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DOMINATED ESTIMATES IN HILBERT SPACE

M. A. AKCOGLU1 AND H. D. B. MILLER

Abstract. Let U be a unitary operator on a Hilbert space H, and let A„(U),

n = 1, 2, . . . , be the Cesaro means of U. It is shown that 2".\PnA„(U) is

bounded for every sequence of mutually orthogonal projections Pn, n = 1,

2, . . . , if and only if 1 is not a limit point of the spectrum of V. The proof

is obtained by adapting ideas of Menchoff and Burkholder to show that for

any orthonormal sequence /„, n = 0, ± 1, ± 2, . . . , in H, there is an

orthonormal sequence gn, n = 1, 2, ... ,  such that

£ k/i+/2 + • • • + fk,gk)\2> ^«oog«)2.
k-\ -">

1. Introduction. Let 7: 77 —> H be a bounded linear operator on a Hilbert

space H and let An{T) = n~'22=07*, where n ranges through the integers

{1, 2 . . . }. If the operator 2"=1P„/fn(7) is a bounded operator for every

choice of the mutually orthogonal projections (PJ, then we will say that T

admits a strong dominated estimate. The main purpose of this note is to show

that a unitary operator U: H —> H admits a strong dominated estimate if and

only if z = 1 is an isolated point of its spectrum.

This definition of strong dominated estimates was implicitly given in [1], in

connection with the usual dominated estimates in ergodic theory. In [1] it was

shown that if unitary operators admit strong dominated estimates, then the

same would also be true for contractions, and that this would give the

dominated ergodic estimate for contractions on L2-spaces. It turned out,

however, that a result in Burkholder's theory of semi-Gaussian spaces [2]

already implied that not all contractions (consequently, not all unitary opera-

tors) admit a strong dominated estimate. This implication had the nature of

an existence proof, depending on the fact that there are series of orthogonal

functions in L2-spaces, whose partial sums are convergent in L2-norm but

not a.e., as was shown by Menchoff [3]. It seemed very desirable to isolate the

parts of the arguments in [3] and [2] that are related to strong dominated

estimates and to combine these parts to give a direct, purely Hilbert space

theoretic proof that not all unitary operators admit a strong dominated

estimate. The present note is a result of this program.

2. The main result. For the 'if part of the assertion, note that, if z = 1 is an

isolated point of the spectrum of U, then there is a number 9 > 0 such that

{e": 0 <\t\ < 6) has spectral measure zero. Hence, we may write 77 = Hx ©
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H2 where Ux = x for x G Hx and where ||/t„(t/)x:|| < (fl/«))|x|| for x G H2

and B = l/sm(9/2).

If Pn, n = 1,2,..., is any mutually orthogonal system of projections, then

if x G H and x = xx + x2, xx G Hx, x2 G H2, we have

| PnAn(U)x  <    f Pnxx  +    | PnAn(U)x2

( °°      \1/2

<HI + a| 2«-2j   ||x2||.

Thus,

CO

2 P,A(c/)    < M,
«=i

where

/  °°        \'/2

M= 1 + A-     2 «"2       < °°-

For the 'only if part of the result, assume that z = 1 is not an isolated

point of the spectrum of U. Then there is an orthonormal sequence en, n = 1,

2, . . . ,  in H so that

(i) for each m, limn^M||^n(c/)em|| = 0,

(ii) for each n, limm^\\An(U)em - em\\ = 0.

Indeed, let (9m) be a sequence so that -n > 9m > 9m+x > 0 and lim,^^ 9m

= 0. We may assume that the spectral measure of Em = {e'e\9m > 9

> 9m+x) is nonzero for each m. Choose an orthonormal sequence (em) in H

so that in the spectral representation of U, the vector em corresponds to a

function with support in Em. Hence,

1  "_l 1

|L4„(t/)eJ|< sup    -   2 zk <      ■  lo-T^v .
" "    ze£„   n   ^0 wsin(^+i/2)

and

1  "_1 "> n^x        (k + l)0m

VAU)em - em\\< sup    I  2 (zk - 1)   < j-  2 sin / " ,

from which assertions (i) and (ii) follow.

The desired result now follows from Theorem 2.1 below.

(2.1) Theorem. Let en, n = 0, ± 1, ±2, . . . , be an orthonormal sequence in

H, and let Rn, n = 1, 2, . . . , be a sequence of bounded linear operators on H

such that

(i)for each m > 1, lim„^00||A„£'m|| = 0;

(ii)/w each n, limm^00||A„em - <?m|| = 0.

Then there is a system P„, n = 1, 2, ... ,  of mutually orthogonal projections in

H such that limfl^00||2X=iP*R*|| = °°-

Proof. Let Pn, n = 1, 2, . . . , be a sequence of mutually orthogonal

projections; |J2"= i^y^/|! is an increasing function of n.
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Let m{j),j = 1, 2, ... , and n(j),j = 1,2, ..., be any strictly increasing

sequences of positive integers. Let the closed subspace spanned by emljy

y'=l,2,...,  be A and the projection on A be E.

Let Tk: H -> K be given by
CO

TkX =      2     (*' emU))emOh
i = k+\

let Sk = E - Tk. Then

/ n(l)

(a) 2 Pn(k)R„(k)E <    2 PkRk  ;
k=l k=\

I I

2   Pn(k)Rn(k)E   ~      2   Pn(k)Sk

(b)
/

<      2   Pn(k)(K(k) +   Sk)E   .
k=\

Thus, we obtain the theorem from the following lemmas.

