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A FIXED POINT THEOREM FOR A SYSTEM
OF MULTIVALUED TRANSFORMATIONS

S. CZERWIK

Abstract. We shall prove a fixed point theorem for a system of multival-

ued mappings which generalizes the result obtained by the author [1,

Theorem 1]. For n = 1 we obtain a generalization of results of Reich [5,

Theorem 5] and Nadler [3, Theorem 5], [4, Theorem 1],

1. Let (X, d) be a metric space. We follow the notation of [4].

(a) CL(X) = {C: C is a nonempty closed subset oi X),

(b) A(e, C) = {x G X: d(x, c) < e for some c G C), e > 0, C G CL(X),

H(A,B)

= (inf{e>0:A c A(e, B) and B GN(e,A)},    if the infimum exists,

^  '        I co, otherwise,

A,B G CL(X).

The function H is called the generalized Hausdorff distance for CZ.(A')

induced by d. D(x, A) will denote the ordinary distance between x G X and

A G CL(X).

2. We follow the notation of [2].

cik for i =£ k,

(1) clk = - i,k=\,...,n,
1 _ ct,k     for > = k,

cs+1 = f cuc/+1,*+. + e/+ uct,k+1 for /' ̂  k,

I ci.ic;+ u+i ~ c/+ i.i<&+i for ' = *•

'  ' s = 1, . . ., n — 1, i,k = 1, .. ., n — s.

The following result is contained in [2].

Lemma. Let c)k > 0, /, k = 1.n. The system of inequalities

n

(3) 2 Ci,krk< rn       i = l,...,n,
k = \

has a solution rt > 0, / = 1, . . . , n, if and only if the following inequalities hold:
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(4) Cy > 0,       s = 1,. . ., n,    i = 1, . . ., n + 1 - s.

Suppose that rt > 0, i = 1,. . ., n, is the solution of the system of inequali-

ties (3). We define

(5) v =maxlr-1 j? cikrk\.

In view of the homogeneity of the system of inequalities (3), definition (5) is

correct and

(6) 0 < v < 1.

Let c be a real number such that

(7) 0 < c < 1 - v.

Let iXj, dj), i = 1, . . . , n, be metric spaces. HtiA,B), i = 1, . . . , n, will

denote the Hausdorff distance between two elements of CL(A7), i =

1, . . . , n, obtained from dt, i = I, . . ., n, and Djix,A) will denote the

ordinary distance between x E Xt, A E CL(A".), / = 1, . . ., n.

Now we shall prove the following

Theorem. Let (X;, df), i = I, .. ., n, be complete metric spaces and let

aik > 0, bik > 0 for i, k = !,...,«. Let cik = aik + bik, i, k = I, ... ,n,be

positive and let the numbers c'k, s = 1, . . . , n, i, k = 1, . . . , n + 1 — s,

defined by (1) and (2) fulfil the inequalities (4). Suppose that the transformations

F;: Xx X ■ ■ ■ XXn^ CLiXj), i = I, . . . , n, fulfil
n

Hj[Fjixx, ..., xn), Fjizx, . . ., z„)] < 2 aiMdkixk, zk)
k = \

(8) + £ blykDk[xk,Fk(x,, .. .,*„)]
k=\

+ cDi[zi,Fjizx,...,z„)]

for all Xj, Zj E Xp if = 1, . . . , n, where c fulfils (7). Then the system

(F,, . . . , F„) has a fixed point, i.e. there exist points u( E Xt, i = 1, . . . , n,

such that Uj E F)(Wi, . . . , w„) for all i = 1, . . . , n.

Proof. Let x,° 6 1,., i = I, . . ., n, and choose x,1 E F;.(x?, . . . , x°), i

= 1, .. ., n. From (1), (2), (4), the Lemma and (5) we may choose a system of

positive numbers rx, . . . , rn such that

n

(9) 2 Ci,krk< vri>       i = I, . . . ,n.
k=\

We may assume (from the homogeneity of the above system) that

(10) d:(xf, x,1) < r,.    and   r; > 1    for i = 1, . . . , n.

