
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 52, October 1975

BOUNDARY VALUE PROBLEMS FOR SECOND ORDER

NONHOMOGENEOUS DIFFERENTIAL SYSTEMS

S. C. TEFTELLER

ABSTRACT.   This paper is a study of second order nonhomogeneous dif-

ferential systems involving a parameter with boundary conditions specified

at two points.  By means of a polar coordinate transformation for this sys-

tem, the existence of eigenvalues is established. The results of this study

extend those of Max Mason in that selfadjointness of the problem is not

necessary to insure a solution.

1.  Introduction.  The study of two-point boundary problems for second

order homogeneous differential equations has a rich history dating back to

the work of Sturm and Liouville.  The study of such problems for second or-

der differential systems by means of a polar coordinate transformation ap-

pears to have begun with the fundamental work of W. M. Whyburn [7], [8], [9]

who credits H. J. Ettlinger with suggesting this method.     Whyburn's work

has recently been extended to more general two-point boundary problems by

G. J. Etgen [2], [3].

This paper considers the second order nonhomogeneous differential

system

(NH) y' = kix, \)z,      z' = gix. K)y + fix, A),

together with the associated homogeneous system

(H) u   = kix, X)v,       v' = gix, \)u.

The coefficient functions kix, A), gix, A), and the forcing function

fix. A) are real-valued functions on X: a < x < b, L: A# — 8 < A < A# + 8,

0 < 8 < <*>, and where k, g and / satisfy conditions which will insure that a

solution exists when appropriate initial conditions are specified.

The system (NH) will be considered together with two-point boundary

conditions of the form

(la) ai\)yia, A) - /3(A)z(a, A) = 0,

(lb) y1(A)y(«, A) - Sxi\)zia, A) = y2ik)yib, A) - S2(A)z(&, A),
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where  d, fi, y., 8., i = 1, 2, are continuous, real-valued functions on  L.

This work will extend the results of Whyburn and Etgen to the problem

(NH, la, b). This will be accomplished by establishing a polar coordinate

transformation for the system (NH).

It is well known that the problem (NH, la, b) will have a unique .solu-

tion for those values of X for which the associated homogeneous problem

(H, la, b) has only the trivial solution.  Further, for those values of X for

which (H, la, b) has a nontrivial solution, (NH, la, b) may have zero or

infinitely many solutions.  In either case, the homogeneous problem must be

solved before solutions of the nonhomogeneous problem can be determined.

This seems to be an indirect method of solution.

For those values of X for which (H, la, b) has a nontrivial solution,

Max Mason [4] gave necessary and sufficient conditions for a nontrivial

solution of (NH, la, b) to exist.  However, these conditions are highly de-

pendent on the fact that the boundary problem be selfadjoint.  For the bound-

ary conditions (la, b), this would imply that a(A)S.(A) - f$(X)y.(X) = 0 on L.

Assuming that k(x, X) is nonzero on  XL, the system (NH) can be written

(3) (y'/k)' - gy = /,

and the associated homogeneous equation is

(4) (u'/k)'-gu = 0.

It is easily verified that the general solution of (3) is given by

y(x, X) = Tc^A) -   fx/U, X)v(t, X)dt\u(x, X)

(5) -,

+ \c2(X) + f*f(t, X)u(t, X)dt \v(x, X),

where  {zz(x, X), v(x, X)\ is a solution basis of (4) such that (uv  — vu )/k

= 1  on  XL.

Suppose that  zz(x, A.) and  v(x, X.) ate linearly independent solutions of

(4, la, b), for the value  X = A..  Mason has shown that a necessary and suf-

ficient condition for the existence of a nontrivial solution of (3, la, b), is

that

D(X) [xf(t, X)u(t, X)dt = D(X.) fXf(t, X.)v(t, X.)dt = 0,
i   J a i ' l   J a ' '

where  D(A.) = a(X.)8AX.) - /S(A.) y^X.).  Imposing the selfadjointness con-

dition would imply that  D(X) = 0  on  L, and the above equations would

trivially be satisfied for any linearly independent pair of solutions of (4).

If we suppose instead that  D(X) 4 0  on  L, then the above equations be-

come
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[bfit, x.Ut, \.)dt= [hfit, x)vit, x)dt = o.
J a l l J a ' '

This would imply that ypib, X) = y'pib, Af) = 0, where ypix, X{) is obtained

from (5), by putting cx = c2 = 0 [Theorem 2.10, 5]. If it is assumed that for

each  A £ L, fix, A) > 0, fix, A) > 0, k'ix, A) < 0, and gix,  A) > 0  on  X, then

yAx, A.) > 0 on ia, <»), and the boundary problem (NH, la, b) could not be

solved [Theorem 2.11, 5].  This indicates the need for another method of

solution.

