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A NONEMBEDDING THEOREM FOR ALGEBRAS

ERNEST L. STITZINGER

ABSTRACT. A certain nonembedding result has previously been shown

for Lie and associative algebras. This note gives a generalization and sev-

eral other consequences are noted.

Recently, D. A. Towers has considered the Frattini subalgebra of a non-

associative algebra.  The concept had been previously considered for Lie and

associative algebras.  The purpose of the present note is to give a generaliza-

tion of the nonembedding results which appear in [7] and [8] and to observe

some special cases.

Let A  be a nonassociative algebra over a field  F.   For x e A, denote by

L    the left multiplication of A  by x. For any left ideal C of A,  let E(C, A)

= \L     restricted to  C,  for all x e A ¡.   For a, ß € F, define a new product in

A  by letting a o b = a(ab) + ß(ba)  for all  a, b e A  and denote this nonasso-

ciative algebra by A(a, ß).  For a, ß, r, a £ F,  let

/V(a, ß, r, a) = \x e A; (L    , - rL  L, - oL.L )x = 0 for all a, b € A\.
' aob ab b   cl

If C C Ma, ß, T, a),  then in E(C, A) define

L    o L, = rL  L, + oL.L   = L „,     for all a, b £ A.
a b ab b    a aob

This is a well-defined product in   E(C, A)  and the mapping  L : a —» L     is a

homomorphism from A(a, ß)  into  E(C, A),  Henceforth we consider  E(C, A)

as an algebra under this product.  Now let B  be an ideal in  A  and define

fj = \x £ B; L  (x) = 0 for all y £ B\ and define  r.  inductively by  r. = \x e B;

L (x) £ r._.   for all y £ B \.   If r ¿  0 and  r. C Ma, ß, r, a),  then  r.  is a left

ideal of A  since if z £ r., x £ A, y £ B,  then

Ly(xz) = r-1(Lxoy-oLxLy)(z)£r._1.

Finally for any algebra  D,  let <$>(D) be the intersection of all maximal sub-

algebras of D  if maximal subalgebras of  D exist and let *I>(D) = D  otherwise.

If 77 is a homomorphism from  D,  then  n(<$>(D)) C ^(n(D)).
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Theorem.   Let B  be a nonassociative algebra over a field F such that

dim r. = 1   and 1 < dim r. < <».   Let  a, ß, r, o £ F such that r 4 0.   Then

there does not exist an algebra A such that B is an ideal of A, B C$(A(a, ß))

and r   C Ma, ß, r, a).

Proof.   Suppose to the contrary that  B  is an ideal of A, B C$>(A(a, ß))

and r2 C Ma, ß, r, a).   Let L be the mapping of A  onto E(r2, A) given by

L : a —» La  restricted to  Ty  Then   L  is a homomorphism of A(a, ß)  onto

E(r2, A)  and

E(r2, B) = L(ß) Ç L(«A(a, j8))) Ç <D(L(A(a, /3))) = <&(E(r2, A)).

Let z     • • • , z    be a basis for  r    such that  z,   is a basis for  r .  For

i = 1, • • • , k - 1,   let  e. be the linear transformation defined by

!8..z       for  7=1,

0 for ;' = k,

where 8..  is the Kronecker delta, and let  S  be the vector space generated by

e     ■ ■ ■ , e,      ,  We claim that S = E(r , B).   Since  Br   C r    and  Br   = 0,

£(r , B) C 5.   For each x £ B, L     induces a linear transformation from  r7 into

r,  ~ F.   Therefore we consider each  L   , x £ B,  as a linear functional on  7-_.

That is,   E(r , B) C (r2)     where  r^   is the dual space of r     Consequently,

dim E(r , B) = dim r   - dim r2   where  rl3 = {z e r , L  (z) = 0 for all x e B S.

Clearly r^ = tv Hence dim E(ry B) = k - 1  and F(r2, B) = S.

We now show that  5  is complemented in E(r , A) which contradicts

S Ç 0(F(r2, A)).  Let

!k-lE£ E(r-, A); E(z.) =   V    A..z., \.. £ F, i = 1, • • • , k - 1

)
and E(z ) =\ zk,  Afe eF>.

M  is a subalgebra of  E(r^, A)  since if  L   , L    £ M,   then  L    ° L    = rL   L    +
& 2 x'     y xyxy

o-L  Lx £ M.  Also M O 5 = 0. To see that M + S = E(t-2, A),   let ß e E(r2, A).

