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FLOW-INVARIANT DOMAINS OF HOLDER CONTINUITY
FOR NONLINEAR SEMIGROUPS!

ANDREW T. PLANT

ABSTRACT. Let S(t) be a nonlinear semigroup, on Banach space X,
generated by an accretive set A. The set of x in X such that t — S(¢)x

is Holder continuous, with Holder exponent o € (0, 1] , is flow=invariant
and is characterised by the behaviour of the map A — (I + A4 lx ae A =0,

0. Introduction. Let D be a subset of Banach space X, and D its
closure. Let S(¢) be a strongly continuous semigroup on D. That is S: [0, o)
xD — D, S(t + s)x = S(£)S(s)x and S(t)x —S(0)x = x as t — 0., Suppose

further
(0.1) I$@)x - Syl <e®|x - y|.

That is § € Q (D) [4), For 0< o<1 define
(0.2) DY = {x € D: lim sup t~7||x - S(2)x]|| < oo}
t—0

then clearly DY is flow-invariant, and for each x € DY, T < oc, there exists
K < o such that ||S(t)x = S(s)x|| < K|t = s|7 for 0< s, t < T.

It is the purpose of this paper to characterise D by the behaviour of
the infinitesimal generator of S. The result, Theorem II, is quite natural and
extends some results of Crandall [3] where the generalized domain Dl s

considered.

1. Preliminaries. Let X be a Banach space, and ({(®) denote the set
of subsets A of X x X such that A + wl is accretive. Let D = D(A) =
{x: Ax £ @} and J, = (I + M)~ L. Accretive sets are defined in [4] where

the following generation theorem is proved.

Theorem I. Let A € Q(w). Suppose there exists Ay > 0 such that
Agw <1 and

(1.1) R(I+ M)DD for 0<A<A,
then
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(1.2) S(x = lim J7, x

7 —00
exists for x € D, and moreover S € Qw(ﬁ).

Let (x, x*) denote the value of x* € X* at x € X, and F(x) = {x* ¢ X*
(x, ¥ = ||x|% = Hx*"z}. For x, y € X define (%, y), = sup{Re(x, y*):

y* € Fly)l. Some properties of this function and the corresponding (x, y) _ are
given in [4, Lemma 2.16] and [5, p. 74]. In particular for x, y € X and a € R

(1.3) Kz wy,l <lxlliyll, G+ oy vdy =<2 9), + allyll®

Our proof of Theorem II in the next section is based on the following

result.
Lemma 1.1. Let A and S(¢) be as in Theorem I. Let x €D and
[xg ¥o) €A then
(1.4) "xo - S()x) % - ||x0 -x|?<2 f; (o + w(xo - S(7)x), x5 = S(D)x), dr.

The proof of (1.4) for the case w =0 is given by [7, Equation (2.10)l. The case
for general w is easy to deduce from [5, Equation (3.8)l. Replacing x by

S(s)x gives
(1.5)  H(t) = f; (7o + @lxy = S(), xy - S(Ax), dr = Yx, - SD)x]| 2
is nondecreasing.

2. Hélder continuous domains. We characterise D7 by defining the fol-

lowing two functions on D.

| Sx| o= li;n_*soup t™ %% - S(Ox|, IAxlU = lir;nj(;)p A x - ]}\x“

Theorem Il. Suppose A € ((w) and (1.1) holds. Let S(t) be defined by
(1.2)s Then for 0 < o<1,

(2.1) (1/3)|$x| , <|Ax| < 3|8x]_,
(2.2) D7 ={x € D: |Sx|_ <oeo}=1{x € D: |Ax| < ool

Proof. Clearly (2.2) is a consequence of (2.1). To avoid considering
separate cases we may assume in full generality that @ > 0, Let A > 0 and
Ao <1, and in (1.5) set xy =] % yo=A" e = x ) If 2() =[xy ~ s()x]|
and [(r) = A7 |jx = $()x|| = (1 = Aw)z(")] then by (1.3)

Ny + olxy - S(0)x), x, - S(Dx),

= (x - S(r)x - (1 - )\(l))(xo - S(T)x)a XO - S(T)x>+

= (x = S(x, xy - S(Dx), - (1 - M)z()? <M (D=(2).
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Therefore f(') f(D)=z(7) dr - %2()? is nondecreasing. Consequently, if
z(t) £ 0, 0 < f(¢) = Dz(¢t), where D represents any of the four Dini derivates.
However, if D™z(t) (resp. D_z(t)) represents the upper (resp. lower) left-hand
derivate of z at ¢ > 0, then z(¢) = 0 implies D_z(¢t) < D~z(t) <0< f(t). Con-
sequently for all t>0, 0< /() -D_z(t) = D~[f} f(r)dr - z(£)]; and so by a
classical result, e.g. (8, p. 84), the bracketed term is nondecreasing. In parti-
cular z(t) - z(0) < [§ f(7) dr.