The following hypotheses on the coefficients involved in (NH), (la),

and (lb) will be assumed throughout:

(H.)  For each x £ X, each of  kix, A), gix, A) and fix, A) is continuous

on  L.

'(H-)  For each A £ L, each of kix, A), g(x, A) and fix, A) is measurable

On  X.

(H,)  There exists a Lebesgue integrable function  M(x)  on  X  such that

\kix, A)| < Mix), \gix, A)| < Mix), and  |/(x, A)| < M(x) on XL.

(H4) kix, A) > 0 on XL.

(H )  Each of the functions a(A), /3(A), y;.(A), 5\(A), z « 1, 2, is continu-

ous on  L.

(H6) a2(A) + /32(A) > 0, y2(A) + <52(A) > 0, i = 1, 2, on L.  In particular,

without loss of generality, we assume a (A) + /3 (A) = 1 = y,(A) + <52(A)on L.

(H7) /3(A) > 0, y2(A)/3(A) - S2(A)a(A) /OonL,

2.   Preliminary results.  We establish the existence of values of A on  L

for which there corresponds a nontrivial solution of (NH) satisfying (la, b).

Such values of A are called eigenvalues of the boundary problem.  By a

nontrivial solution of (NH) we mean a solution pair !y(x, A), zix, A)J of

(NH)  such that y  ix, A) + z2(x, A) 4 0  on  XL.   This definition differs from

that for a homogeneous system because it is possible to have values of x

such that y (x, A) + z ix, A) = 0, i.e. "double zeros" can exist for solutions

of (NH).

It is readily seen that if hypotheses (H x)—(H ) are satisfied and if

\yix, A), zix, A)} is any solution pair of (NH) such that y2(x, A) + z2ix, A)

> 0 on  XL, then there exists a pair of functions pix, A), dix, A) with the

property that

(6) y(x. A) = pix, A) sin 9ix, A),       zix, X) = pix, A) cos 6ix, A).

Furthermore, pix, A) and dix, A) satisfy the differential equations

(a) p   - pik + g) sin 0 cos 6 + f cos 6,
il)

(b) 6' = k cos2Q - g sin2<9 - (/ sin 6)/p,

with the initial conditions  pia) > 0; 0 < Oia) < 2rr.
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It is required that y  (x, X) + z (x, X) > 0 on  XL  to insure that p (x, X)

and 6'(x, X) ate defined on XL. The following theorem provides conditions un-

der which these functions are well defined [6].

Theorem 1.  Suppose that p(a, X) + 1 > exp / M(s)ds on  L, where

p(x, X)  is defined by (7), and M(x) is the Lebesgue integrable bound of the

coefficients.   Then p(x, X) > 0 and consequently, y (x, X) + z (x, X) > 0 072

XL.

Proof.  Solving the first order, linear equation (7a), one obtains

(8) p(x, X) = exp w(x, X)<p(a, X) + flfU, A) cos 6(t, A)] exp(-w(t, X))dA,

where

(9) w(x, X) = J* ik(t, X) + g(t, A)] sin 6(t, X) cos 6(t, X) dt.

It is clear that p(x, X) = 0 only if the expression inside the braces is zero.

Now

CX(f cos 6) exp(-w)dt\ <   f* M(t) exp P M(s)dsdt = exp f" M(t) dt - 1.
Ja I — Ja Ja Ja

Hence if p(a, X) + 1 > exp /*M(s) ds, then p(x, X) > 0 on XL.

Hypotheses (H,)—(H,) allow application of fundamental existence

theorems (see e.g. [l, Chapter 2]) for differential systems to obtain the

existence of a solution pair iy(x, A), z(x, X)\ of (NH)  on XL  such that

(10) y(a, X) = /3(A);       z(a, X) = a(A)

on L.   Further, iy(x, A), z(x, X)\ has the polar coordinate representation

(6), with  \p(x, A), 6(x, X)\ solutions of (7) with the initial conditions

p(a, X) = 1,    sin 6(a, X) = /3(A),    cos 6(a, X) = a(A),    0 < 6(a, X) < 2n.

Since /3(A) > 0, we may assume 0 < 6(a, X) < tr.

We now define the functions

c(x, X) = y2(A)y(x, A) - §2(AMx, A),

d(x, A) = y2(A)z(x, A) + S2(A)y(x, A).

Assuming the hypothesis of Theorem 1, it follows that c (x, X) +

d (x, A) > 0 on XL  and z(x, A) — z'y(x, A) is nonzero on  XL.  Hence the

complex-valued functions

6(x, X) = iz(x, X) + iy(x,  A)]/U(x, A) - z'y(x, A)],
(12)

iff(x, X) = ld(x, X) + zc(x, X)]/ld(x, X) - ic(x. A)]

are well defined on XL.

