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FIRST CATEGORY FUNCTION SPACES UNDER
THE TOPOLOGY OF POINTWISE CONVERGENCE

R. A. McCOY

ABSTRACT. A large class of function spaces, under the topology of point-

wise convergence, are shown to be of first category.

The question as to when a space of continuous functions is of first
category (i.e., can be written as a countable union of nowhere dense sub-
sets) seems to be relatively unanswered. When the topology on the function
space is the supremum metric topology, then if the range space is completely
metrizable, so is the function space. Thus by the Baire category theorem, there
is a large class of function spaces having the supremum metric topology
which are Baire spaces (i.e., no open subspace is of first category). How-
ever, an example is given in [ 4] of a metrizable Baire space Y such that the
space of continuous functions from I, the closed unit interval, into Y, under
the supremum metric topology, is of first category. If the domain space is
compact, the supremum metric topology agrees with the compact-open
topology on the function space, so there is also a large class of function
spaces having the compact-open topology which are Baire spaces. However,
the situation changes dramatically when the topology of pointwise converg-
ence is imposed on the function spaces. Under this topology, the function
spaces are of first category for most nonpathological domain and range
spaces. For example, it will follow from the Theorem in this paper that the
space of real-valued continuous functions on I, with the topology of point-
wise convergence, is of first category.

The notation CP(X’ Y) will stand for the space of all continuous
functions from X into Y under the topology of pointwise convergence.

This topology is generated by the base
n
B = lg[xz., Vz.]|xl. € X and V, is openin Y,
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where each [x, V] ={fe CP(X’ Y)| f(x) € V}. It can also be considered as
the topology inherited from the product topology, considering CP(X’ Y) as a
subspace of Il _, Y , where each Y_ is a copy of Y.

Because of the nature of the topology on Cp(X’ Y), it is much easier to
work with basic open sets rather than arbitrary open sets. For this reason
we shall use a characterization of spaces of first category given in [S].
Basically, the proof of this characterization is due to Oxtoby [6]. Similar
characterizations can be found for Baire spaces in [2] and (3l

If X is a topological space, a pseudo-base for X is a collection of
nonempty open subsets of X such that each nonempty open subset of X
contains a member of this collection.

Let  be a pseudo-base for X. Define SIX, P1=1{/: P — P| /(W) CU
for every UeP}. If Ue® and f, ge SX, ?1, then define

(U, /, g)l = g(U),

and for i>1,

f«u, f, g>i-l)’ if 7 is even,

U, 1, 8); = (U, £, g),_)), if i is odd.

Proposition. The following are equivalent:
(i) X is of first category.
(ii) For every pseudo-base ? for X, there exists an [¢€ stx, P1 such
that for every U€ P and g€ Slx, 1, nT__:l(U, f g)i =g.
(iii) There exists a pseudo-base § for X and an € SIX, P1 such that
for every Ue P and ge€ six, 1, n?ﬂ (W, fs g>i =d.

We shall call space X completely Hausdorff with respect to Y if for
every finite set {x;, - -+, x_} of distinct points of X and every finite set
Vi,eees Vn§ of nonempty open subsets of Y, there exists a continuous
function f: X — Y such that /(xz.) €V, for every i=1, .-+, n. Note that
X is completely Hausdorff with respect to the reals if and only if it is

completely Hausdorff in the usual sense.

Theorem. Let X contain a convergent sequence which is infinite as a
subset of X, and let X be completely Hausdorff with respect to Y. Ify
satisfies any of the following three conditions, then the space CP(X, Y) is
of [irst category.

(i) There exist two nonempty open subsets of Y with disjoint closures.
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(ii) There exists a sequence lwi} of nonempty open subsets of Y
such that, for each sequence {yl.} in Y with y,€ W, for every i, no subse-
quence of {y} converges.

(iii) Y is of first category.

