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ON THE SECOND HOMOTOPY MODULE OF
TWO-DIMENSIONAL CW COMPLEXES

M. N. DYER

ABSTRACT. Let X be a connected 2-dimensional CW complex. This note
reproves from a very simple point of view two classical theorems of H. Hopf
relating the homology of the fundamental group 7 = 7;(X) of X and the
Hurewicz map on 7,(X). This point of view also allows the dual theorems to
be proved. If = is a finite group, a new interpretation is given for
Hy(m; Z) (i =2, 3) in terms of 7,(X).

1. Introduction. Let 7 be an arbitrary group. A [#, 2]-complex is any
connected two-dimensional CW complex with fundamental group #. Let X be
a [, 2]-complex. In this note we explore certain interesting relations involving
the 7-modules 7,(X).

For example, we extend and dualize the theorems of H. Hopf (2], [8], [9]
Let X be a [7, 2]-complex, p: X — X be the universal covering map, h:
7y)(X) — H,(X) the Hurewicz homomorphism with spherical image 2,(X),
and 4 = A(w), the augmentation ideal in the integral group ring Z=. If M is a
a-module, then M7 is the submodule of elements fixed under the action of 7
and AM is the submodule generated by {a-mla € A, me M}. If 7 is a
finite group and M any w-module, let yM = ker{N: M — M} where N (m)
= N-mand N =3 ___x is the norm element in Zx.

xemw

1.1. THEOREM. Let X be any [, 2]-complex. The following table expresses the
theorem: H{®(m) is the homology (cohomology) of the group m with coefficients
in the trwtal 7-module Z. HY, *)(X ) is the cellular homology (cohomology) of the
space X, considered as a m- module via the action of  on X.

A. = arbitrary B. « finite
(2) Hy(X)/Zy(X) = Hy(m) = my(X)"/N - my(X)
(b) ker h/A - my(X) = Hy(m) =nmy(X )/ A~ 7(X)
() ker{p*: HXX)— H¥X)) = H¥m) =nH(X)/A - H¥X)
(d) HYX)"/im p* = H(7) = H¥X)"/N - H*(X)

Note. The Hopf theorems are expressed as 1.1 A(a), (b).

2. Arbitrary fundamental group. Given any two (left) 7-modules 4, B,
A®,B=AQB

is the 7-module with diagonal action given by x(a ® b) = xa ® xb (x € =,
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a € A, b € B). For any connected [#, 2]-complex X and #-module G, let
H,(X; G) denote singular homology with local coefficients in G.

2.1. THEOREM. For any |7, 2}-complex X and any w-module G,
() H\(X;G) = H(m; G),
(® H3(m; G) = Hi(m my(X) ® G) (i > 1),

(€©) 05 Hy(m; G)— Hy(m; 71(X) ® G) in(X; G) - Hy(7; G) -0,

is an exact sequence of m-modules, where h is induced by the Hurewicz
homomorphism [4].

With G = Z, the trivial #-module, 2.1(c) is equivalent to the theorems of H.
Hopf for [#, 2]-complexes given in 1.1 A(a), (b).

If G is an arbitrary 7-module, then any module of the form Zz ® G (with
diagonal action) is called induced. If F is any free #-module, then

F®G ;(@A(ZW)A) ®G=2ZrQ® (AEBAGA)

is induced. A direct computation shows that H,(7; Zm ® G) = 0 for any
i > 0 (see [7, p. 211]). Thus it is not surprising that if one [#, 2]-complex X
satisfies 2.1(b), then so does any other [#, 2]-complex X'. This follows
because a theorem of J.H.C. Whitehead implies that 7,(X) @ F = 7(X") ®
F’ for suitable free 7-modules F and F".
PROOF. Let X be the universal cover of X and
XX

\

K(m, 1)
be the associated fibration (see [10, p. 286]). The Serre spectral sequence for
local coefficients in G has E2 = H,(7; H (X G)) (H, (X G) is the gth
cellular homology of X with (standard) coeff1c1ents in the underlying abelian
group G, of G and is considered a 7-module via the diagonal action of = on
C (X )® G and converges to H (X; G)). X is simply connected and two-

dimensional yields E;’, = 0 unless ¢ = 0, 2. A long exact sequence thus arises
[10, p. 240]:

H,_y(m;71(X)® G) - H,(X; G) > H;(7; G)
SH,_y(m31(X) ® G) > ... — Hy(X; G) — Hy(m; G)

d
S Ho(ms m(X) ® G) 5 Hy(X; G) = Hy(m; G) — 0.

This, together with the fact that X is 2-dimensional, yields the result. It is well
known that if p: X > X is the projection, then p,: HZ(X) - HyX) is
(essentially) the Hurewicz map. So with the identification

m(X) cm(£) DR

we have # is induced by h: 7 (X) > H,(X), according to [10, p. 271].
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SECOND PROOF OF (b). For this we use the trick of W. Cockcroft and R.
Swan [3] together with the fact that H,(7; M) = 0 (i > 0) for any induced
module M. The [#, 2]-complex X gives rise to an exact sequence of 7-modules

. & 4 e
€ (X): 0> my(X) > C,—C,—> Co> Z—0,

where G*(X~ ) is the cellular chain complex for the universal X, C, is a free
w-module with rank equal to the number of i-cells in X, and & is the
augmentation homomorphism. This spawns three short exact sequences

0-m(X)®G-C,® G- B, ®G-0,
0B, ®G->C,®G—>B,® G0,
05B,®G->Cy®G—->G—0.
Since H;(m; C; ® G) =0 for i > 0, the coefficient sequences for H;(w, -)
associated with the above exact sequences give
9+
Hyyi(7, B, ® G) = H,(m; 7,(X) ® G),
3t
H,\o(7, By® G) = Hi, (7, B, ® G),

3
Hyo(m,G) > Hypo(m, By® G) (i > 1).

Then B =9,,,9,,,9;,5 is the prescribed isomorphism. That 8 = d; in the
spectral sequence is implied by the discussion in [11, p. 343].

