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A GENERAL HOFFMAN-WERMER THEOREM FOR
ALGEBRAS OF OPERATOR FIELDS

D.C. TAYLOR!

ABSTRACT. Let A be a closed separating subalgebra of C(T) that con-
tains the identity. It is known that Re 4 is uniformly closed only if 4 = C(T).
In this note it is shown that this property characterizes all maximal full alge-

bras of operator fields and not just C(T).

1. Introduction. Let T be a compact Hausdorff space and C(T) the space
of all complex-valued continuous functions on T. It is of interest and impor-
tance to know which properties of C(T) cannot be shared with any of its prop-
er separating subalgebras. In other words, which properties of C(T) charac-
terize it. A classic example of such a property, due to Hoffman and Wermer
[3], is the following: If A is a closed separating subalgebra of C(T) that con-
tains the identity, then Re A is uniformly closed only if A = C(T). It is the
purpose of this note to extend the Hoffman-Wermer theorem to the setting of a
maximal full algebra of operator fields. Thus, it shows that the Hoffman-Wer-
mer property characterizes all maximal full algebras of operator fields and not
just C(T).

We will now define a maximal full algebra of operator fields on T. For
each t €T, let C, be a C*~algebra with identity /,. For different values of
t the C, are in general unrelated. An operator field (with respect to {CliteT)
is a function x on T such that x(¢) € C, for each ¢ € T. By a full algebra of
operator fields on T, we mean a set C(T) of operator fields x on T that
satisfy the following: (i) C(T) is a *-algebra under pointwise algebraic oper-
ations; (ii) for each function x in C(T), the function ¢ — Hx(t)" is continu-
ous; (iii) for each ¢ € T, {x(t): x € C(T)} is dense in C,; @v) C(T) is com-
plete in the norm ||x|| = supt||x(t)||: ¢ € T} Clearly, C(T) isa C*-algebra;
hence (iii) could be strengthened to the statement that {x(¢): x € C(T)} =C,.
The algebra C, will be called the component of C(T) at t. An operator field
x is continuous at t, (with respect to C(T)) if for each €> 0 there is an ele-
ment y of C(T) and a neighborhood U of ¢, such that | () = y(&)] <€ for
all t € U. We say that x is continuous on T if it is continuous at each point

of T. It is well known that C(T) is a maximal full algebra of operator fields
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if and only if it contains all operator fields x which are continuous on T
with respect to C(T). For basic concepts and results on maximal full alge-

bras of operator fields, we refer the reader to [1, Chapter 10] or [2].

2, The general Hoffman-Wermer theorem. Throughout this section C(T)
will denote a maximal full algebra of operator fields. We shall assume that
the operator field ¢ — I, belongs to C(T), which we will denote by I. Let A
be a subalgebra of C(T). Each x € A has a unique decomposition x = h, +
ih,, where h, and b, are hermitian elements of C(T). We will let Rex de-
note h; and Im x denote h,. We will let Re A = {Rex: x € A} and A? =
{x € A: x hermitian}, Note that Re A and A” are linear subspaces of A. More-
over, when A is uniformly closed, so is A%, For x € A we denote by ofx)
and OA(x) the spectrum of x with respect to C(T) and A, respectively. Sim-
ilarly, we define Oct(x(t)) for each t € T. If & is a normal element in C,
and { is a complex-valued continuous function on OCt(f), then we let f(£)

denote the element in C, defined in the usual way for C*-algebras.

2.1, Lemma. Let A be a uniformly closed subalgebra of C(T) and x an
element of A. Then the following statements are true:

1) if x € AP and { is a real-valued continuous function on o(x) U {0}
with [(0) = 0, then the operator field t — f(x(¢)), denoted f(x), belongs to AP,

(2) if x is normal and [ is an analytic function in some simply connected
region containing olx) U {0} with f(0) = 0, then the operator field t — /(x(t))
denoted [(x), belongs to A.

Proof. The proof follows immediately from the fact that { in both cases’
can be uniformly approximated by polynomials of the form @A + a2/\2 +oeet an)\".

2.2, Definition. A subalgebra A of C(T) is said to satisfy the H-W con-
dition if the following statements hold: (1) Re A is uniformly closed; (2) for
each nonsingleton compact subset F of T and t, € F there is a t; € F and
a normal element x in A such that x(¢,) =0, x(¢,) = [, and supt [|x(¢)]|: ¢ € F}
=1,

Note that in the function algebra setting of Hoffman and Wermer the alge-
bra A separates points of T if and only if condition (2) of 2.2 holds., Con-
sequently, the following result extends the Hoffman-Wermer theorem to the set-
ting of a maximal full algebra of operator fields. Furthermore, it extends [1,
10.4.6, p. 197] and partially extends [1, 11.5.3, p. 234] to subalgebras of

C(T) that are not necessarily selfadjoint.

