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ABSTRACT. Let G be a finite group of order n and let 4 be a (real or
complex) Banach algebra. Rudin and Schneider [3] ask whether a mapping
f: G — A satisfying || f(x)]| = 1 and f(x) = (1/n)Z, caf (xy ~ ") f(») is nec-
essarily a homomorphism (Question 1, p. 602). They give an affirmative
answer if 4 is either commutative and semisimple or strictly convex.

Here, we prove this result for general Banach algebras, and at the same
time prove the natural generalization to compact groups. This allows us to
characterize norm one idempotents in generalized group algebras.

Suppose that G is a compact group with identity e and that X is a normed
space. A representation of G on X is a homomorphism 7: G — B(X). T is an
isometric representation if in addition each T is an isometry on X in this case
T, = I and each T, is invertible. T is semi-isometric if ||T,|| < 1 for x € G; in
this case T, is a projection of norm one and 7, = S,7, where S is an
isometric representation of G on T,(X).

We equip G with its left-invariant Haar measure A, normalized so that
A(G) = 1; we shall abbreviate d\(x) to dx. If X is any Banach space (or
Banach algebra) then a map ¢: G — X is Bochner measurable if it is the
almost everywhere limit of a sequence of simple functions, and Bochner
integrable if in addition [||¢(x)|| dx < co. An operator valued function T:
G B(X) is strongly measurable if for each £ € X, the map x > T £ is
Bochner measurable (see Hille-Phillips [2, pp. 72-74)). If for each £ € X, T ¢
is Bochner integrable and T¢ = [T, £ dx, then we shall write T = [T, dx.

LemMA 1. If x —» T, is a strongly measurable mapping from G into B(X),
then so is the map y+> T, ,-\T,.

We omit the proof of Lemma 1, which follows by approximation by simple
functions.

LEMMA 2. If ¢: G — X is Bochner integrable then
Iim ux — ¢(u))|| du= 0.
St = s

X—e

PrOOF. See [2, Theorem 3.8.3] for the case G = R”; the same proof applies
here. The lemma is proved first for simple functions and follows in general by
approximation. Again we omit the details.
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LEMMA 3. Suppose x — T, is a strongly measurable mapping from G into
B(X) such that sup,c¢||T,|| = M < 0. Suppose for x € G,

T, =fGTxy_.Ty dy.

Then x> T, is strongly continuous (i.e. for £ € X, x — T £ is continuous).

Proor. For ¢ € X,
T¢= T, Ttdy,
x L y-11ys 4y

Tok = [ Tu T & = [T, Tt

by the invariance of Haar measure. Hence
7. = bl < [ | To- (16 = T8)| &
< Mf |T,¢ — T4 &v—>0 asu— ebyLemma 2.
G

LEMMA 4. If x> T, is a strongly continuous map from G into B(X) then
(1) (x,y) = T,T, is strongly continuous on G X G,
(i) (x, y) > T¥Ty is weak*-continuous on G X G.

PrOOF. Since G is compact, the continuous function x — || T, §|| is bounded
for every £ € X. Hence the Uniform Boundedness Theorem shows that
sup,egllTxll = M < oo. Then

“ TXY}& - TXoT;’o£” <I|Tx’1}£ - TxT;'ogll + ||T"7;'o£ - TXoTVog”
< M”Tyg - 7j"ogll + ”(TX - Txo)(T,‘Vog)”
—-0 asx— xjandy — y,.

(i1) follows immediately by duality.
REMARK. It is not true that x+> T¥ is strongly continuous from G into
B(X*). For example let G = [[22,{—1, + 1} and consider the representation

i=1

on /, given by (T, §), = x,§, for § = (§,) €/, and x = (x,) € G.
LEMMA 5. Suppose T: G — B(X) is strongly continuous and satisfies

() |T<1, x€G ()T, =fGTxy-|Ty &, x€G.

Then, for § € X, || T, §|| is independent of x and
|T<&|| =T, T,4|| whenever x,y,z € G.

PrOOF.

