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ABSOLUTELY CLOSED MAPS

LOUIS FRIEDLER

ABSTRACT. An example is given of a continuous function /: X ■* Y

which is closed, has point inverses /7-closed, but which can be extended

to a continuous function  F: Z -» Y tot some  Z which has  X as a proper

dense subset.  A partial characterization of nonextendable functions is given

in terms similar to Bourbaki's theorem that perfect maps  /: X -> Y are those

for which fx i^: X X Z -» Y X Z  is a closed map for all spaces   Z.

A map f:X —< Y is called absolutely closed it there does not exist an

extension of f to  F: X   —► Y where X    is any space with X as a proper

dense subset.  These maps seem interesting in terms of extensions of func-

tions and in their relation to //-closed spaces.  Absolutely closed maps were

first introduced by Blaszczyk and Mioduszewski [l] and characterizations

have been given by Viglino [6] and Dickman [3].

All spaces are assumed Hausdorff and all maps continuous. A countable

ultrafilter is one with a countable base.   A subset  A  of X  is called (count-

ably) far from the remainder (c.f.f.r.  or  f.f.r.  respectively) iff for each free

open (countable) ultrafilter II on X, there is some   U £  ll for which   U n A

= 0.  A closed set is regular closed iff it is the closure of its interior. A map

is regular closed iff the image of every regular closed set is closed.

Theorem 1 (Dickman [3]).  A map f:X —» Y  is absolutely closed iff

(1) f~liy)  is f.f.r. for all y £ Y and

(2) f is regular closed.

Viglino [6] has asked whether every closed map with point inverses //-

closed is absolutely closed.  In view of Theorem 1, Dickman [3] pointed out

that this question may be rephrased: if point inverses of a closed map are

//-closed, are they also f.f.r.?   The following example gives a negative an-

swer to this question.   The space used is essentially the one described in

[1, p. 48].

Example.  Let X = ([—1, l]xN )u|f|, where  N    is the set of positive

integers and  p is an additional point whose neighborhoods are of the form
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V   = {ix, i)\x > 0, i >n\ U {pi.  Consider the subset A   of X consisting of

([0, l] x N   ) U {p\.   X is clearly Hausdorff and A  is //-closed but A  is not

f.f.r.  Construct an ultrafilter  (j  on X  as follows:  let   II = IL U   U,  where

the sets in TJ,   are   U   = S(x,  i)\x < 0, i > 72! and the sets in   U2   are of the

form  U = {(x, n)\t   < x < 0, -1 < t   < 0|. Then Ii is contained in
r 1 r 2 • • - 77 '        —   77

some free ultrafilter L.  We claim that  V C\ A 4 0 tot all  V £ h.   If there

were some  VQ £ (5 for which  VQ n A = 0, VQ D 5(0, n)\n £ N   \ = 0.  It fol-

lows that for each  n there exist  t    and  s    with — 1 < /    < 0, 0 < s    < 1  and
77 77 —    n ' 72 —

Vn disjoint from the interval (t , s ).  But then  V„ n U, = 0, which
07 7277 0 t\t2*..

is impossible.  Thus  V H A ^ 0 for all  Veö and A  is not f.f.r.

Identify A to a point y„ and let / be the natural map and Y the quo-

tient space. Then Y is Hausdorff, / is closed, / ~ (y) is //-closed for all

y £ Y but /"  (yQ) = A   is not f.f.r. so that / is not absolutely closed.

Remarks.  It is well known [2] that a map f:X —> Y is perfect iff

f x  iz:  X x Z —> Y x Z  is a closed map for all spaces  Z, where   i—  is the

identity map on  Z.   In the special case that   Y is a point we obtain as a

corollary Scarborough's result [A] that a space  X  is compact iff the projec-

tion 77- X x Z —» Z is closed for all spaces  Z.   Our interest here is to ex-

amine to what extent similar results hold for absolutely closed functions.

That is, what theorem gives as a corollary Scarborough's result [4] that a

space  X is //-closed iff the projection 77-: X x Z —» Z  is regular closed for

all spaces  Z?   We conjecture that f: X —> Y is absolutely closed iff fx z'z:

XxZ —> Y x Z is regular closed for all spaces  Z.   The necessity is proved

in Theorem 3 but for the sufficiency we only have the partial result of Theo-

rem 2.  Notice that Theorem 2 implies that for the functipn of the Example,

there is a space  Z with / x z'z: X x Z —> Y x Z not regular closed.

Definition.  A map f : X —> Y is countably absolutely closed it there

does not exist an extension of / to  F: X   —> Y where  X    is any space with

X  as a proper dense subset such that all points of  X    — X have a countable

neighborhood base.

The proofs of the following lemmas follow the techniques of Theorem 1

above and Theorem 1.2 of [6] and are omitted. Lemma 1 also holds for arbi-

trary countable filter-bases.

Lemma 1.  /: X —> Y  is countably absolutely closed iff no free countable

ultrafilter   ll  on X has /(ll)  convergent.

Lemma 2.  If f : X —» Y and

(1) /  is regular closed and
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(2) f~\y) is c.f.f.r. for all y £ Y,

then f is countably absolutely closed.  If f is countably absolutely closed

and Y is first countable then (1) and (2) hold.

Theorem 2.  Let f: X —» Y.   If f x iz: X x Z —> Y x Z is regular closed

for all spaces Z, then f is countably absolutely closed.

