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S. ALAMELU

Abstract. Let J? be a commutative ring. In (1), it was proved that a ring

R with noetherian total quotient ring is self-injective if and only if the

endomorphism ring of every ideal is commutative. We prove here that if the

ring is coherent and is its own total quotient ring, then R is self-injective if

and only if Hom(/,/) = R for every ideal / of R.

In (1), we discussed the commutativity of endomorphism rings of ideals.

There, we proved that a ring with noetherian total quotient ring is self-injective

if and only if the endomorphism ring of every ideal is commutative. The

generalization of this to nonnoetherian total quotient rings seems extremely

difficult. We will call an element x of R a stable element if every nonzero

homomorphism (x) to J? is a multiplication by an element of R. We remark

that if every element of R is stable, then Horn (/, /) is commutative for every

ideal / of R. The converse is in general not true. But, we have some partial

answers in this direction. If the ring is coherent and is its own total quotient

ring and if Horn (/, /) = R for every ideal generated by 2 elements then every

element of R is stable. On the other hand we have an example of a

noncoherent ring which is its own total quotient ring which has a nonstable

element but Hom(7,/) is commutative for every ideal I of R.

We start with an example of a ring which is not self-injective, but Hom(/,7)

is commutative for every ideal / of R.

Example. R = K[xx ,x2,... ]/(xx, x\,...) where xx, x2, ... are indetermi-

nates. R is the inductive limit of the rings K[xx,x2,... ,x„]/(xx, ...,x„),n

= 1, 2, ..., and each of them is self-injective. It follows that Hom(/,7) is

commutative for every ideal I. It is easy to see that R is not self-injective.

We note that in this example R has the following properties. Every element

of R is stable, Hom(7,/) = R for every finitely generated ideal /. R is further

quasi-local and the zero ideal of R is irreducible. We will presently see that

these are not isolated phenomena.

We note first the following general result.

Proposition 1. If every element of R is stable, then Hom(/,7) is commutative

for every ideal I of R.
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Proof. It is enough if we prove that for any 2 elements/, g E Hom(/,/)

and x E I, fg(x) = gf(x). But this follows immediately: for, as x being stable,

fix) and gix) are multiples of x.

Proposition 2. Let R be a quasi-local ring ia ring with unique maximal ideal).

Suppose Hom(/,/) = R for every ideal I generated by two elements, then (0) is

irreducible.

Proof. Suppose (0) is reducible, then (0) = Qx n Q2. Take 0 # x E Qx,

0 ¥= y G Q2. Let F be the homomorphism which takes x to x and y to 0 and

ax + by to ax. This is a well-defined homomorphism from ix, y) to (x, y). By

hypothesis, F is a multiplication by an element of R. Since R has no nontrivial

idempotents and F2 = F, we get a contradiction.

Definition. R is said to be coherent if every finitely generated ideal of R is

finitely related.

Proposition 3. Let R be a coherent quasi-local ring which is its own total

quotient ring.

(1) Suppose Horn (/, /) = R for every ideal I generated by two elements. Then

every element of R is stable and hence Hom(/, /) is commutative for every ideal

IofR.
(2) Hom(/, /) = R for every ideal I if and only if R is self-injective.

Proof. By Proposition 2, (0) is irreducible. An element a of R is stable if

and only if whenever b g (a), Ann {a) (t Ann b.

Consider x and y any two elements of R and assume y is not a multiple of

x. Consider the relation module A of {x, y). K = {is, t)\sx + ty = 0). Since R

is coherent, K is finitely generated, generated by (s,, /,), /' = 1,2, ..., n. Since

y is not a multiple of x, it follows that / = itx,t2,... ,tn) is a proper ideal.

Now Ann / D Ann(^) n Ann(/2) D • ■• Fl Ann{t„) and this is ¥= 0 since

(0) is irreducible and Ann(/() = 0 implies /, is a unit. Hence Ann / n {x)

=7= (0). Let t E R be such that tx E Ann /. Consider the mapping/: x h» 0,

y f-» tx, and extend by linearity. This is well defined, for, if mx + ny = 0, then

n E I, hence ntx = 0. By hypothesis,/: (x,y) -* (x,y) is multiplication by an

element of R. I.e., there exists s E R such that sy = tx ¥= 0 and sx = 0. Thus

every element of R is stable.

(2) Let f:J—*R be any homomorphism. Since each element x E J is

mapped into a multiple of x, f is actually a map from J to J. Hence / is a

multiplication by an element of R. Hence R is self-injective. The converse is

obvious.

The result is also true globally by the following

Proposition 4. Let R be a coherent ring which is its own total quotient ring.