T | < T -TE| &

(l) “ ,§|| fG” xy y§|| Yy

< T ¢l dy for an e G.
_L" yg” Yy y X

Hence || T, £ = [;||T,§|l dv for almost every x € G. Strong continuity of T,
ensures that equality holds everywhere. Referring back to inequality (1) we
see that || T, £|| = ||T,,-1T,4| for almost every y € G. Again by continuity
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equality holds everywhere and the result follows.
We are now able to prove the first version of our main result.

THEOREM 1. Suppose T: G — B(X) is strongly measurable and satisfies

@O IIT ] < 1T (x € G),

(i) T, is an isometry, i.e. || T §|| = ||§|| for § € X,

(i) 7, = [T, T, dy (x € G).

Then T is a strongly continuous isometric representation of G.

PROOF. T is strongly continuous by Lemma 3. Let U be the closed unit ball
of X* and ¢ be any extreme point of U. Since T, is an isometry, it follows by
the Hahn-Banach Theorem that there exists ¢ € U such that T*y = ¢.

For¢{ € X,

9(5) = ¥(T.8) = [W(T.T,-&) dx.
G
For each measurable subset 4 of G with A(4) > 0 define ¢, € X* by
84(6) = NA) ™" [ W(T,T,-8) dx.

Clearly ¢, € U and ¢ = MA)p, + MG — A)p;_ 4. As ¢ is an extreme point
of U, ¢ = ¢, = ¢5_ 4. Thus

_Uwa—wnn4»m=o

for every measurable 4 C G and £ € X. Hence for § € X, Y(T, T,-:§) = ¢(§)
almost everywhere, and by the strong continuity of the map x> T, T - (see
Lemma 4), equality holds everywhere. Hence T} \T*y = ¢ for x € G. The
choice of  shows that T*¢ = (T;“)Zx[/ = ¢. As T} is weak*-continuous and,
by the Krein-Milman theorem, U is the weak*-closed convex cover of its
extreme points we have T} = I. Thus ¢ = ¢ and we have also proved that
Ty \Ty¢ = ¢ for any extreme point ¢, i.e. T, T,-1 = I by the same argument
as above. Hence each T is an isometric isomorphism of X.
Again if ¢ is any extreme point of U, so is T*¢ and

(ﬁ@@=£ﬂnwn9@ (£ € X).

Arguing as before we conclude that
Ty =TTy, xy € G,

i.e. T is an isometric representation.

THEOREM 2. Suppose T: G — B(X) is strongly measurable and satisfies

M T, < 1 (x € G),

T, =/ T,-T,dy (x € G).Then T is a semi-isometric representation of
G.

PrROOF. Again we have T strongly continuous by Lemma 2. Define a
seminorm | - | on X by

€1 =17

and let N = 7,7'(0). By Lemma 5, |T,§| = |¢| for x € G. Hence there is an
induced representation on X /N satisfying the hypotheses of Theorem 1. By
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Theorem 1,
|T.§ —§=0, £€ X,
and
|TxTy£ -T,8=0 ¢€X,x,y EQG.

Hence ||T2¢ — T,¢|| = 0, i.e. T, is a projection. By Lemma 5, T (T — 9
=|T(T.t- 9| =T - T, =0 for xE€ G, ie. T.T,=T, Also by
Lemma 5, for any w € G,

ITLLE - T8 =T (T T8 — Tod)|| =TT - Ty =
Thus 7,7,7T, = T,T,, forw, x,y € G.

wo xy
Now suppose we have the equation

) T.T,=T, (x€G).

Then we have 7,7, = T,I,T, = T,T,, = T,,, and the proof is complete.
Therefore it remams only to establlsh (2). Here the only difficulty is that
x — T} need not be strongly continuous. (For, if it were, we could apply the
argument above to x — T}.) This is circumvented by the construction that
follows. We shall assume here that X is complete, for convenience.

Fix any £, € X and let X, be the smallest closed subspace of X such that
& € X, and T,(X,) C X,, x € G. It is enough to consider the induced map
G > B(Xy).

