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HIDEGORO NAKANO

ABSTRACT.   For 1 < p < q, a convex modular m on a linear space S

is called an L       modular if Min <frm(x) < m(<f%) < Max     .n£Tm(x)

for  ¿f > 0 and x e S.   We generalize the Minkowski inequality and the

Holder inequality for   L        modulars.
P,<1

For 1 < p < q, a convex modular m on a linear space S is called an

L       modular if
P,q

cfm(x) < m(t;x) < cfm(x)     for  cf> 1   and  x £ S,

and

cfm(x) > rrlÇx) y cfm(x)     fot 0 < cf < 1   and  x £ S.

An   L       modular is p-homogeneous if p = q, as defined in [3].  We generalized

the Minkowski inequality and the Holder inequality for p-homogeneous modu=
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lars in [3] by the theory of modular spaces in [l] and [2].   In this paper, we

will generalize them for   L       modulars.

For the second modular norm N    of 277, we have

N2(x) = inf 1    for  xe S,
m(£x)<l,£>0 Ç

and we have   N (x) < 1   if and only if t?z(x)< 1, as proved in [l] and [2]»   If

27z(x)< 1, then it is clear that  N 2(x) = inf     , ¿> ^l/rf ).   Since  Çpm(x)<

77z(tfx) < c;qm(x) for cf > 1, we obtain

m(x) ̂ p = inf j < N2(x) < inf 1 = 4*) l/q ,     if  ztzU) < 1.

ÇPm{x)<l,£>\    "= <f?2Z2(x)<l,<f>l    f

That is, 77z(x)1/p < N .(*)< m(x)l/q if m(x) < 1.   Likewise, we obtain

77z(x)1/<? < zY (%)< m(x)1/p if 2?z(x)> 1.   Therefore we have

Min   m(x)I/''<N2U)<   Max  ttzU)1/'    for  x £ S.
r=P,q r = p,q

Since  NAx + y)< N  (x) + NAy), we obtain a generalization of the Min-

kowski inequality

(1) Min   m(x + y)l/r < Max   7tz(x) X¡r + Max   27z(y)1/'r.

r-p,q r=P,<3 r = p,q

For the first modular norm N. of m, we have

NAx) =   inf 1(1 + 77z(<fx))     for  x £ S,
¿f>0 Ç

as proved in [l] and [2].   Ii  N Ax) = inf. > , >0(l/f)(l  + m(cfx)), then

zz'/V^'ttzU)1/* =   inf I (1 + ^m(x)) < N (x)
f>0 Ç

Í   inf 1(1 + ¿M*)) = pl/pp'l/p'rAx)l/p

df>0 Ç

for  1/p + 1/p' = 1 and l/q + l/zj'= 1.   If  N¿x) = inf       (l/£)(l + m(t;x)), then

pl/i>f-l/p'ra(x)l//7 < Wi(x) < ql/lq^/l'rrix)1/«.

Therefore

Min   rl/Vl/,"í»(*)l/f   <N:(x)<   Max  rl/rr' l/r'm(x) l¡r,

r-P ,q r=p,q

for  1/p + 1/p ' = 1, l/q + l/q ' = 1, and x £ S.

Let S be the conjugate space of S and let 772 be the conjugate modular

of an L       modular 27z: m(ch) = sup   ,Acb(x) - m(x)\ for every cb £ S.   By

definition,



L      MODULARS 203
P,1

77z(çf(7j) = sup í<p(cfx) - m(x)\ = sup \cf>(x) - m(x / Ç) \

xeS xeS

fot every ÇA 0.   In case rf > 1, 77z(x/cf) > Çapm(x/c;X +<x) if a = l/(p - 1).   Then,

m(Çcb) < sup \cb(x) - Çapm(x/e + a)\= £ap sup {cb(x/¿;ap) - ztW^+ a)S.

xeS xeS

Let  1/p + 1/p' = 1.   Then  p/(p - 1) = 1 + l/(p - 1) = p' and by replacing

ap and a + 1 in the above inequality, with p ,

m(Çcp) < e'sup  \cb(x) - m(x)\ = ^^'^(çà).
xeS

In a similar manner, we can prove that nz(<ft/S)> ¿;q m(cb) fot q' such that

l/z7 + l/q' = 1.   Therefore, if ttz is an Lp¡q modular, and 1/p + l/p'= 1 and

l/q + l/q' = 1  then cf9 m(cb) < ™(¿;cb) < f 77z(<p) for every zf > 1 and every

cf> £ S.   A similar computation also leads us to the following inequality, in

case 0< cf < 1:

<f*"m(cb) < in(Çcb) < ¿jq'm\cb)     for every cf> £ 1.

Hence the conjugate modular m of an L       modular 772, is an   L  , ,.,   modular,,

For the first and second modular norms   /Y    and N    of ttz, we have

|0U)| SÑ^l^W    and    |0(x)| < Ñ2((p)Ni(x)

for cf> £ S and ie J.   Therefore we can generalize the Holder inequality as

(2) \cb(x)\ < Max  rl/rr'Ur' m(ch)l/r' Max   77z{x)l/r,

r=p,q r=p,q

and

(3) |<p(*)| <   Max w(c¿) l/r' Max   rl/rr,X/r'nix)l/r.

r=7J,<? r=p,<7

As an example, we consider the linear space  S »  of all continuous func =

tions on the closed interval [O, l].   For p £ S„ with 1 < p < p(t)< q tot

t £ [O, l], setting

m(cf>)=£ \cp(t)\p^dt    tot cb£S0,

we obtain an L       modular ttz on S„.   By (1) we have a generalization of thep,q 0        ' &

Minkowski inequality

1/7Min (ÇQ\cb(t) + m\P(t)dt\

<   Max(Ç\cp(t)\pU)dtY/r +   Max  ( C \il¿t)\pM dt\
r=p,q\J° I r=p,q\J° /

it   1  < p< p(t)< q tot t  £ [0, 1].
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We also set

m0(cf>)=^±-)\cb(t)\p^dt    for  cb£S0.

Then t?z„ is an L       modular on S„.   For the conjugate space  S „ of 5„ for ttz„,0 p,q 0 i    n r 0 0 0'

we can consider SQC SQ by setting i/H<p) = fXif/(t)cb(t)dt for cb, if/ £ SQ, and

the conjugate modular  mn of m    is given by

5oM=fn -~-A^t)\P'U)dt    for <AeS0
JU p'(i)

if  l/p(0 + l/p'(t) = 1 for t £ [0, 1], as proved in [l].   Thus, by (2) and (3), we

can generalize the Holder inequality as

J"oVU)<p(r)|¿/

< Max   A^^'(r-L-U(t)\P-U)dty/r'   Max(QJ.¡(p(t)¡PU)dty/r
r=p,q \J° p'(t) ) r=p,q\J°p(t) I

and

Ço\iùit)cb(t)\dt

<   M« ( C -Jh Wdr<f>*) ̂    Max r^r^Hr-L-lcpUr^dt)^
r=p,q\J°   p'(t) I r=p,q \J0 p(t) I

if  1 <p<p(t)< q and l/p(/)+ l/p'(0= 1 for z 6 [0, l], 1/p + 1/p' = 1, and

l/q + l/q' = 1.
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