Proof. Let {tl.} be a convergent sequence in X which is infinite as a
subset of X. To prove part (i), let U and V be open subsets of Y with
disjoint closures. Let w denote the set of positive integers, and let N=
{N Cw|either N is finite or o\N is finite}. Now JU is countable, so let
{N_} be an indexing of JUon w. For each n, i€ w, let Wi =Uif ie N and
let Wi =V if i¢ N,. For each n€ w, define W = Uz, Wi], which is
a dense open subset of CP(X’ Y) since X is completely Hausdorff with re-
spect to Y. Now suppose f€ (17 W . Let M =li€w | 7(z,) € U}, and let
M,=t{icw]| f(ti) € V}. Suppose that M, is finite, so that w\Ml =N, for
some k€ w. Now f€ Wk’ so that for some 7€ w, /(zi)e Wi. If ie M, then
/(ti)e V, sothat i¢ M. Butif i¢ M, then f(ti)é U, sothat i€ M.
Either way is a contradiction, so that M, cannot be finite. Similarly M,
cannot be finite. But then {/(tl.)} could not converge, which contradicts the
continuity of f. Therefore n:;':l W =&, so that CP(X’ Y) must be of first
category in this case.

To prove part (ii), let {Wi} be a sequence of nonempty open subsets of
Y such that, for each sequence {y } in Y with y, € W, for every i€, no
subsequence of {yi} converges. Now if B is the base for CP(X’ Y) defined
above, then each element of B is nonempty since X is completely Haus-
dorff with respect to Y. Hence B is a pseudo-base for CP(X, Y). Define
fe S[CP(X’ Y), B] as follows. Let V = N7, [xl., Vi] €B be arbitrary. Let
m(V) denote the smallest positive integer such that to(v) g {xys e, xn}.
Now let x 4 =ty and V_, =W (.. Then define f(V)=N7]lx, V),
which is clearly contained in V. With [ thus defined, let Ue€ B and g€
S[CP(X, Y), B). For each i€ w, let x; = tm((U’l’g)Zi-—l)‘

subsequence of {tii’ it is convergent. But if ¢ were an element of

Since {xi} is a

N:.{U, [, g); then ¢’(xi)€ Wm(<Ua/r8>2i-1) for every i€ w. Then by choice
of {Wz.}, {qﬁ(xl.)} would not converge, which contradicts the continuity of ¢.
Thus ﬂ;.”___I(U, f» &); = B> so that CP(X, Y) must be of first category by the
Proposition.

Part (iii) follows from considering CP(X’ Y) to be a subspace of
Il Y, , which is dense since X is completely Hausdorff with respect to Y,

and using the fact that a dense subspace of a space of first category is of

first category.
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Corollary 1. Let X be a completely Hausdor[f space which contains
a convergent sequence which is infinite as a subset of X, and let Y be a
nondegenerate pathwise connected Hausdorff space. Then CP(X’ Y) is of
[irst category.

Corollary 2. If X is a nondegenerate pathwise connected completely
Hausdorff space, and Y is a nondegenerate locally pathwise connected
Hausdorff space, then Cp(X, Y) is of first category.

The first corollary follows from the fact that a completely Hausdorff
space is completely Hausdorff with respect to a pathwise connected space,
and the second corollary follows from the first and the fact that the path-
components of Y are open and from the Banach category theorem, which says
that the union of any family of open subspaces of first category is of first
category.

The three concepts given in statements (i), (ii), and (iii) of the Theorem
overlap, but no two of them contain the third. Note that every sequentially
compact space fails to satisfy (ii), and every quasiregular space which is
not a Baire space does satisfy (ii). A closed interval is an example of a
space satisfying (i) but not (ii) or (iii). For an example of a space satisfying
(ii) but not (i) or (iii), take X to be the reals with topology generated by the
usual open sets not containing o along with sets containing o and having
countable complements. Finally, a countably infinite set with the cofinite

topology satisfies (iii) but not (i) or (ii).
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