20,
@, () = 4,f(), [eD@).

Let J be of class (A). Then D((fo) C D(®) is dense in LP(G)' Suppose
there exists o, € % such that o, ¢ X, and choose [ € L (G) such that
f(oo) #£0. Given ¢ >0, there exists [' € D(@O) such that ||f - /'Hp <e¢. Then

"7,(00) - f(UO)HB(HO_ ) < "/' - f“p <6
0

which, by the first part of the theorem, implies that f(0,) =0 a contradiction.
This proves that 2‘0 =2,

To prove the last assertion of the theorem, let w, be the type of the
semigroup J and set ’QO = U{T(rf)[Lp(G)]; &> 0L For A with Re() > v,
let R(A; () denote the resolvent of (. Then [2, p. 342] there exists w,>

w, such that

0

RO Df = [ e MT&)fat, [, ReW >0,

For each o € X, write Sa(f) = f(o), /€ LP(G)° Then §_ is a bounded linear
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transformation on LP(G) into B(H_), and for all [ € QO’

So (RO D) = [7 e M5 (TENdE = [ M E [0 (0)dd

o 0'f an" ad - - _17
S Mot o)t = [T AN g (i 4 )" o),

for all A with Re(}) > max(w |, [A]l), [2, (11.2.3)). Since go is dense in
LP(G)’ [2, p. 342], we have

(RO D) 0) = (A, = A)" (o)
forall fe€ L (G), Re(d) > max(w,, [|A]). We now make use of the last as-
sertion to prove that

D@ =[7 €L, (G): AfeL (6]

Let { € D(®) and let o be an arbitrary element of . Choose A such that
A> max(w, [|A]l ). Then there exists g € LP(G) such that f= R(}; Qg,

and we have
(@)"(0) = AR(Y, @)g = gl (o) = AN, = 4,)~ 1 &0) - &lo)
— A, A" 50) = 4, f(o).
Since o was arbitrary, @ o) = Aaf(o) for every o € 3. Thus, if [ € D(®),
then Af € LP(G)A. Conversely, suppose that { is an element of LP(G) such
that Af € LD(G)A. Thus, there exists h € L (G) such that Aaf(o) = h(o) for

all ¢ € 2. The function g=A-h € LP(G) for all complex numbers A. If
A> max(w,, [|A]), we have

(RO; D) (o) = (M, - 4,)" '3(0)
=, - A4)7 M) - A, [(0)) = (o),

for all o € 2. Hence R(X; {)g = /, which implies that f € D(®). This con-
cludes the proof.

3.6. Remarks. As an example of the situation described in Theorem 3.1,
we mention the heat-diffusion semigroup {T% ¢ >0} of operators on LP(G)
for a compact Lie group G discussed by Stein [4, p. 38]. Also, one obtains
an illustration of Theorem 3.3 by considering the Fourier-Stieltjes transforms

of the semigroup {pt; ¢t >0} of measures in M(G) studied by Hunt [3].
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