T^ en

However

fe-1
E(2.)=   £   X..z. + \.kzk    and    E(zfc) = Afe2(fe.

7=1

E = E-   Y"    A.,e.+   V  A.,e.
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where E - 2k~l A., e. e M and 2k~} \.,e. £ S.  Hence M + S = F(r^, A) which
7=1 7fc     7 7=1 ik     l 2

is the desired contradiction.

Henceforth, B is considered to be as in the Theorem. The right nucleus,

N , of a nonassociative algebra A is the set of all z £ A such that L (z) =

L  L (z)  for all x, y £ A.   That is,  N  = Ml, 0, 1, 0).
x    y ' J '      r '     '     '

Corollary 1.   B  cannot be an ideal of any nonassociative algebra A  such

that B C 0(A)  and r   C N .   In particular,   B cannot be an ideal contained in

0(A)  for any associative algebra  A.

In a standard algebra  A,  the set  C  of all commutators is contained in

the right nucleus   [2],

Corollary 2.   B cannot be an ideal of any standard algebra A  such that

B Ç 0(A)  and r2 Ç C.

The /-nucleus,  /,   of any Malcev algebra  A  is the collection of all xeA

such that (L  L   + L      - L  L  )(x) = 0 for all  y, z £ A [5].   Then   J =
z    y yz y    z J ' J

Mi, o, i,-i).

Corollary 3.   B  cannot be an ideal of any Malcev algebra A  such that

B C 0(A)  and r2 C /.   In particular,   B  cannot be contained in 0(A)  for any

Lie algebra A.

For any Malcev algebra A,  an associated Lie triple system is defined by

[x, y, z] = (2LzLy - Lyz + LyLz)(x)     for all x, y, z £ A.

The center c-' .ny Lie triple system  T is the set of all x e T such that

[x, y, z] = J for all y, z £ T.   (See [3].)  Then the center Z  of the associated

Lie triple system of a Malcev algebra is M-l, 0, -1, -2).

Corollary 4.   B  cannot be an ideal of any Malcev algebra A  such that

B Ç 0(A)  and r2 C Z.

If A   is left alternative of characteristic not 2, then the associated Jor-

dan algebra A     is defined by x ay = l/2(xy + yx),   (See [1],) In the present

notation A    = A(l/¡, H).   Then the following identity holds in  A:

L        = V2(L  L   + L  L ).
xoy x   y y   x

Hence A = N(V2, V2, V2, V2).

Corollary 5. B cannot be an ideal of any left alternative algebra A such

that B C$(A + ).
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The following examples satisfy the conditions on  B   in the Theorem.

Example 1.   Let A be the collection of all strictly upper triangular n by

n matrices with elements from a field.   Let  e.. be the usual matrix unit.  Let

B = A   ,  the associated Jordan algebra of A.  Then  fj = ((eln))  and  r2 =

((e,   , e, , e_,    )).   If n > 4,   then B   is not associative.  Also if B = A~ ,
In'       1,77—1'      2,« —      '

the associated Lie algebra, then  r   = ((e    ))  and  r2 = ((ex     , e^ e2    )).

Example 2.   Let B  have basis  e, u, v, z     • • • , z  . Define multiplication

by e   = e, ue = v, eu = u, (z.)    = v and all other products between basis ele-

ments to be  0.  Then  B  is left alternative as is seen by a straightforward

computation.  However  B  is not right alternative since  ue   4 (ue)e.  Here r,

= ((v)) and r2 = ((v, ar     • • • , zj).

Example 3.   This example is essentially taken from [5, p. 435].   Let B

have basis  e,, e.., e_, e.., e.c   for  7 = 1, • • • , «. Define multiplication by
3      il      j2 '    74 '    z 5

ez'lez4 = -ez4ezT = ez2' ez-2ez-5 = ^i^il = *3      Í«   «' - 1, ' " , »

and all other products between basis elements to be 0. Note that B is anti-

commutative and all products involving four elements are 0. Then ß is Mal-

cev (see [5, Proposition 2.21]).   B  is not Lie since

(ez'iez-4)ez-5 +(ez-4ez-5)ezl + (e7-5e7l)ez-4 = ey

Then  rx = ((e^)) and  r2 = ((e^, en, e^   for  i = 1, • • • , «)).
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