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ALL »-UNIFORM QUASITRANSLATION HJELMSLEV
PLANES ARE STRONGLY ~-UNIFORM!

DAVID A. DRAKE

ABSTRACT. An affine H-plane @ is called a quasitranslation H-plane
if it possesses a group of quasitranslations which is regular on the points
of @. Let n be any positive integer. Then every n-uniform quasitransla-

tion H-plane is strongly n-uniform.

Hjelmslev planes of level 7, 7 an arbitrary integer, have been studied
by Artmann and the author. Among other results, the author has proved [2,
Theorem 5.4] that all finite Desarguesian H-planes are of level 7 for some 7,
a result later generalized by Artmann [1] to include all Desarguesian H-
planes whose coordinatizing rings have nilpotent radicals. An H-plane is
strongly n-uniform if it is both finite and of level n. There exist recent un-
published examples of finite translation H-planes which are strongly 7-
uniform for no 7; however, we shall prove that all (finite) translation H-
planes which are n-uniform are indeed strongly n-uniform. This theorem
greatly generalizes a result appearing in [3, Corollary 4.2]. The proof of
the theorem is elementary, involving little more than counting arguments on
some subgroups of finite abelian groups.

Reversing the author’s usual notational practice, lower case letters
will be used throughout the paper to denote points; capitals, to denote lines.
With this exception, all notation and definitions will coincide with the usage
in [3]. In the interest of brevity, the notation, definitions and statements of
theorems from [3, pp. 252—256] will not be repeated in this paper. We shall
write [3, 1, i] rather than [3, Proposition 1.1(i)]. The frequently quoted
[3, 1, 6] contains a compositor’s error: (=i) should be replaced by (~i).

Let @ be an affine H-plane (an AH-plane); 6, a mapping of the point set
of { into itself. One calls @ a dilatation if to each line G of ({ corresponds a
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parallel line G* such that 6(G)C G*. A dilatation is called a quasitransla-
tion if it is the identity map or is fixed point free. An AH-plane is called a

quasitranslation H-plane if it possesses a regular group of quasitranslations.

Theorem (Liineburg). An AH-plane is a quasitranslation H-plane if and
only if it is isomorphic (as incidence structure with parallelism) to some
J(T, m). The quasitrans lations are the right multiplications by elements
of T.

The proof that an AH-plane representable by some J(T, m) is a quasi-
translation H-plane is given in [4, p. 274). A sketch of a proof of the con-
verse is also given in [4]. (See the proof of Satz 4.3.)

Definition. Let @ be an n-uniform AH-plane. Then we say that
satisfies Axiom S or that @ has Property S (called Property A in [2]) pro-
vided that the following assertion is true. Whenever p € H N K, |H N K{ =
ri, g € H-K, p (~j)q, and i + j < n, it follows that ¢ (=i + j) K. An AH-
plane is said to be strongly n-uniform if it is n-uniform and has Property S.

We are now prepared to state and prove

Theorem. Every (finite) n-uniform quasitranslation AH-plane is strongly

n-uniform.

Proof. Let & = J(T, #) be an arbitrary n-uniform quasitranslation AH-
plane with invariant 7. We shall use additive notation for T, and, in par-
ticular, we shall denote the identity of T by 0. For 0< i < n, we write T!
to denote {x € T: x (~n— i) 0}. Let x and y be arbitrary elements of 7. It

follows easily from the definitions of (~7) and J(T, #) that
(1) %(ni)y e y—xe TPE, 0<i<nm.

Next, let x and y be elements of T!. Then(y+x)-x=y€ T%, It follows
from (1) that x (~7 — i) (y + x). Since x (~7 - 1) 0, [3, 1, 6] implies that
(y + %) (vn— i) 0; i.e., that y + x € T'. Since T is finite, we have proved
that

) T! is a subgroup of T for 0 <i<m

For each point b in T we define a map 6° on the points of T by the
rule: Ob(x) =%+ b for all x € T. Clearly, the 6° are a group of incidence
structure automorphisms (quasitranslations indeed!) of ® which are transi-
tive on the points of @. To prove the theorem then, it suffices to establish
that Axiom S holds when p is equal to 0. Let p = 0, g, H and K be points
and lines of @ which satisfy the hypotheses of Axiom S. Assume first that
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j=mn~-1. [3, 1, 3] and the necessity that i + j be less than 7 jointly imply
that i = 0. It follows from [3, 1, 2] and the fact that g £ K that ¢ (X n) K.
Then g (e2n — 1) K. We have established that Axiom S holds when j=n - 1.

Proceeding by reverse induction on j, we now assume that 0 < j<n -1,
Since p= 0 € H N K, it follows that H, K € 7. Now if G is an arbitrary ele-
ment of 7, we set

G=G6nTr=i, GH*oGn (177 = Tni=iy,
G'(x)= Tr*-1=1 | ¢, GH(x) = Tn=x-i-1 + G*,

Let G and L be elements of 7 such that |G N L| = 7*, x <i. It follows from
(3,1, 4l and [3, 1, 8] that |L'| = #"~7, |L' nT?=%=i=1| = n=x=i=1_ ap4
|Tn=x=i=1| = y2n=2x=21=2_ Then |L'(x)| = r2"~*~%=1; consequently,

®) 16" + L'(x)] = (B3=5=3i=1)/|¢" A L' (x)].

