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PROPERTIES OF CONTINUOUS EXPANSIONS

CARLOS R. BORGES

ABSTRACT, We study the properties of continuous expansions, in
comparison with contractions. We obtain a few applications which dem-

onstrate the usefulness of expansions.

Given that the inverse of an expansion is a contraction, one is natur-
ally led to the study of expansions by analyzing the behavior of their in-
verses. It turns out that, in Euclidean spaces, the behavior of expansions
and contractions is about the same. But the same cannot be said for Hil-

bert spaces.

1. Preliminaries. As is customary, we will say that a function f:
(X, d)— (Y, p) is a B-expansion if B> 1 and p(f(x), f(w)) > Bd(x, w). For
convenience, we will say that [ is a y-enlarger if y> 0 and plf(x), f(w)) >
yd(x, y). Also, for any function f: X =X, we let P = n:zlf”(x).
Note that, unlike contractions, expansions are not necessarily contin-
uous. For example, let f: E'—E! be defined by
2x for x < 0,

flx) =

2x + 1 for x > 0.

It follows that  is a noncontinuous 2-expansion. (Of course, f is not

onto.)

Lemma 1.1. Let (X, d) be a complete metric space, (Y, p) any metric
space and {: X =Y any continuous y-enlarger. If Z is a complete sub-
space of X then W = f(Z) is a complete subspace of Y. In particular, f:
X— f(X) is a homeomorphism and [(X) is a closed subset of Y.

Proof. Clearly [ is one-to-one and d(f~ 1(x), I l(y)) < plx, y)/y
for each x, y € f(X). It follows that if {yn} is a Cauchy sequence in W,
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then {f~ l(yn)§ is a Cauchy sequence in Z. Therefore, if lim /= l(yn) =x
then lim x = f(x), since f is continuous. This shows that the image, under
[/, of a complete subspace of X is a complete subspace of Y. Since a sub-
space S of a metric space M is complete implies that S is a closed subset
of M, it follows that [ is a closed continuous function and, hence, a homeo-

morphism. Furthermore, f(X) is a closed subspace of Y.

Lemma 1.2, Let X be any space and f: X —X any one-to-one function.
Then f(P) = P.

Proof. f(P) C P: Immediate, since
1Py = 1(N/"0)) € Ny = N+ 1(x) =

because f*(X) Df**1(X) for each n.

P Cf(P): Let p € P. Then there exists x, € X such that /"(xn) =p
for n =1, 2,.... Because [ is one-to-one, by induction, we get that x, =
flx) = /2(x3) = =" I(x”) = «++. Therefore x, € P with f(x) = p,

which completes the proof.

Lemma 1.3. Let (X, d) be any complete metric space and f: X —X a
continuous y-enlarger. Then P is a closed (complete) subspace of X and
f(P) = P.

Proof. From Lemma 1.1 and induction, we get that each f*(X) is a
closed subset of X. Therefore, we get that P is a closed (hence complete)

subspace of X. Since [ is clearly one-to-one, from Lemma 1.2, we get
that f(P) = P.

2. Main results.

Theorem 2.1. Let (X, d) be any complete metric space and f: X — X

any continuous [-expansion. If P £ &, then { has a unique fixed point.

Proof. By Lemma 1.3, P is complete. Since /'1: P—P isa 1/B-con-
traction, /-1 has a unique fixed point; therefore, so does f: X —X.

The hypothesis that P £ & is not superfluous, as the following folk-
lore example shows: Let [, be the Hilbert space (of square-summable se-

quences) and let f: [, —1, be defined by

flx )y x550+) = 200 = |5, Xy Xypeee),

for each x = (xl, EPTEE e l,. It follows that [ is a 2-expansion. Further-
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more, f(x) £ x for each ¥ €/,. (If x = f(X), then we get that x_,, =

2"x, for n=1, 2,.... This forces 0 =x; =x,= ..., but f(0)£0.)

Clearly f is not onto (for example, 0 £ /(/,)) and [ has no fixed points.
Nonetheless, there exists a large class of spaces, including all

Euclidean spaces, for which each y-enlarger is surjective.

Theorem 2.2, Let (X, d) be any conuected, complete metric space with
the Brouwer property (i.e., a homeomorphism in X of an open subset of X
is an open subset of X) and let f: X — X be any continuous y-enlarger.

Then [ is an onto homeomorphism.

Proof. By Lemma 1.1 and hypothesis, f(X) is a clopen subset of X.
Therefore, since X is connected, f(X) = X. Clearly f"l is continuous
and thus [ is a homeomorphism of X onto X.

The following two results are immediate consequences of Theorems
2.1 and 2.2, given that it is well known that every Euclidean space has the

Brouwer property.

