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SUM OF A DOUBLE SERIES

B. L. SHARMA

ABSTRACT. In this paper we obtain the sum of a double series  P(l, 1)

and, in a particular case, we get a new formula   ,E  (1),

f k, £ - a, y2P, y2P+ y2i ij ^ r(/8_ p_ a)r(/3)

4  3[hAW1 + A, i + p,\    r(/3-p)r(/3-a)'

provided   that   R(/3 - a) > 0, R(/3 - p - a) > 0 and R(/3 - p) > 0. If  a= -n,

the formula reduces to a known result due to Bailey [2j.

1. Introduction.  Recently, Professor Carlitz [A] proved a Saalschutzian

theorem for a double series, and later [5] gave the sum of another double ser-

ies.

Professor Carlitz' papers created interest in the summation formulae,

because these formulae have applications in the solutions of certain problems

in theoretical physics.  Following Professor Carlitz' papers, Jain [6] and

Sharma fe] have proved some new summation formulae for double series.  The

object of this paper is to give the sum of a certain double hypergeometric

series, and on specializing the parameters, we get a result of Bailey [2,

(8.2)].  The results obtained in this paper are believed to be new.

The following notation of Chaundy [3] will be used to represent the hy-

pergeometric series of higher order and of two variables.

(<V* ibq]' Ur); *• y °°    [(flfi)]    x   [lb  )]   [ic )]   xTy"
Cl) E y^        P    m + n       q    m       r   n        '   ,

id )■ (e )• (/ )•        ~    ^n[(d )]       t(e.)]   [(A)] ttzItj!
s  '      h  '   'k  ' m,n = 0LX   s   m+n      h Jm    'k   n

where  (ap) and   [(«p)J7B+B  will mean  flj, . . . , ap  and  (Vm+n.^p^m+n

In the investigation we require Slater's formula [7, p. 65, (2.4.2.2)]:

-n, l + f-g, Vif, V2f+lA; 1 1        /)
(2) AE = _^«_.

XI + /, Vt + 'Af - %g - Vm, l + lAf-V2g-V2n;\    (g-f)n

2. The formula to be proved is

Received by the editors May 3, 1974 and, in revised form, December 18, 1974.

AMS 'MOS) subject classifications (1970). Primary 33A30.

Key words and phrases.   Double series, Saalschutizian theorem, hypergeometric

series of higher order and of two variables, summation formula.

Copyright © 1975, American Mathematical Society

136



SUM OF A DOUBLE SERIES 137

a> P + f1 +f2-°-i lAfv A + xAff, lAf2, A + Af2; l, i

F
A(p + /i + /2). H(l + j8 + /j + /2); l + /j; l + /2;

0) - H/3 - g)r(/3 + /j + /2)

~ r(/3)r(/3 + /x + /2 - «)'

valid for R(/3) > 0, R(/3 - a) > 0, R(/3 + /j + /2) > 0 and R(/3 + f1 + f2 - a) > 0.

Proof.  To prove (3), we consider

np)Y(i3-gl-g2-a)     ^ y(*)m+n(8l)m(g2)n

n/3-a)n/3-gl-g2)   toto    Wm+n™^

" ioto^U A (i + /,>,« + k/, - &, - *■>,

(i + H/x - lAgx - Am) A £5(1 + f2)s(y2 + y2f2 _ y2g2 _ y2„)s

(\i+W2)s(g2-f2\ by(2)

(1 + lAf2 -1Ag2- Vm)ss\

y y (aW*/iV* + Afx)(Af2)s(A + W2)s2™'

• Fj[a+ r+ s; gx - f, - r, g2 - f2 - s; & + r+ s; 1, 1 ].

Now we make use of the formula of Appell and Kampe de Feriet [l, p. 22.

(24)]:

FjLa; 13, p; y; 1, l] = H^Hy - a - fl - p)
1       HP  Y Y(y - a)Y(y - /3 - p)

provided that  R(y - a - /3 - p) > 0,

_rwn/3 + fl + f2-gl-g2-a)

= nfT~amfrri~T2'^:rg2~)

a, P + f1 + f2-g1-g2-a;V2fv y2 + v2jl;y2f2t y2 + y2f2; i, i
F

Vi(P + f1 + f2-g1- g2), A(P + f1+f2-gl-g2+D;l + fl;l + f2;_

This completes the proof of (3) under the condition stated therein.  We shall

mention some of the interesting particular cases of (3).

(a) In case   a - -n (a positive integer) in (3), we get
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"-77, ft + /j + f2 + n; v2fv y2 + y2fl- y2f2, v2 + ^ i, f

(5) F
y2(ft + /j + fj, y2(l + ft + fl + f2)-  1 + /j; 1 + /2;    _

In case /2 = 0 in (5), it reduces to a known result of Bailey [2, (8.2)].

(b) In case 7 = 0 in (3), we get a new summation formula for   ,E,(1):

(6) E   \a' P~ a' ^P' *** + p); *1 = nfflHjS - a - p)
4 3|_  H/3, HU + jS), 1 + p;   J   n/s-P)n^-a)'

valid for Rift - a - p) > 0, Rift - a) > and R(/S - p) > 0.

If a = -« (a positive integer) in (6), it reduces to a known result of

Bailey [2].

In case  ft = 1 + a + p in (6), we have

[       a, %>, '4(1 + p); 1 rd + a + p)

3   XMU + a + p), Y2(2 +ct + p);\     IX1 + a)l\T + p)'

valid for R(l + a) > 0, R(l + p) > 0 and R(l + a + p) > 0.

In case  ft = 1 + p in (6), we have

|"q, 1 + p - a, M(l + p); H _ Hi + p)Hl - a)

3 x    i + p,y2(2 + p);    J" m + p-a) '

valid for R(l + p) > 0, R(l - a) > 0 and R(l + p - a) > 0.
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