Letb e GNT"'=! Ifbel,itis clear that b € L'(x) .G'. Consider
then the case that b ¢ L. In this case, it follows from [3, 1, 2] and [3, 1, 9]
that b (=] + m) 0 for some positive integer m which satisfies j+ m<n — x.
The induction assumption on j thus implies that b (=x + j +m) L. This
means that there is a point ¢ on L such that ¢ (~x + j + 1) b. It follows from

(3,1, 6] that c € T*" "1, hence c € L'. By (1), b—c € T""*~7=1_ Then
b=(b-c)+cisin L'(x). We have established that
4) GnTimlcL'(x) n G,

Since |G N L|=7* and since x < i<n-j,[3, 1, 9] implies that G N L =
G NT*=G'NL'. Then |G' N L'| = 7*; consequently
(5) |[G' + L'(0)| > |G' + L'| = P2n—%-2i,

Now assume that there is a point b in (G' N L'(x)) = T*~’~1, Then (4) and
(3, 1, 4] imply that |G’ N L'(x)| > #*~7=1; substitution of the last inequality
into (3) yields a contradiction of (5). We have established that

(©) l6*n L'(x)] =0

if |GNL|=rFandx<i.

Now let L be an arbitrary element of 7, 0 < x < 7, and let b be an arbi-
trary element of L#(x). Then b=(b-c)+c where b-c € T%=*=7=1 and
ceL¥ By(l),b(~x+j+1)c. By definition of L¥, c (=) 0. Then
(3, 1, 6] implies that b (=~j) 0. We have proved that
@) L¥(x) c i - nmi=l

when L €7 and 0< x < i,
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Next, let G be an element of 7 such that |G N H| =7, x < i. Assume
that there exists a point b in G N H#(x). Then b € H'(x), and (7) implies
that b € T"~7 _ =1~ 1, hence, that b € G". The resulting contradiction
of (6) yields the result that |G N H¥(x)| = 0 whenever |G N H| = 7*, x < i.
Since G N H¥(x)c G n H#(y) whenever y < x, we have established that

8) |G N HA(x)| = 0

whenever |GN H| =7, y<x<i LetaeT " *=1=1p €H#, ceD=HnN

T?=%*=1=1 The element a + b of H#(x) may be represented as (@ — ¢) +

(c + b). It follows from (2) that @ — ¢ € T*~*~7=1; from (1) and [3, 1, 6],
that c + b € H¥, Then each element of H#(x) has at least |D| representa-
tions of the form @ + b with @ € T*=*~7=1 and b € H¥, Next, let a + b =
a'+ b’ be two such representations. Then — a'+a=b'-b € D. For a given
b, there exist at most |D| choices for b’ such that '~ b € D. Then each
element of H#(x) has at most and hence precisely |D| representations of
the form @+ b with @ € T**~7=1 and b € H*. It follows from [3, 1, 4] and
(3, 1, 8] that

©) |5 ()| = (=i = pmim ) pmxmis

Since T is covered by the components of 7, (7) implies that H#(x) is
covered by {G#: G € nl. It follows from [3, 1, 4] that

(10) |G# = i it

for each G € 7. Then (9) implies that the number of distinct nonempty sets

of the form H#(x) N G* is at least #*~*=7=1_ L follows from (3,1, 3] and
(3, 1, 9] that the nonempty set H#(x) ¥eid equals the set H#(x) nL if
and only if G'= L'. It follows from [3, 1, 3], [3, 1, 5] and [3, 1, 9] that the

number of components L with L'= G’ for a fixed G is 7. Then the number

of G in 7 for which H#(x) N G is nonempty is at least mx=1 3, 5]

x+1

asserts that the number of G in 7 for which |G N H| > r is precisely

#*=*=1 By (8) and [3, 1, 3], every G in 7 which satisfies IH#(x) N G#l >0

x+1

must also satisfy |G N H| > 7 %1, It follows that

(11) |H*(x) ~ G*| >0 = |G NH| >+,

We have also established that the number of G in 7 for which IH#(x) N G#I #

n-x-1

0 is precisely r . Then the number of distinct nonempty sets H#(x) N

Nex=j=1

G* with G in 7 is precisely r . Since H#(x) is covered by the sets
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H*(x) N G*, assertions (9), (10) and (11) imply that
12) |H*x) NG*| = =T = m7i"le |G nH| > ~*L,
Substituting K for G and 7 — 1 for x in (12) yields the conclusion that
\(T7=i=7 o p# OK#| =i il

.

It follows from (10) that k¥ crn-i 7 .H#; by symmetry, H*f c T-i-i
K#. Recall that p= 0, g, H and K are points and lines which satisfy the
hypotheses of Axiom S. Then g € H#. It follows that g = (¢ —-b) + b for
some b € K#, g -beT" =/, Then (1) implies that g (~. 7+ j) K. Suppose

that ¢ (~i+j+ 1) c for some c € K. Then (1) implies that ¢ € T*~i=7=1 4

qC H#(z'). Using (7) with x = i, we conclude that c € K*. The resulting
contradiction of (11) forces the conclusion that ¢ (£i+ j+ 1) K. Then
q (~i+ ) K. This is the desired conclusion. The induction on j is

complete, and hence the theorem is proved.
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