Proof. Since / x z'z is regular closed for all spaces Z, / is regular

closed.  Hence if / is not countably absolutely closed then by Lemma 2 there

is some y0 £ Y tot which f~  (yQ) is not c.f.f.r. So, let ll be a free maximal

countable open filter with /""  (yQ) O U 4 0   for all  U £ U.  If {(/.}  is a base

for 11 we may assume that   U  +1 Ç U    fot all n.   Let p be an additional point

with basic neighborhoods   U. U {p\.  Then if Z = X u {p\, Z - X  is first count-

able and  Z  is Hausdorff, so consider / x z'z: X x Z —> Y x Z.  Since  {p\ =

il Cl-, U    we may assume   U      , - Cl^ U    4 0 tot all  72.   Let
■ Z    72 ' n— 1 Z    n

Vj = [/jX (Z-Clzi7j),       V2 = U2x (Ul - ClzU2), ■■-,

V   = U   x(U      .- Cl7U )
n 72 72—1 ■£      72

and let W = U¿°=i Vf  Since fx z'z is regular closed, (/x z'z)(VV) is closed.

We claim that if z 4 p, iy0, z) £ if x zz)(W).   Since  z 4 p, there is a first

k tot which z 4 Uk, hence z e Uk_ 1 - Uk C Uk_    - Jj     Now, / ~ l(yQ) n

U. 4 0 for all j, and / is regular closed so that yQ e f(U.) = fill.) for all /.

Therefore,

(y0, z) £ fiUk) x Uk_,- Uk « fiUk) x iUk_l - Uk)

= (fx iz)iVk)CÍfx iz)(lJV\)'= (/x zz)(W),

since /x z'z  is regular closed.  Thus, {yQ! x X C (/x z'z)(W) so that íynl x

Z Ç (/ x z'z) (W).  It follows that there is some xQ £ f~ 1(y0) with (xQ, p) e W.

Let  /v be the first integer with  xQ 4 UK  and consider the neighborhood

(x-VK)xUK+1 of (x0, p). if ((x-ûK) x uK+l) n (uN+1 x (uN-dN+l))

4 0, then if N < K then  UK CUN  so that  UK+1 n (i/^ - fN + 1) = 0, while

if  K < N, UN C (iK  so  fN+1 Cl (X - iiK) = 0.  In either case the contradiction

implies that ((X - Vk) x Uk+]) n \J V . = 0 and hence (xQ, p) / \JV. = W.

This contradiction establishes the theorem.

In the proof of Theorem 2, if X  is first countable so is  Z.   Also, since

a first countable subset which is c.f.f.r. is easily first-countable-and-Haus-
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dorff-closed (closed in every first countable Hausdorff space in which it is

embedded [5]) we have from Theorem 2,

Corollary 2.1.   If  f x  z'z: X x Z —> Y x Z  is regular closed for all first

countable spaces and X  is first countable, then f~  (y)  is first-countable-

and-Hausdorff-closed for all y £ Y and f is countably absolutely closed.

Lemma 3 (Stephenson [5, Theorem 5.7]).  For each first countable Haus-

dorff space X, the space  Z  of all countable open ultrafilters on X  is first-

countable-and-Hausdorff-closed and contains X as a dense subset.

Notice that in this extension we can take the neighborhoods of a point

p £ Z to be {p\ U U., where  U. is a member of the base for p.  Then, in the

proof of Theorem 2 we could have taken  Z  to be this first countable Haus-

dorff extension of X, with  p £ Z — X.

Corollary 2.2.  // X  is first countable and f x z'z: X x Z —> Y x Z is

regular closed for all first-countable-and-Hausdorff-closed spaces  Z, then f

is countably absolutely closed.

The next lemma is proved by using Viglino's ultrafilter characterization

of absolutely closed maps [6, Theorem 1.2] (or Lemma 1 for the countable

case) and imitating the proof of Lemma 2 of [2, p. 101 j.   Theorem 3 and its

corollary then follow from the lemma and Theorem 1, and the lemma and

Lemma 2 respectively.

Lemma 4.   // / : X   —» Y    are (countably) absolutely closed for all a

then so is f: TlXa^ ÏÏYa, ifix))a = faixa).

Theorem 3.   If f : X —> Y  is absolutely closed then f x z'z: X x Z —>

Y x Z  is regular closed for all spaces Z.

Corollary 3.1.   If f : X —> Y  is countably absolutely closed and Y  is

first countable, f x z'z: X x Z —* Y x Z  is regular closed for all first count-

able spaces Z.

Corollary 3.2.   // X  is first countable the following are equivalent:

(1) ?tz: X x Z —> Z   is regular closed for all first countable spaces Z;

(2) 777: X x Z —> Z  z's regular closed for all first-countable-Hausdorff-

clpsed spaces Z;

(3) X  z's first-countable-and-Hausdorff-closed.

Proof.  (1) => (2) is obvious, (2) => (3) follows from Corollary 2.2 by
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taking   Y to be a point, and (3) =» (1), follows from Corollary 3.1 again by

letting   Y be a single point.

Added in proof.  The following is proved by using Theorem 1 and apply-

ing the methods of the proof of Theorem 7 of [A].

Theorem.  // / x z'z: X x Z —» Y x Z  is regular closed for all spaces Z,

then f is absolutely closed.

Question.   If / x z'z: X x Z —> Y x Z is regular closed for all //-closed

spaces  Z, is  / necessarily absolutely closed?
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