For any two left 7-modules 4, B, define Hom(A4, B) = Hom,(4, B) to be
the #-module with diagonal action: (xf)(a) = xf(x"la) (x € =, f €
Hom(A4, B), a € A). We state the corresponding results for cohomology (with
similar proof).

2.2. THEOREM. Let X be a [m, 2]-complex, G a m-module. Then
(a) HY(m; G) = H'(X; G),

(b) H(m; HX(X; G)) > H™*¥(m G) (i > 1),

(©) 0 H¥7; G)— H¥X; G) 5> H(m; H(X; G)) > H(m; G) -0

is exact, where p is induced from p: X X. Again H 2(X~ ;_G) has untwisted
coefficients in the underlying abelian group G, of G, and H XX; G) is considered
a w-module via the diagonal action on C*(X; G) = Hom,(C,(X), G).

Note. For G = Z, 2.2(c) yields Theorem (1.1) A(c), (d). The use of the
Cockcroft-Swan technique to prove 2.2(b) is possible because for any free
m-module F = @, _,(Z7),, Hom,(F; G) is coinduced; that is to say,

Hom(F, G) = Hom(Zw, 11 (G)A)
AEA
as m-modules. This implies that H'(7; Hom(F; G)) = 0 for i > 0 [7, p. 211].

_3. Finite fundamental group. For = finite we use the Tate cohomology
H'(m; -) (i € Z)[1, Chapter 11] given by
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Hi(m; G) if i >0,
A (7 G) G"/N-G ifi =0,
5 =
N€/A4-G ifi=—1,

H_,_ (7 G) ifi <0,
where 4G = ker{N: G— G} and A-G is the submodule generated by
{a-gla € A(n), g € G}.

3.1. THEOREM. Let 7 be a finite group and G an arbitrary m-module. If X is
an [m, 2]-complex, then

@) H'(7; G) = H'*¥(7; my(X) ® G) (1 € Z),

(i) H'(m; G) = H' ¥=; H(X; G)) (1 € Z).

PrOOF. Apply the Cockcroft-Swan technique to the exact sequences
(i) 0 7y(X) > Cy(X) > C(X) > Co(X) > Z -0
and
(ii) 0— Z - Hom(Cy, G) > Hom(C,, G)

— Hom(C,, G) > H*(X; G) - 0.

In order to apply this, one needs to use the fact that H *(m; F)=0for F a
free m-module [1, p. 199] or F = Hom(F’, G), where F’ is free.

Note. 3.1 proves Theorem 1.1 B(a)-(d) simply by letting G be the trivial
a-module Z and by setting ¢ equal to the following values:

(1.HB | t equals
(a) —31n (i)
(b) — 4in (i)
) 2 in (i)
(d) 3 in (i)

Other values of ¢ lead to interesting information:

(&) H¥(m; my(X)) = H (m) = 0 (1 = — 1 in (i),

(f) Hy(m; HX(X)) = H™'(m) = 0 (r = —1 in (ii)),

() H'\(m; my(X)) = H (7)) = abelianization of 7 (1 = —2 in (i)).

(e), of course, is a result of A. J. Sieradski [5] and allows one to show that,
for X a [m, 2]-complex, the self-equivalence group & (X) of homotopy classes
of homotopy equivalences X — X is isomorphic to Aut T(X), the group of
automorphisms of the algebraic two-type T(X) of X [5].

Finally, 3.1 has the following amusing corollary.

3.2. COROLLARY. Let 7 be a finite group. If m admits a [m, 2]-complex such
that HX(X) = n,(X) as m-modules, then H'(7) = H'*%(n) (i € Z). Thus = is
a periodic group of period 2 or 6.

For example, if X is any finite [Z,, 2]-complex, then H3(X) = m(X) as a
Z,-module [6].

4. Generalizations. In this section we point out that these theorems, suitably
interpreted, hold in much greater generality. The proofs are essentially the
same.



404 M. N. DYER

(a) All the results of this paper may be interpreted for 7, m]-complexes:
connected, m-dimensional CW complexes such that w,(X ) = « and for which
X is (m — 1)-connected (m > 2). Thus, for example, if 7 is finite and X is any
[7, m]-complex, then

H' (m;G)= H*"* (m;n (X)®G) (1€ Z).

(b) Even further, the results hold for quasi [7, m]-complexes: connected
CW complexes such_that =,(X) = =, X is (m — 1)-connected, and the =-
module C, (X)/B (X) is projective [4]. As is seen in [5, Theorem 1.3], X is a
quasi [7, m]-complex iff X has the topological m-type of a space dominated
by a [7, m}-complex. If m > 3, then X is a quasi [#, m]-complex iff X has the
m-type of a [, m]-complex.
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