(2.2) Lemma. The subsequences m(j),j = 1,2,..., and n(j),j = 1, 2, ... ,

may be chosen so that for / > 1,

/

2  P„ik)(Rn(k) + Sk)E   < 2.
k = \

(2.3) Lemma. If fn, n = 0, ±1, ±2, . . . ,  is an orthonormal sequence in H,

there is an orthonormal sequence gn, n = 1, 2, ... ,  such that for n > 1,

£ ^ > —{— log«,
k=i      12V3

where Skx = 2f=1(x,/)/ and Pkx = (*, g„)g„.

Proof (2.2). First let m{j) = n{j) = j, j = 1, 2_Then  Tnem = 0 if

n > m and 7„t?m = em if w > n + 1. Thus (i), (ii) become

Um ||( A„ - 7„ )em\\ = 0,    and    Jim \\{Rn - Tn)em\ = 0.

By induction one can find m(j),j = 1,2,...,  and n{j),j= 1,2,...,  such

that if j,k> I,

P*0>- Tj)em(k)\\ <2-^+«.

We have then

\\{RnU)- Tj)E\\<2-\

and since

2 W*»<y> + S,)F= 2 WW - ?})£
7-1 7-1

+ 2 ',0)^,
7=1

the lemma follows.
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Proof (2.3). It is enough to show that there is an orthonormal sequence gn,

n= 1, 2, .. .,  such that for all n > 1,

£ |(/i + ---  + fk,gk)\2>^n(logn)2.
k=\ JV

(Indeed, given such a sequence, let n > 1, and let x = (Z"=xfi)/\fn ; then

||x|| = 1, and

V  pc     2      V   //I*'"  +/*        V
2j Pkskx  = 2,-.&   -

/t=i it=i  \ vn J

which gives the lemma.)

To show this, put a(j) = \/(j + {),j = 0, ±1, ±2.Then

(l)if/ > l,2jl_ooaO>O + /) = 0;

(2)8<27=_00(a(/))2< 12;

(3) if k > 1, 2*-d«0) > log(/c + 1).
((1) follows by writing a(j)a(j + I) = l~x(a(j) - a(j + I)), and (3) follows

from the inequality (valid if y" > 0)

a(j) > fJ + 2x~x dx = log(j + 2) - log(7 + 1).)
Jj+\

For k>\, let g'k = Y.f.^aU ~ k)fk, andgk = g'k/\\g'k\\. From (1), (2), (3) it
follows that

(4) gk, k = 1, 2, .. .,  is an orthonormal sequence;

(5) if k > 1, (/, + ••• + /„ &) > tt-^logC* + 1).
Thus, if n > 1,

£ i(/i + --- +/„&)i2>tV £ (MA-+1))2.

The desired result follows by observing that

log(k + 1) > (k/n)log(n +1)    for 1 < k < n

(which can be proved by making the substitution x =■ k(u — \)/n + \ in

jkx + xX-x dx); and that

«

2 £2= «(« + l)(2n + l)/6 > «3/3.2
k = l

3. Further remarks. Theorem (2.1) may also be applied to some other cases.

For example, if   T: H —> H has the form Tx = "2°°=xXj(Xj, e,)e, for some

orthonormal sequence e,, / = 1, 2.   such that 0 < A,1T, then clearly (i),

(ii) of the Theorem are satisfied for en, n = 1,2,..., and Rn = T", n = 1,

2, . . . ,   or R„ = / + T + • • •  + Tn~l/n, n = 1,2_

Finally, note that if i/ is a unitary operator such that z = 1 is not an

isolated point of the spectrum of U, then U may be represented on an L2

space as a unitary operator for which the dominated ergodic estimate fails.

That is, if lW' denotes the operator U represented on L2, then there is no

number K > 0 such that for all/ G L2, \\A*f\\ < K\\f\\: there A*g is defined

for g G L2 by

2The function a (j) (and the properties thereof) is taken from [4, pp. 89-90].
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A*g{x) = sup \An{rV)g{x)\.
n>\

To prove this, let Pn, n = 1, 2, .. ., be a sequence of mutually orthogonal

projections such that limn_>00||2'J:=iF^^A.((/)|| = oo.We may choose Pk so

that Pkx = {x, gk)gk, where gkE H and ||gA|| = 1 if Pk ^ 0. Choose an

isomorphism of H with an L2 such that gk is represented as ckx(Ek), where Ek

is a measurable set, and ck is a real number. Then if x E H corresponds to

/ G L2, we have

£ PkAk(U)x    =  £ \\ckX(Ek)Ak(W)ff
/t = l k=\ <J I

< £ [\x(Ek)Ak(W)f}2< £ [x(Ek)-\A*f]2.
k=\ J k=yJ

Thus, since the Ek are disjoint,

V*J\\>  IPMU)* ■
k = \

For some x E H with ||x|| = 1, we have

£ PkAk(U)x  >I    £ P,/f,(L/)  .
A:=l Z     A:=l

It follows there is, for each n > 1, an/ G L2, ||/|| = 1, for which

im*/ii>? £/vw) •
A     k=\

This gives the stated result.
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