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PERTURBATIONS OF GROUPS OF
AUTOMORPHISMS OF YON NEUMANN
ALGEBRAS

M. REYNOLDS

ABSTRACT. We show that if two uniformly continuous representations of a
connected abelian group as *-automorphisms of a von Neumann algebra are
close in norm, then they are conjugate via a single automorphism close to the
identity automorphism.

1. In [5] Kadison and Kastler consider von Neumann algebras @, $ acting
on the same Hilbert space whose unit balls are close in norm and conjecture
that such algebras are unitarily equivalent via a unitary close to the identity
operator. This has subsequently been resolved in the affirmative for certain
algebras by Christensen [1], [2]. Kadison and Ringrose show [6] that if « is a
x-automorphism of a von Neumann algebra & for which ||a — || < k < 2,
then a can be implemented by a unitary U in ® with |[U—I| <
2-(@4- kz)l/ 2)]/ 2. (u denotes the identity automorphism of ® and I is the
identity operator in ®.)

These results prompted us to pose the following question: Let ® be a von
Neumann algebra, G a group, and suppose a: g = a,, B: g = B, are repre-
sentations of G as *-automorphisms of ®. If sup,eglla, — B, |l < &, for some
sufficiently small k, does there exist a *-automorphism y of ® for which
By = yagy_' for every g € G and ||y — ¢|| < f(k), where fis some increasing
function of k? We give an affirmative answer when G is a connected abelian
topological group and «, B8 are uniformly continuous representations.

2. For a von Neumann algebra 4, we denote by !, the predual of @, i.e.
the space of all ultraweakly continuous linear functionals on ®. 2(®) will be
the space of all bounded linear operators on R, and for an element y of &(}),
sp(y) will denote the spectrum of y in £(®). Recall that if y is a *-
automorphism of R, then sp(y) C T, where T is the set of complex numbers
of modulus one. If a: g —a, is a representation of a group G as *-
automorphisms of R, let

R ={4 € R: a,(4) = A4 forevery g € G}

and let £% denote the centre of A". We say two representations a: g = ag, Bt
8 = Bg of G commute if a, By, = Bya, for all g, h € G. A representation a is
uniformly continuous if |la, — ¢|| — 0 as g —> e where e is the identity element
of G. For subalgebras 9%, % of ® we define as in [5],
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|2 — B|| = sup{d(4,%,),d(B,¥,): 4 € %,,B € B},
where %, B, are the unit balls of %, ® respectively.

3. LEMMA. Let a: g — ag, B: g = B, be commuting uniformly continuous
representations of a connected abelian topological group G as *-automorphisms of
a von Neumann algebra Q. If |lay — By || < 2 for every g € G, then a = B.

Proor. For g € G, define y, = B, ! a,; then since a, f commute and G is
abelian, y: g = v, is a representation of G as *-automorphisms of ®.  More-
over,

g = dll = llog = Bgll < llag = oll + 118 — ¢l

so v is uniformly continuous and ||y, — ¢|| < 2 for every g in G. Hence (G )
is a connected commutative subset of (@R). Let A be a maximal commutative
subalgebra of £(®) containing y(G) and let ® denote the set of nonzero
multiplicative linear functionals on %. The maximality of % implies sp(yg)
= {9p(y,): ¢ € @) for every g € G. Now each ¢ € ® is norm continuous so
o(v(G )ﬁ is a connected subgroup of T, and hence either ¢(y(G)) = {1} or
o(Y(G)) = T. We assert @(y(G)) = {1}. If not, p(y(G)) = T, so choosing g
with ¢(y,) = —1, we have 2 > |ly, — dl > |p(y,) — 1| = 2, a contradiction.
Therefore p(y(G)) = {1} for every ¢ € ®. Hence sp(y,) = {1}, so y, = ¢ (see
for example [3, Lemma 2.3.9]), and thus a, = B, for all g in G.

THEOREM. Let R be a von Neumann algebra, G a connected abelian topological
group, and suppose a: g = a,, B: g = B, are uniformly continuous representa-
tions of G as *-automorphisms of ®. If sup,egllay — B,ll < k < 1/9, then there
exists an inner x-automorphism y of ® such that B, = Yo, Y~} for every g € G,
and |ly = o < 272%k(1 + (1 — 16k2)V?)7V2,

PrROOF. We show first that |R* — ®#|| < k. Since *-automorphisms of von
Neumann algebras are ultraweakly continuous, ®* and ®# are ultraweakly
closed *-subalgebras of R, and because G is abelian, there exists an invariant
mean p on the space of all bounded complex valued functions on G [4,
Theorem 1.2.1]. For 4 € (%%),, the function g — ¢(,(4)) is bounded for
each ¢ in },, and so we may define B to be the continuous linear functional
on A, given by ¢ — f (B8,(4))du(g). Hence B € &, ||B] < 1, and for
he€G o€ Ry, Hence BE R, |Bl| < l,and forh € G, ¢ € Ry,

(Br(B). 9> = 9(Br(B)) = (B0 81> = [ #Byg(d)) du(2)
= f #(B,(4)) du(g), since  is invariant, = (B, ).
Therefore B € (%), and for ¢ € R, with ||g]| < 1,
l9(4) = 9(B)| = | [ plag(4)) dulg) — [ (B, (4)) du(3)|

< [ Iglog(4) = By(4))| du(g) < k.

Thus ||[4 — B|| < k, and similarly given B € (#7),, we can find 4 € (%),
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with ||4 — B|| < k. This implies |®* — R8|| <

Applying [1, Lemma 2.2 and Theorem 3.2] we obtam a unitary W in } with
W = 1]l < 25%k(1 + (1 — 16k2)V3) V% such that WE*Ww* — 2F. By [1,
Theorem 1], there exists a unitary representation g — U; of G into R such that
U, implements a, and ||U, — I|| = 0 as g — e. Since G is abelian, we have for
g, h € G,

() = U, LU = U,
and therefore each U, belongs to ?A*. Moreover, if 4 € ®*, then Uz AU, * =4,
so U, € £%for every g € G.1f §,, y are the automorphisms of ?leplemented
by WU W* and W, respectlvely, then #: g — 6§, is a uniformly continuous
representatlon of G satisfying 6, = Yo ¥ ~! for every g € G. Furthermore,

”03 - Bg” < Hog - ag” + ”a Bg“ 2”Y - l’” + k

< 2, since k < 1/9.

Hence by the Ler7n§na 8 = B, and thlegei(?/rg B, = yagy_l for every g in G,
with ||y — o] < 272k(1 + (1 — 16k2)"?)
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