LetA,B E CLiXj) and let a e A. By definition, if q > 0, then there exists

bEB such that a",(a,6) < HtiA,B) + a. Hence in view of conditions

F,(x°, . . . , x„°), Fjix\, ...,xxn)E CLiXj) and x,1 G F,(x?, . . . , x„°), i

= !,...,«, there exist points x,2 e F,.(Xj, . . . , x„'), i = I, . . ., n, such that
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(11) cZ,.(x,\ x2) < H^xl ..., x°), F^x], ..., xl)] + v.

By induction, we obtain the sequences {x,*}*_„ i = 1, . . ., n, of points of Xt,
i = 1, . . . , n, such that xk G F,(xk~l, . . . , xk~x), i = I, . . . , n, k = 1,

2, . . . ,  and

4(V, x*+I) < #,[*)(*,*-'.-vr1), F,{xk.**)]

(12)
+ -V—r— ,       i =],..., n,    k = 1,2, • • • .

(1-c)*-'

From (11), (8), (10) and (9) we obtain

d,(xj, x2) < 2 aac4(x°, x^) + 2 6,,Z)Jx°, Fk(x°, ..., x„0)]
/t-i *=i

+ cDi[xx,Fi(x\,...,xx)] + v

n

< 2 K* + 6,-.*K (**.**) + cd,(xlxf) + v
k = \

n

< 2 ci,krk+ cdi{xx,x2) + V
k=\

< vr, + cd,(x},xf) + v.

Thus

Recalling (12), (8), (10), (9) and the induction principle, we obtain

di(xk,x,k+x)<(k+l)(v/(l- c))kr„        i - 1, ...,«,    A: =1,2,  •■■.

Now we have

d,(x,k,x,k+m) < d,(xk, xk+l) + • • • + di(xk + m-x,xk + m)

< (* + !)( 1^7 A +■■■ +(k + m)( j^ )k + m~ \,

< 2 (-5 + 1)«V,< (A: + 2)a*(l - a)"2r,.

for all /c,rn > 1, i = 1, . . . , n, where a = v/(l - c). Thus {x,*}"=1, i

= 1, . . . , n, are Cauchy sequences and, therefore, x,k —> h, G A',, /

= 1, .. ., n. We claim that (w,, . . ., un) is a fixed point of (/•",, . . . , F„).

Actually

/>,.[«„ /)(«„ ...,«„)]< </,(«,, x*+1) + D[xk+X, F,(ux, ...,un)]

< d,(u„ x,k+1) + fli[F,(x,*, • . • , **), F,(uv ...,«„)]

<4(«fc*f+1)+ 2 *,4 (*£«,)
j=i
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+ £ blt,D,[x,k, Fs(xxk, ...,**)]+ cDj[Uj, F,(u„ ...,«„)]
S= 1

<di(ui,xf+l)+ £a,X (*,*,«,)
j=i

+ £ *,,A(*/> */ + 1) + cA[«fr. IK •••>"„)]•
j=i

Hence,

A-[",>F/K • ••>"«)]

5= 1

+ £^,X(*^*/ + 1)   ^°    as/c->oo.
i=i

Since   F,(w,, ...,«„)  is  closed,  this  means  that  w, e F,(a,, . . . , a„),  /'

= 1, . . . , n, which completes the proof.

References

1. S. Czerwik, Fixed point theorems for system multi-valued mappings, Coll. Math, (to appear).

2. J. Matkowski, Some inequalities and a generalization of Banach's principle, Bull. Acad. Polon.

Sci. Ser. Sci. Math. Astronom. Phys. 21(1973), 323-324. MR47 #5664.
3. S. B. Nadler, Jr., Multi-valued contraction mappings, Pacific J. Math. 30(1969), 475-488.

MR40 #8035.
4. _ , Some results on multi-valued contraction mappings, Set-Valued Mappings, Selec-

tions and Topological Properties of 2* (Proc. Conf., SUNY, Buffalo, N. Y., 1969), Lecture Notes

in Math., vol. 171, Springer-Verlag, Berlin and New York, 1970, pp. 64-69. MR43 #1148.

5. S. Reich, Kannan's fixed point theorem, Boll. Un. Mat. Ital. 4(1971), 1-11. MR46 #4293.

Institute of Mathematics, Silesian University, 40-007 Katowice, Poland