(1) Suppose Horn (/, /) = R for every ideal I generated by two elements. Then

every element of R is stable and hence Hom(/, /) is commutative for every ideal

IofR.
(2) Horn (/, / ) = R for every ideal I. if and only if R is self-injective.

Proof. (1) Let x, y be any two elements of R. Let / = (x,y). Since / is

finitely related, Hom(/, 1)P «s Hom(//>, //>), VF G Spec R. By Proposition 3,

x is mapped into a multiple of x at each localisation. Let/ G Horn ((.*■). R).
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For every P G Spec R, there exists s G R - P such that f(x)s = tx. The

ideal generated by 5 for various primes is R, hence f(x) is a multiplication by

an element of R. Hence the element x is stable.

(2) Once again if J is any ideal of R any map J —» R is actually a map J —» J

and therefore is a multiplication by an element of R.

The converse is obvious.

If R is noetherian with total quotient ring Q, we have seen that Q is self-

injective and therefore each element x G Q is stable, if HomR(I,I) is

commutative for all ideals. Proposition 4 says that a similar result is true for

coherent R if we further assume HomG(/,/) = Q for all ideals / of Q. The

question is whether we can relax this condition to saying Hom(/,/) is

commutative. At present, we do not have any example of a coherent ring

which is its own total quotient ring, Hom^ (/, /) is commutative for every ideal

I of R, and R has a nonstable element. But it seems that at least coherence is

a necessary condition for stableness. Our next example is a noncoherent ring

which has a nonstable element, and Homs(/,/) is commutative for each ideal

/. The idea of the example is motivated by the following general result.

Suppose [Aj), i G I, is a family of rings, each of which has the property that

the endomorphism rings of ideals are commutative. Suppose for every

/', Ann Aj = 0. Then ®At also has the property, that the endomorphism rings

of ideals are commutative. The proof of this is not essentially different from

the case of finite families.

Lemma. Let A and B be two rings (not necessarily with identity) such that

Ann A = Ann B = 0. Suppose for every ideal I in A or B, Hom(7,/) is

commutative. Let C = A © B. Then C has the property that Hom(/,/) is

commutative for every ideal I in C.

Proof. Let / be an ideal in A @ B. Let Px and P2 be projection on A and

B. Let /, = Pjl, i = 1,2. Define a map/, from It to /,, i = 1, 2 as follows. Let

a G Ix and x G I2. fx(a) = Pxf(a,b) andf2(x) = P2f(y,x).
Claim. /,, / = 1, 2,are well defined. We show that if (a,b) and (a,b') G I,

Pxf(a,b) = Pxf(a,b'). Let f(a,b) = (ax,a), andf(a,b') = (a',a').  Then for
any element t G A, t(ax - a') = 0,i.e., a, = a'. Hence/] is well defined. Sim-

ilarly f2 is also well defined. /, and f2  are clearly homomorphisms since / is a

homomorphism and Pt are additive.

To show Hom(/,7) is commutative, it is enough to prove that for any

element (a, b) G I, and any two elements/, g G Hom(/,7) fg(a,b) = gf(a,b).

Now

fg(a,b) = f(gx(a),g2(b)) = (fxgx(a),f2g2(b)) = (gxMa),g2f2(b)) = gf(a,b).

Example. Let R be the total quotient ring of the ring

K[x,yx,y2, • • ■ ]/(yi,yl> ■ ■ ->xyx,xy2,...).

Then HomR (/, /) is commutative for every ideal I of R and R has a nonstable

element.

Proof. The maximal ideal R' of R is the direct sum of the rings A

= xk[x](x) and B = Yk[Y]/(Y2) where  Y = (y,,y2,...) and  Y2 = (yf,

>£...).
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Ann A = Ann B = 0. Let I be an ideal of R and/, g E Horn (/,/). Then

/ and gj, i — 1,2, defined as in the Lemma are well defined homomorphisms.

Since A is an integral domain, fx gx = gxfx. As for f2 and g2, we notice that

(since / and g are .K-homomorphisms) they are in fact endomorphisms of I2

considered as an ideal in K[Y]/Y2, and hence commute. It is clear that

fg = gf-
Denote by x the coset of x. The homomorphism x2R —> R given by x2 i-» x

is not a multiplication by an element. Hence x  is a nonstable element.

Remark. In the ring k[x,y]/ixy,y2), the ideal (x, y) has noncommutative

endomorphism ring. For example, take/: x^jcjhO and g: x t-> y, y i-» 0.

One notices that the set of all zero divisors of the ring is the direct sum of

xk[x] and yk[y]/y2 and y annihilates the ring y/c[y]/(y2). Thus, in Lemma,

the hypothesis that Ann A( = 0 is necessary.
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