2.3, Theorem (Hoffman-Wermer). Suppose A is a uniformly closed sub-
algebra of C(T) that satisfies the H-W condition. Then for each complex-
valued continuous function [ on T the operator field t — f@i, belongs to A.
Moreover, if At = Ct for each t €T, then A = C(T).
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Proof. Let t, € T and U the set of all t € T for which there is an « in
AP such that x(¢) = I, and x(t,) = 0. Suppose there exists a t; € T and an
x € A such that UCzo(x(tO)) U {0} and aCtl(x(ll)) are disjoint. Let V, and
V', be open neighborhoods of Ucto(x(to)) U {0} and UCtl(x(tl))’ respectively,
with disjoint closures. By [1, 10.3.6, p, 195] there exist open neighborhoods
W, and W, of t, and t,, respectively, such that OCt(x.(t))S V, forall t €
W, and UCt(x(t))g V, for all t € W . By Urysohn’s lemma there is a real-
valued continuous function p such that 0 < p(A) <1 for all real A, p(A) =0
for all A in Vs and p(A) =1 forall A in V-

By 2.1, p(x) € A and it follows that p(x)(t) = p(x(t)) = 0 for t € W, and
p(x)t) = p(x(2)) = I, for t € W,. Hence U is open and equal to the set of all
t €T for which there is an x in 4" such that o¢ (x(t) and o (x(to)) U
{0} are disjoint. Actually, our argument tells us more. Let K be a compact
subset of U. By adapting our argument we can show that there is a positive
element x in the unit ball of A and a neighborthood V of ¢t such that x(¢) =
,t for t € K and x(t)=0 for t € V.

Now let F = T\U. Suppose F # {t,}. By virtue of the H-W condition
there is a ¢, € F and a normal element y in A such that y(t)) =0, y(¢,) =
Itl’ and supl|y(®)|: ¢t € F}= 1. Since ReA is uniformly closed, we have, by
virtue of the open mapping theorem, a positive integer n for which the fol-
lowing statement holds: if z € ReA with |« <1, then there exists an x €
A such that Rex =« and ||x|| <n. Let

7 = lexp(2n + D7 + 11/[exp(2n + Da - 1],

and let D_ and R be the regions in the complex plane defined by D77 ={A:
Al <7} and R ={A: =% <Im A <)4}. By using simple combinations of well-
known conformal maps it is easy to deduce that the function g defined on

D,,7 by the formula
g = [1/allla (1 + A7) - ln(1 - M9l

maps D"? onto R. Moreover, g(0) = 0, g(1) = 27 + 1, and the Taylor series

expansion of g is given by

0
gW = [2/7) 22 [1/(2k + DIV} 4 *1
k=0
Since the coefficients of the Taylor series expansion are real and the con-
vergence is uniform on 51 = {A: |A| < 1}, there exists a positive integer m
and a positive number @ such that the function » defined on D, by the

formula

pN) = [2a/7] 3 [1/(2k + DIIV/712RH!

k=0
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has the following properties: 5(0) = 0; (1) = 2n + 1; =1 <Im h(A) < 1 for all

Ae 51. Let K=1{t € T: |Im hlyX¢)| > 1}. Since y is normal, it follows from

2.1 that K is a compact subset of U. Therefore there is a positive z in the
unit ball of A such that z(¢) =1, for t € K and z(ty) = 0. Set

w, = (I = 2B = 2z) + (2n + 1)(2z - z2).

It is easy to verify that wl(t0)= 0, wl(tl)= (2n + l)ltl’ and ||Imw1|| <1, As
remarked earlier, we have by the open mapping theorem an element w, in A
such that Rew, = Reiw, and ||w,|| <n. Set x = w, + iw,, which clearly be-

long to AP, Since

% (e =2n+1+ o, (w (e ) Cln+ 1, 32+ 1]
1 1

and

¢, (itg) = ¢, Gultg) ¢ -m )
0

it follows that ¢, € U, which is a contradiction. Hence T\U = {10}.

Let K, and K, be pairwise disjoint compact subsets of T. Since ¢
was chosen arbitrarily, it is straightforward to show there exists a positive
element x in the unit ball of A such that x(¢) = It for t € K1 and x%(t) =0
for t € K,. Now let { be a complex-valued continuous function on T. We wish
to show that the operator field £ — f(t)I, belongs to A. Clearly, we may as-
sume [ is positive and ||f||_ = 1. Let ¢> 0,

Choose a positive integer » so that 5/n < & For each integer j, 1 <j
<n, set

F.= fteT:(G-1/n<f() <j/nb

It is clear that {Fj};.;l is a collection of compact sets such that U;'l=1 F,=T.

Now for each j define the open set
=1{t € T: (2 = 3)/2n < f(t) <(2j + 1)/2n}

which clearly contains F] We now know there are positive elements {z_}
the unit ball of A such that z, (t)—l for t € F] and z (t)— 0 fort e TI\V

Since each ¢t € T belongs to some F i z(t) > z (t) = I where z = Ek 1%,
Thus o (z(t)) >1 forall t €T. By v1rtue of 2 it is easy to see that the
operator f;eld t— z(1)~! belongs to A. Set x, =z ~ Yy z .z “for j=1,2,... ,

n. Let t € T. Then there is an F]. such that t € F].. Moreover, the element
t must belong to V]. and possibly V]._1 or V]."’1 , but no other open set from
our collection {Vk}Z=1° Note that ZZ=I x, =1, so
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n

> [/(t) _ko 1:|xk(t)

“/(z):, B It
k=1 7

k=1 n
7+l
k—
< ¥ I/(z)————1 §2<e.
. n n
k=j-1

Thus the operator field ¢ ——»f(t)lt belongs to A since A is uniformly closed.
Finally we wish to show A = C(T) if A, =C, for each t € T. Note that

A separates points of T in the sense of [4, p. 177] and that each closed sub-

set of T is an intersection of peak sets in the sense of [4, Definition 4.5,

p. 1811, So by [4, Theorem 4.6, p. 1821, [4, Corollary 4.2, p. 1791, and [4,

Theorem 4.15, p. 186], A = C(T).
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