Theorem 2.   The complex-valued functions <p"(x, X) and ift(x, X) have

the following properties on X for each X £ L:
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(i)  \<pix, A)| = |</Kx, A)| - 1.

(ii)  Both </j(x, A)  and d/ix, A) satisfy the first order differential equa-

tion d(f>/dx = 2id>jix, A), where

(13) /(*. A) = ikz2 - gy2 - fy)/iy2 + z2) = k cos26> - g sin2(9 - (/ sin d)/p,

(iii)  </>(x, A) = + 1  z'/ zztzzz7 only if yix, A) = 0, </j(x, A) = - 1   z'/ zzW only if

zix, A) = 0, tpix, A) = + 1  if and only if dx, A) = 0, and xf/ix, A) = - 1  if and

only if dix, A) = 0.

(iv) Let pix, A) = arg t/S(x, A) and (%x, A) = arg d/ix, A), where we assume

0 < fA.a, A„), £(«, A,.) < 2rr, and that pix, A) and £(x, A) are continued as con-

tinuous functions on XL.   Then

(14) 2 J* 7'U, A) <ft = £(*, A) - £(a. A) = pix, A) - pia, A).

(v)  (/>(x, A) moves monotonically and positively on the unit circle at

+ 1.

Let iy(x, A), zix, A)| be a solution pair of (NH) satisfying (10). Then

boundary condition (la) is satisfied. Using the polar form of y and z and

the definitions of c(x, A) and dix, A), boundary condition (lb) can be

written

(15) sinLrXa. A) - r/A)] = db, A) = pib, A)[y2(A) + y2(A)]H sin[rX&, A) - r2(A)],

where

sinr.(A) = 8.(A)/[y2(A) + S2(A)]*,

cos r.(A) = y.(A)/Ly2(A) + S2(A)]H,       i = 1, 2.

By hypotheses (H?), c(z7, A) = y2(A)/3(A) - S2(A)a(A) 4 0 on L, which

implies 0 < £U, A) < 2zr on L.  Also from (H?), we have that 0 < pia, A) <

2n on L.   Therefore, the following inequalities hold for each A:

(16) 2 (bjit. A) < pib, A),       £(fc, A) < 2 f6/(*, A) A + 2tt.
J a J a

3. Existence of eigenvalues. We can now apply the tools developed in

the previous section to determine the existence of eigenvalues for the non-

homogeneous boundary problem (NH, la, b).

Theorem 3.  Let {yix, A), z(x, A)! be the solution of (NH) given by (10).

Assume the hypothesis of Theorem 1, and define

RiX)= 2 [hjit, X)dt

ijit, A) defined by (13)).  Then Ri\) > - 2n on L.   Let m > - 1  be the least

integer such that inf RiX) < (2wz + l) on L, and let n be an integer such that
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sup R(A) > (2n + l) on L.   Suppose n > m + 1.   // any of the following condi-

tions hold on L:

[b f(t, X) cos 6{t, X) expl-w(t, X)]dt > 0,
J a

(i)

P lk(t, X) + g(t, A)] sin 6(t, X) cos 6(t, X) dt > 0,
J a ~

and y22(X) + 8](X) > 1;

Jha w(t, X)dt>- \\tiiy\(X) + S22(A)]'^

(ii) r -, )
+ In   1 + J"* f(t, X) cos d(t, X) expi-wd, A)] dt\\;

(w(t, X) defined by (9); 6(t, X) defined by (7))

(iii)  4fb M(s)ds < ln[y2(A) + S2(A)], where M(x)  is the Lebesgue in-

tegrable bound of the functions k(x, A), g(x, X), and f(x, X), then there

exists at least p, p =n - m, nonempty sets of eigenvalues  TQ, Tj, .. . , T      j

for (NH, la, b).

Proof.  Let the solution pair \y(x, A), z(x, X)\ be defined by (10). Then

this is a solution of (NH, la).  Let </>(x, A), iff(x, A), c(x, A), d(x, X) be de-

fined as above.

Since many of the techniques used in this proof are similar to those

used in [2], the reader is referred to [2] for many of the details.

If m  and  n ate integers with the properties described in the hypotheses,

then there exist two distinct values of A, say  A and  A  , A    < A, such that

R(X*) m (2m + 1)?7 and  R(X) = (2n + l)?7.  From (16), we have  Qb, X*) <

(2m + 3V and  £(b, A) > (2n + l)n.  Therefore, there exist p values of A, AQ,

A,,. . . , A      ,   on (A , A)  such that  £(&, Xj) - [2(m + /') + 3]?r.  We may assume

A   < A j <• • . < A      ,   from the continuity of £(b, A).   Thus  if/(b, Xj) = - 1  for

/ = 0, 1,.. ., p — 1.   Expressing  c(x, A)  and d(x, X) in polar form, we have

c(b, X) = p(b, X)[y22(X) + S22(X)YA sinl6(b, X) - r2(X)},

d(b, X) = p(b, X)ly22(X) + 822(X)YA cos[6(b, X) - r2(X)].

