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NOTE ON A RESULT OF KAPLAN

KENNETH S. WILLIAMS

Abstract.   A simple proof is given of a congruence (due to Kaplan)

involving the number of solutions of a certain biquadratic congruence.

Let p be a prime = 1 (mod 4) and let q be an odd prime distinct from p.

Let N denote the number of solutions of x4 + • ■ • + x* = q (mod p). In [2]

Kaplan claims to compute N exactly (see pp. 115, 140, 141) but in fact he only

determines N modulo q (for counterexample see example at end of this note).

Fortunately this is all that is needed for his delightful proof of the law of

biquadratic reciprocity. In this note we giye a very simple derivation of

Kaplan's congruence for N modulo q based on properties of Gauss and Jacobi

sums (see for example [1]).

We let a, b be such that p = a2 + b2, a = 1 (mod 2), b = 0 (mod 2),

a — b + 1 = 0 (mod 4), and set 77 = a + bi, so that p = irïï, with

m = -1 (mod (1 + ¡)3).

Next we let x„ be the (nonprincipal) biquadratic character (mod p) given by

f/•   if t ¥> 0 (mod/>) and t^~x^A m ie (mod w) (0 < e < 3),

\o     if / = 0 (mod p),

and set for 1 < k < 3, 1 < / < p — 1,

r*(0 -   2  xïiMlx)   («(") " exp(2îriu//0)
x=\

so that Tk(l) = Xs(0TA:> where jk = rk(l). It is known (see for example [1, pp.

430, 463]) that

T,f,   =T3T3=/>,      T3   =   (-l)^')/4f,,      TlT3   =  (-l)^-1VV

1/2 4 2 4 —2
T2  = p'   ,     T,    = piT   ,     T3   = ptT   ,

p-\

2  e(i*4) = t3x„(0 + t2x2(0 + t,x2W    (f # 0 (mod/»)).
x=0
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Then we have

N- 2 2* e(t(x\ + ■ ■ ■ + x4 - q))
P *!,...,*, =0 r=0

P
= />«"' +

p-\ rp-\ ^q

2   <-qt){   2   e(tx4)\

lH
= if + ^ 2   e(-q,){r3xA') + *l£(t) + ', X¿(0}9

- Pq~x + I 21 K-?0Wxî(0 + t29x^(0 + tó«} (mod q).
F 1=1

Case (i): q = 1 (mod 4). We have modulo q,

N - />«-' +í-1{Xí(-?h^ + xK-^Vr1 + xK-?Kr3}

- ^-' + X,(9)(/^2)(9-1)/4 + {q/p)fi~m + X.(^)(X)(?-1,/4-

Case (ii): a ■ 3 (mod 4). We have modulo q,

N - P«-X + \{xl(-q>rX + xl(-q)4+{ + X,(-<7h9+1}

- **-» + I(_l)^-l)/4Xî7(^)(^2)(<? + .)/4 + (|y^0/2

^(-i)(p-1)/4x,(.)(^2)(9+,)/4.

Thus we have established

Theorem.

,(9-0/2«'- + (I)'"
+ (|) ^-')/4>-D/2 + (|) p(q-l)/4-{q-l)/2 (mod ff)f

= < r/4 = 1 (mod 4),

jfl-\ + (äW0/2 + (_l)(^-»)/4/îJ ^r-3)/4»(í+l)/2

+ (-l^'Wj) ^-3)74^+0/2 (mod ?))   l/<? . 3 (mod 4)

Example. Take/) = 5, a = 3, it = 1+2/, so that (q/p) = -1, (a/7r)4 = -i,

(9/^)4 = '■ The theorem gives TV = 28 (mod 3). It is easy to see that

x4 + x\ + x4 = 3 (mod 5) has TV = 64.
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