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COMPUTATION OF THE UNORIENTED
COBORDISM RING

EDGAR H. BROWN, JR. AND FRANKLIN P. PETERSON

ABSTRACT. This note gives a set of generators for the unoriented cobordism
ring and it gives a simplification of the algebra involved in Thom’s computa-
tion of this ring.

In this note we give a simplification of the algebra involved in Thom’s
computation of the unoriented cobordism ring [3] and. along the way. a
recursive formula for the generators of this ring given by Liulevicius [4].

Let 4 denote the mod two Steenrod algebra, A* its dual and § € A* the
polynomial generators defined by Milnor [1]. In the following all homology
and cohomology is with Z, coefficients. We identify H (MO) with H (BO)
via the Thom isomorphism. The 4 module structure of H*(MO) defines an
A* comodule structure on H, (MO), V: H (MO) - A* ® H, (MO). The
Whitney sum operation makes H,(MO) into an algebra and V is an algebra
map. Let T: [[¥BO, - BO, be the classifying map of the product of the
canonical line bundles. T embeds H*(BO) in H*(II®BO,) = Z,[t), t,, ... ] as

the algebra of symmetric functions. For a partition w = {i,, i, ..., i, } let s,
be the smallest symmetric function containing #{' - - - 7. Recall under the
map H*(BO) - H*(BO) ® H*(BO) induced by the Whitney sum,
(ll) Sw_)zswl® Swz
where the sum ranges over w, U w, = w. Let {x,} C H,(BO) be the basis
dual to {s,}. Let x; = x ;). (1.1) immediately yields: x,, = x;x, - - - x, and
hence H,(BO) = Z,[x,, x,,...]. A straightforward calculation yields the
following result of Switzer 2]: If x =1+ x;, + x, + ... and §{=1+§ +
3

Vy=>¢"®x,.

We defin¢ ¢lements y; € H(MO) by induction on i as follows: y, = I,
yi = x; + Z/<%,y, where z is the i — j component of (Zy,_\Y*'ifj # 2°
land z; =0if j =2° — 1.

THEOREM (1.2).

H(MO)=2Z,[y;.yy ... ] Vy =1y, ifi#2 -1,

= 2
Vyy =2 § k@ yp .
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The usual argument then gives

COROLLARY (1.3). The Hurewicz map p: w (MO)— H_(MO) defines an
isomorphism I~ Z,[y,li # 2 — 1] where XU, is the unoriented cobordism
ring.

REMARK. With analogous definitions for the y,, (1.2) holds for H (MU; Z).
A,, the algebra of reduced pth powers, and 2 replaced by p, an odd prime.

REMARK. Using the techniques in [5]. one may show that y, = x, if i
=wp/ -2, t=1,2,....p— 1, yy € H(MO: Z,) for p even and y, €
H,(MU; Z,) for p odd.

ProoF OF (1.2). Let N = H (MO)/{x]|i=2*—-1, k >0} and let p:
H,(MO)— N be the projection. A* ® N is a polynomial algebra on the
generators &g and p(x,), i # 2* — 1, and it is an 4* comodule under ¢ ® id:
A* @ N > A*® A* ® N where ¢ is the comultiplication in A*. Let f
=(1d®p)V: H(MO)—> A* @ N. f is a ring homomorphism and an A*
comodule map. We show by induction on i that

fr)=10®p(x), i#2-1

E®I1, i=2-1.

For i = 0 (1.4) is true. Suppose (1.4) is true for 1, 2, .. ., i— 1
j+1

f() = f(x) +f(2 ((%)’2"—1) ) )’,-)

i=j
where the above sum ranges over j < i,j # 2 — 1, k > 0.

(1.4)

15 = 3 (F,,® p(5).

Jj
Thus by the inductive hypothesis,
f(y)=1®p(x) + (§),®1
and (1.4) holds for i.
f maps the y;’s onto polynomial generators and hence is an epimorphism.

H,(MO) and A* ® N have the same rank in each dimension and therefore f
is an isomorphism. (1.2) now follows from the comodule structure on 4* & N.
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