Thus for each  7, d(b, A.) = 0 implies  sin [6(b, A.) - r2(A.)] ail, and as  A

increases from A. to A.+ ., sin [6(b, X) — rAX)] changes continuously in

value from +1 to — 1 or - 1 to +1.

Consider equation (15).  We know that   |sin[0(z2. A) - rj(A)]| < 1   on  L.

Let  G(A) = p(b, A)[y9(A) + S2(A)]^.   From the preceding paragraph, we have

that  c(b, X) changes continuously from  + G(A.) to — G(A.+ .) or - G(A.)  to

+ G(A.+ 1), as  A increases from  A.  to  A. + ,, for each 7.  Hence, if we can
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show that G(A) > 1  on L, then for each /, there must exist a value of A in

[A., A +j] with the property that (lb), or (15) is satisfied.

From  (H6) and (10), pia, A) = 1  on  L, so from (8) and (9),

pib, A) = exp wib, AMI + f^fit, A) cos dit, A) expl-wit, A)] dt Y

Under condition (i), exp wib, A) > 1,

1 +  P fit, A) cos dit, A) exp[-wit, \)]dt > 1,
J a

and, consequently, pib, A) > 1  on  L.   Assuming also that y2(A) + §2(A) > 1

on  L  yields the desired result.

The implication of condition  (ii) is that

w(t, X)dt
a

> l/(l + fbfit, A) cos Bit, A) expl-wit, \)]dt\[y22iX) + <52(A)]H

on  L, or that  G(A) > 1  on  L.

For condition (iii), we see that

\wib. A)| <- J"6 \kit. A) + git. A)| • |sin 26*0, A)| dt < £m(()A

Therefore,

p(fc. A) > (1 -   f6 M(/) expf- J' M(s) cisl A j expf- j"* M(t) dt\

or p(&, A) > exp[- 2 /*M(/)A].   So, if (iii) holds, then

- 2 fb Mis) ds > ln[y2(A) + S2(A)]-'/2,

Ly2(A) + S2(A)]^ expr-2/fl&/MU)^l > 1,

and again   G(A) > 1  on L.

Letting  T. be the set of all eigenvalues on  [A., A.+ j], / = 0, 1,. .. ,

p - 1, the proof is completed.

Corollary 1. Under the hypotheses of Theorem 3, if the integer n can

be chosen arbitrarily large, then there exist infinitely many nonempty sets

of eigenvalues  T , T., T?,..., for (NH, la, b).

Corollary 2.   Under the hypotheses of Theorem 3, there exist p  non-

empty sets of eigenvalues /., /.,..., /      ,  for (NH, la, b), so that if

a. £ / ., / = 0, 1,. . . , p - 1, then <A.b,   a)> [2im + j) + 3]zr.  Furthermore,

if / > 1, then the corresponding solution yix, a.) has at least j — 1  zeros on

X.



278 S. C. TEFTELLER

In proving Theorem 3, we used the hypothesis that a(A)y2(A) — /3(A)§2(A)

4 0  on  L, to show that 0 < Qa, X) < 2rr on  L, and, consequently, R(X) <

iAb, X) < R(X) + 2n. If we assume instead that a(A)y2(A) - /3(A)§2(A) = 0 on

L, then  ((a, X) = 0  and  R(X) = £(b, A)  on  L.   Theorem 3 then follows with

simple modifications in the proof.

If we assume the selfadjointness condition, i.e.  if a(A)S,(A) — /3(A)y,(A)

= 0  on  L,   then the boundary condition (lb) becomes  yAX)y(b, X) —

8AX)z(b, A) = 0, and equation (15) is

p(b. X)[y22(X) + S2(a)]^ sin[6>(c>, A) - r2(A)] = 0.

Consequently, the eigenvalues for this problem will be those values of A

such that  [6(b, X) - t2(X)] = 0 (mod n).

We then have

Theorem 4.  Let \y(x, A), z(x, X)\  be the solution of (NH) given by (10).

Suppose that cl(X)8 X(X) - f3(X)y{(X) = 0 on L.   Define R(X) as in Theorem 3.

Then  R(X) > — 2n on L.  Let m > 0  be the least integer such that inf R(X)

< 2mrr   on   L, and let n be an integer such that sup R(X) > 2nrt on L.   Sup-

pose n > m + 1.   Then there exist at least p, p = n — m, nonempty sets of

eigenvalues  TQ, T.,. . . , T      .  for (NH, la, b).

Corollaries analogous to those of Theorem 3 are valid for Theorem 4.
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