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A LATTICE THEORETIC CHARACTERIZATION
OF AN INTEGRAL OPERATOR!1

LAWRENCE LESSNER

ABSTRACT. We are concerned here with obtaining necessary and
sufficient conditions for a linear operator, K: (X, @, ) —
M(Xz, @2, 45), to be represented by an integral, K(f) = [k(x, y)f(y) dy,
with an @, x @; measurable kernel k(x, y). That such conditions are
developed in a lattice theoretic context will be shown to be quite nat-
ural. Our direction will be to characterize an integral operator by its
action pointwise: i.e., K(- Xx) is a linear functional on a subspace of
the essentially bounded functions. Such a development leads one to define
the kernel, k(x, y), in a pointwise fashion also, and as a result we are
confronted with the question of the @, x @, measurability of k(x, y).

Definitions and notation. The following definitions, unless otherwise
noted, may be found in [1] and [2].

Definition. The real vector space R is called an ordered vector space
when R is partially ordered by < and satisfies for x, y, z € R,

(1) x<y implies x + z<y + z,

(2) x>0 implies rx > 0 for any real number r > 0.
The ordered vector space R is called a Riesz space when for each x, y €
R the least upper bound of x and y, written x V y, exists in R, The Riesz
space (R, <) is called Dedekind complete if for any subset {x,} C R such
that there is an upper bound y € R for {x,}, then the least upper bound of
{x,} exists in R: written supix,} € R. A sequence (x,) on R is said to
converge in order to x € R, written x, = x(0), whenever lim x, = lim X, =
x where

i X =1 X .
lim x = infsup x,

lim X = sup inf x
n k2n

n k2n k?

and inf as usual means greatest lowe: bound. By 0 < x, T x we mean 0 <
< . : . _ .
x, x4 and sup x = x; x_ | x means x, > x,+1 and 1nfnxn =x. A lin
ear mapping T: R, — R, between Riesz spaces is called (0)-continuous
when it maps order convergent sequences into order convergent sequences,

and T is called positive when x > 0 implies T(x) > 0.
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Lec (X, @, 1) be a o-finite measure space and denote by M(X) the col-
lection of all equivalence classes of ({ measurable finite i a.e. real valued
functions on X modulo g null functions. For /, g € M(X) define /< g pro-
viding f(x) < g(x) for p a.e. x € X, then (M(X), <) is a Dedekind complete
Riesz space: see [1, p. 126] or [3, p. 335]. A linear subspace £ amX) is
called an ideal when g € M(X), / € £ and lgl </l implies g € L. we say
that a sequence 7 = (x].) is admissible for € when {xJ} is a countable col-
lection of disjoint, measurable sets of finite measure where ij =X and
x(x].) € L. Foraset E, x(E) is the characteristic function of E. We shall
be required to distinguish between equivalence classes of functions and
functions which are defined and finite everywhere. Let ¢ be the canonical
homomorphism that sends a function /[, defined and finite real valued a.e.,
to its equivalence class (/) ¥(/) =(/). For SCMX), let S ={/|/: X —
(oo, =) and U(f) € S}. We may partially order M(X) as follows: for /g€
A-4(_X_),/§ g if and only if for all x € X, f(x) <gx). If § is an ideal of M(X),
then S is an ideal of M(X). Although M(X) is Dedekind complete, in general
M(X) is not Dedekind complete. For L an ideal of M(X), [ 1€ L, we have
f, = /0) in L when there exists g € L such that forall » and all x € X,
7, ()] < glx) and lim/ (x) = f(x) [2, p. 64].

For the duration of this paper we shall assume that (Xl' &1, ;LI) and
(xz' az’ #2) are o-finite measure spaces with respect to nonnegative, count-
ably additive, extended real valued set functions p; and p,, respectively.
We also assume that (X, Gl, ;11) is a separable measure space. We shall
denote by € an ideal of M(X,) with an admissible sequence 7 =(X;).

Let 7: £ — M(xz), S a linear subspace of £ and T: 5 — H(_X-;; then
T is called a lift of T on S when for all €S, yoT()=T(. If alife T
of T on § exists, it need not be unique, also T need not inherit even the
simplest properties of T: linearity, positivity, order continuity.

A map K: £ —MmX 2) is called an integral operator when there is E(x, y)
€ M(X, x X) such that for f € L,

KNG = [ RGs 1) dpy ().

k is called the kernel of K, and the association is denoted K = [k]. That
an ideal £ of M(X 1) with an admissible sequence 7 is a natural domain for
an integral operator may be inferred from [4] and [7]. For each [ ¢ £ and

a.e. x € X, fixed, k(x, y)f(y) is integrable on X ; so for a.e. x,

j-|k(x, WIG) dpy(y) <o

and, by Fubini’s theorem, defines a function in M(Xz)' Thus K: © — M(Xz)

can be considered the difference of two positive operators (&7), [&71: i.e.,

K() =[£G, DA dy - [ k=, /) dy
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where [£%]: £ — M(X,) are positive operators.

The following theorem gives necessary and sufficient conditions for an
operator T: £ —mKX 2) to be an integral operator. Since an integral oper-
ator is necessarily the difference of two positive operators, it will suffice to

consider positive operators only.