Now set x(t) = ||x ~ S(W)x||, yA) =[x = J x|| = |x = x|l = 2(0). Then
|x(#) = y)] < 2(t) and consequently

(2.3) |x(2) — (W] = y(A) <A~ ! f; x(7) = (1 = A)|x(7) — y(N)| dr.

The modulus signs may be removed to give four inequalities of which one

is trivial. We use two of the remaining three. First
#() = 2y <A [ daox() + (1 - Moy dr

which, after integrating the constant term and applying Gronwall’s lemma (6,

p. 283], gives
(2.4) x(t) <[2+ (1 + Ao)exp(wt) - 1)/ doly(N).

Now set A=t, divide by ¢t? and let ¢ — 0 to obtain the first inequality
in (2.1). Returning to (2.3),

—x(2) <A1 f(ju — M)x(?) = (1 - A)y(N) dr

which rearranges to
(2.5) (1 - 2)y(N) < V/D)x(8) + (2 = At~} .f ; (7 dr.

For the second inequality in (2.1) we may assume [Sx|o< o, so L(t)=
sup{f"ox(f): 0<7<t}— |Sx|o_ as t — 0 and f%x(r) dr < 1+ o)LL)l
Then setting A=t in (2.5) gives

(1 - t)y(t) < x(2) + (2 - t)(1 + 0)~ 'L(:):°

and the required inequality follows. This completes the proof.

From (2.4) and (2.5) we easily deduce global estimates:

Corollary. If p(t) = (¢! = 1)/t (¢>0), pt) =1 (¢ <0), o’ = max{w, 0} and
Aw <1 then

(2.6) x = S]] <[2+ (1 + doNplot)t/A|x - ], x|,

(2.7) (1-20h)|x- Ixl <VD|x - S(x)| + (2 - )\m+)t"1f; |x — S(r)x|| dr.
In particular if @ =0

1 2 (t
@8) Sl = SWsl <flx = 121 < e = SO+ 7 fo N = S
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Remark 1. The first inequality in (2.8) was announced by D. Brézis (2]
for the case X is a Hilbert space. The general case has the following sim-

ple proof, for which we thank the referee:
lx = Sl < llx — J 3l + 1% - SO 2l + 1500 % - S

<2l J ) - SO gl
but

1 e = SWJ < Al = lx - ] -

The second inequality in (2.8) should be compared with |x — ]txH <
3llx — S(t)x|| obtained by Brézis for the case X is a Hilbert space and A is
a gradient. In the general case periodic orbits are possible, and the Brézis
estimate fails. For example consider the rotation group in RZ,

Finally, if X is a Hilbert space, one deduces from Theorem 4 of [2]
with p = « that

1
Z< “Nx = J x| “Tx - S| ) <6.
55 (op, 7l ’”Q/?ﬂﬁlt I - stonl ) <

(2.8) gives the same result with 6 replaced by (3 + 0)/(1 + 0) < 3.
Remark 2. Our method can easily be used to improve estimates (2.1),
In (2.4), (2.5) set A= at, take the limit as before and then minimize with

respect to a> 0. This gives
(2.9) W) Sx| < |Ax], <[(1+ ) =T~ Hisx|

where y(0) = 641 = o)1= (0 < 1), y(1) = 1, which is best possible at o=
1 (i.e. |Sx|; = |Ax|,) (proved by Crandall [3]). In the next section we give
an example where Mxll/2< |Sx|; 5

Remark 3. The results in this section have wider applicability than we
have so far indicated, Condition (1.5) expresses the fact that S(t)x is, in
the terminology of Ph. Bénilan [1], a solution intégrale of (du/dt) + Au 3 0,

Consequently our results apply to such solutions, provided x € R(I + AA).

3. An example. We consider an example of Webb [9]. Let X be the
Banach space of bounded uniformly continuous real-valued functions on
[0, =) with supremum norm. Let Af=- {, D=D(A)=1f: [ € X}. Then A
is closed, linear, densely defined and m-accretive. The corresponding semi-
group is translations, (S())Xs) = f(s + 1), so D7 is the subspace of uniform-

ly Hélder continuous functions with Hélder exponent 0. Moreover

(J,NW) = A1 f, * [(s) expl(t - s)/A ds.

Now set f(1)=(1 =02 <1),f(6)=0 (t>1). So |S/l;,, =1, and it is

an easy computation to show
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A2 () - (J,NW) = f;' exp(x? - yHdx (£<1)

=0 @>1
where y = (1= £)Y2A~ 12, Therefore

)\—1/2 _ - y x (xZ_ 2)d
TNl sxylpfoep y9)dx

where sup is taken over the range 0 <y <A™ 12, Thus

|Af] = sup |7 exp(x?-y?)dx.
But

2 2
fg exp(x? -~ yDdx <e™” f;/ eVdx=(1-e™Y)/y <(2/e)/2,

Therefore

lAfl,,, <@/t 2<1=sf], ..
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