Corollary 2,3. Let (X, d) be any connected, complete metric space
with the Brouwer property. Any B-expansion [: X — X bas a unique fixed

point.
Corollary 2.4, Let X be any Euclidean space. Then any [-expansion
[: X— X bas a unique fixed point.

The hypoiheses of the preceding corollaries are definitely not super-
fluous, as the following trivial example shows: Let f: (1, + o[ =11, + =l
be defined by f(x) = 2x. Then f is a 2-expansion without fixed points.

3. Applications.

Proposition 3.1. Let f: E"—E" be continuous and satisfy the condi-
tion |f(x) = f(3)| > K|x — y|, K> 1. Then [ has a unique fixed point.

Proof. Immediate from Corollary 2.4.

Proposition 3.2. Let (G, d) be a connected, complete metric group
and b: G— G a y-enlarger, continuous homomorphism. Then either b is

a (surjective) topological isomorphism or G — b(G) generates G.

Proof. By Lemma 1.1, h(G) is a closed subset of G and h: G — h(G)

is a topological isomorphism. If G — b(G) £ &, then the subgroup of G
generated by G — h(G) is clopen, since G - h(G) is open, which forces

G - h(G) to generate G, since G is connected.
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Proposition 3.3. Let | C E! and S =] x El Let f: S —E! be a con-
tinuous function such that 0 <m <(f(x, y) - f(x, 2))/(y - 2) for some m, each
x € ] and for any distinct y, z € El. Then there exists a unique continuous
function g: ]—*El such that [(x, g(x)) =0 for all x €].

Proof. For each x €], let b : E'— E! be defined by b (y) =[x, y).
Clearly b is a continuous m-enlarger, for each x € J. Therefore, by
Theorem 2.2, there exists (a unique) y, € E! such that 0 = bx(yx) = f(x, yx),
for each x € J.

Now, we let g: ] —~E! be defined by glx) = y,» foreach x € J. It
remains to check that g is continuous. Suppose g is not continuous at x.

Then there exists ¢ >0 and sequence {x_} such that lim x ==x and

lg(x,) — g(x)| > € for n =1, 2,.+.. From the continuity of / and f(x, g(x))
0, there exists an integer n;, such that /(xn, g(x)) <me for n > ny. On the

other hand, from the condition satisfied by f, one gets that
I, g0 = Ve, g ) = 1, g6 2 mlel,) - )] > me

for n > n,. We have a contradiction, which completes the proof.
The technique just completed is quite general and can clearly be

applied to the following result and many others like it.

Proposition 3.4, Let f: E" — E' be a continuous function such that
P

(1) 0<m< /(xl""”‘i""'xn)‘/(xl""’yi""’xn)
m

T
for some 1 <i<n, some m and distinct X, Y Then there exists a unique

continuous function g : En~'—EY such that

2) (CTRRPESURTY FCOIE PIRTRARTE
— -1

for all x =(x1,.--,xn__1) e E"™°,

Proposition 3.5. Let S be an open subset of E", (p s+, pn) =
p €S, [: S—E! a continuous function such that {(§) =0 and (1) holds for
some 1 <i<n, some m and distinct x,, y,. Then there exists a neighbor-
hood W of (pys---s b1 Pisrrcs pn) and a unique continuous function
g: W—E" such that (2) holds for all ¥ = (x,-vvrx,_}) €W.

Proof. Let I={p ix-- x[p,~e p,+elx--+ x{p } TS and f; =

fll. From hypothesis, . is one-to-one and

fi(pl’“.’ Pi+€:”', Pn)>0: /i(pl’.'.’ Pi—f,"‘, pn)<0°
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Using the local compactness of S, it is then easy to find an n-cube

T=[p1—3,pl+5]><---x[pl.—e,pl.+e]x---x[pn—S,pn+8]CS

such that

/i(xl’“" Pi+fs"',xn)>09 /i(xla"°, Pi‘f,"',xn)<0,

for each (xs-vvs x,_ |, X415+ 5 %) €W, where W is the (n - 1)-cube
obtained from T by removing its i-factor. Essentially using the tech-
niques of the proof of Proposition 3.3, it is now easy to construct a func-
tion g;: W— E! with the required properties, which concludes the proof.

It is noteworthy that the preceding result applies to functions f whose
partial derivative af/c?xi is continuous on a neighborhood of p and

8/([7)/8962. # 0 (if 9/(p)/9x, <0, we consider the function - f).

4. Conclusion. In recent years, the theory of fixed points of nonexpan-
sive maps has been intensively studied. Various significant results have
been proved, which complement the Banach contraction principle.

However, no real attention has been given to expansions or enlargers.
We hope that we have demonstrated that these concepts are indeed very
useful in spaces with the Brouwer property. (An extensive study of these
spaces, by E. Duda, appears in Duke Math. J. 30 (1963), 647-660.)
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