Theorem. Let T: £ — M(X2) be a positive linear operator; then there
exists k € M(X2 X xl) such that T is an integral operator, T = [k] and O
<k if and only if

1 1: £ > M(Xz) is (0)-continuous,

(2) for each j there is a lift :fj of T on Lw(xj) that is positive, lin-

ear and order continuous.

Proof. Let T = [k] be a positive linear integral operator with kernel

0 <k By l[2,p.215], it is sufficient to show that if / € £ and 0</ |0,
then 0 < T(/n) 10, to obtain order continuity for T. This follows easily from
the Lebesgue dominated convergence theorem. To verify (2) let k, be a
specific kernel: &k, € £ N X’I(_Xz_:——x) such that 0 <k (x, y) for every (x, y)
€ X2 x X;. For each 7 Tk (x, y)x(x Ny) dy <~ except for x € A where
yz(/\ ) =0. Now take k,(x, y) =% (x, y) for (x, y) EUA x X, and define

(x, y) =0 for (x, y) € UA] x X|. Thus &, and k, dlffer on a set of p,
X py measure zero. If [ € Loo(x].), then for some 0 < ¢ we have |f] < cx(x].).

Consequently,

516 1)y < [y ) - extr )y < o0

for all x € XZ' For f € Loo(x].), define

700 = [y e 1) dys

then ? is a lift of T on L_(x.). It is obvious that 7" is positive and lin-
ear. If /, €L (x ), 0 </, 1 0, then a simple apphcatlon of Lebesgue’s
dominated convergence theorem shows that 0 < T (/ )x) | O for all x and
?]. is order continuous.

Now let us suppose that T: £ - M(Xz) is a positive, linear and order
continuous map that satisfies (2). We shall construct the integral represen-
tation for T by viewing ° ‘T ( )(x)”’ as a measure on the relativized space
(X (T nx. ) and applymg the Radon-Nikodym theorem. Let @ =
{E ﬂX E € a 1} and x € X be fixed, then define for F € ﬁ fx (E)—

T ((X(E)>)(x) The finite add1t1v1ty of i, follows from the lmeamty of T

and the nonnegativity of [x; comes from the positivity of T} Let (E ) be
a countable disjoint sequence from (T s then x(U7 E) - x(IULLE) —/
and 0 </ 1 0. Since T is order contmuous 0< T (/ )x) |0 for all x€X,.
Consequently, hmn_*ooux](LJ1 E)-% Z.=1;tx](Ez) =0 py; is countably addmve.
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Now if E € (f]. isa y; null set, then
T (OAEMG) = TQOAENx) = 2T (EN)x)

for all x € Xz, so ?]'((X(E»)("') -0 forall x € X, and P is absolutely
continuous with respect to ;. Let k (x, y) be the Radon-Nikodym deriva-
tive of Px with respect to p;. Clearly 0<%k (x, y) for all x and y. Since
X, a t,. 1)) is separable, it follows by [5, p. 616] that &, (x, y) is (T x (T
measurable

For [ € dj we have /Lx].(/f) = _fk].(x, yX(E)y) dy. Thus for any simple
function r = 2:;1 c; X(Ei) where flfl}:’:l are disjoint and ITiC Xj,

n

T (D) = 2T = T, (E) - [k e, ) dy
i= i=1
for all x € Xz. Thus

T(r) = Ofkj(x, yir(y) dy

for any simple function r vanishing outside X}.,
Now let 0 <[ € £ and [ vanish off of X,; then there exists a sequence
(/,)of simple functions such that 0 </ T/ and /, vanishes off of X.. So

T(/) = l1m T(f )= 11m U ofk (x, y)f (Y)dy =y o fk (x, y)/(y) dy.

If we drop the distinction between equivalence classes and functions, we now
have for all [ € € that vanish off of X]. that T()) = fk].(x, y)f(y) dy. The
extension from nonnegative [ to general f, as usual, uses the decomposition
/=/+—f_ where f+ /VO0and [T =~/ VO.

If we set k& = zm ]., then 0 <k, and & is az X (f measurable. Since
kx(.\]x \A)_/z k<<‘°,,u2></11 a.e. Nowlet 0 <fe¢ & and /[ = EMI/
where G < [i=1 x(x]) Since 0 < 2;‘: /] T/

1 - TG) = ¥ fr e, Dy

7=1 j=1

= ka(x, y)/(y)x(xj)(y\ dy -_—_f/e(x, V() dy.
j=1
The extension from nonnegative [ to general [ € €, as before, uses /=/+
- /—,

In this paragraph we provide an example of a lift of a rather well-known
operator. Let (X, {, @) be the usual Lebesgue measure on the real line X,
and let I, be the square integrable functions defined on X. Clearly L, is
an ideal of M(X) having an admissible sequence. An integral operator K:
L,— L, where K= [£] is of Hilbert-Schmidt class when [f]k(x, y)lz dx dy

<o: see [8]. Let us suppose 0 <k, and choose any specific representative
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k, of k. So k, is square integrable and there is a p null set A such that
if x¢ A, then 0 < [k,(x, y)f(y) dy <. Now define ky(x, y) =k (x y) when
x ¢ A and ky(x, y) =0 when x € A. Thus ki —ky is px p null function
and K = [(ko)] We may now define a lift K of K on L, by R(/)(J\) =

Jrolx, Y)f(y) dy: i.e. forall f€ L, and forall x € X, 0< [k,(x, y)f(y) dy
< oo,
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