Let Co = {(§) U (T, 4y x € G) U (T T,)§y: x, y € G)}. Then C, is com-
pact and so is its closed absolutely convex hull C. Let Y be the linear span of
C equipped with the norm whose unit ball is C. Then Y is a Banach space,
since C is compact. Furthermore since 7, 7,7, = T, T,, for w, x,y € G we
have 7,,(C) c C. Thus Y is invariant for each T and so Y is dense in X, Let
T denote the restriction of T, to Y; then in the norm of Y, || T, Wl < 1. LetJ:
Y — X, be the inclusion map. By construction J is compact and J T =TJ
(x € G). Now suppose 7,7, # T,. Since T, is a projection, TW(XO)
& T,(X,). Hence there exists ¢ € X such that T}y # 0 but T}y = 0. Since
J is compact the map x — J*T*y is continuous. Choose u € G such that

¢ = |/ T2y] = max " T2y

Since J (C) is compact there exists n € C such that T}y(Jn) = c. Then
H’(Tux"Tx]T’)l = I‘P(Tux"‘,fxn)' = |‘,* T:x"‘l/(fxn)l <c

However
fGtP(Tux—'TxJn) dx= y(T,Jn) = c.

Hence ¢(T,.-T,Jn) = ¢ by continuity. In particular putting x = u,
Y(T,TJn) = c,ie. TXY(T,Jn) = c. However T}y = 0 and hence ¢ = 0. Thus
J*T¥) = 0; but Y is dense in X, and hence T}y = 0, which is a contradic-
tion to our initial assumption. This completes the proof.

COROLLARY. Suppose @ is a bounded subsemigroup of B(X) and T: G
— B(X) is a strongly measurable mapping satisfying
OTG)c e,
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(ll) Tx = fGTxy"T:v dy (X € G)
Then T is a representation of G.

PrOOF. Renorm X by [¢| = sup,c gy 1y 44ll-

We can now characterize idempotents of norm one in the generalized
group algebra of a locally compact group G. Let 4 be a Banach algebra and
let L'(G : A) denote the space of Bochner integrable functions f: G — 4.
L'(G : A) is a Banach algebra under the multiplication

f*g(x) =fo(xy")g(y) dy
and norm

1A= 1) dx.

It is well known that if 4 = C, the norm one idempotents of
L'(G: C)=LY(G) are of the form A(H)™'p(x)x,(x) where H is a compact
open subgroup, p is a character on H and x, is the characteristic function
of H. (See [1, 2.1.4].) Since the elements of L!(G: A) are equivalence classes,
if fis an idempotent in L'(G: A), then we can assume that the represen-
tative satisfies f(x) = [5 f(xy ") f(y) dy for all x € G. We make this as-
sumption in the following theorem.

THEOREM 3. Let f € L'(G : A) and suppose || f|| = 1 and f » f = f. Then f is
continuous and there exists a compact open subgroup H of G such that

() f(x) =0,x £ H,

@) f(xy) = MH) f(x) f(y),x,y € H,

(i) | f(x)Il = AM(H))"\,x € H.

PROOF.
IF Ol < [ 17 Cor DI 0] @
and
L= [ el = [ [ 17Co D)) b d
so that

If(x)|| = fG”f(xy - l)||||f(y)|| dy almost everywhere.

Hence if y(x) = [5||f(xy "HIIIlf(»)|l dv then y is a norm one idempotent in
L'(G). Hence there is a compact open subgroup H such that y(x)
= MH) ™ X (x).

It follows that || f(x)|| = 0 if x & H, and that || f(x)|| < A(H)~! for all
x €G.

We may suppose 4 has an identity and then identify 4 as a subalgebra of
B (A). If we define for x € H,

Ta = \H)f(x)a,
then |T.|| < 1 and [,T,,-1T,dy = T,. By Theorem 2, T,T, = T,, and the
result follows.

If G is compact we may also consider the algebra L?(G : 4) (1 < p < »)
with the norm
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= { 150 ax)

Using a similar approach to that of [4] we obtain

THEOREM 4. If f € L?(G : A) satisfies || f||, =1 and f = f = f then f(xy)
=f()f(y) forall x,y € G.
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