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EULER CHARACTERISTICS OF COMPLETE INTERSECTIONS
JOHN EWING AND SURESH MOOLGAVKAR!

ABSTRACT. We point out that a conjecture of Chen and Ogiue, regarding the
Euler characteristic of complete intersections, is a simple consequence of a
theorem of Hirzebruch.

Let Fy, F,, ..., F, be nonsingular hypersurfaces of degrees q,, a,, ..., q,
in complex projective space CP”*’, and suppose that these hypersurfaces are
in general position. The intersection F, N F, N - - - N F, is a nonsingular
algebraic manifold denoted by V,[a,, a,, . .., a,]. In [1] it was conjectured
that the Euler characteristic, x(V,[a,, a,,...,a])=n+ 1 if and only if
a;a, - - - a, = 1in case n is even; and x(V,[a;, a5, ..., a]) =n + 1if and
only if either a@,a,---a,=1or aja,- - - a, =2 in case n is odd. In this
short note we point out that this conjecture is a trivial consequence of the
result of Hirzebruch [2].

THEOREM 1 (HIRZEBRUCH).

0 a|a2 .. a’ r l
Viaayay ..., al)z"= H .
ngOX( [ 1 92 ]) (- 2)2 P 1+ (a— 1)z
ReMARK. Clearly, a,a, - - - a,|x(V,la;, a,, - - -, a,]).

We note that we have explicit expressions in the 2 cases:

x(V[a])=n+2+(1-a)"**-1)/a,

X(¥,[2.2]) = 201 + (- 1))
LEMMA 2.
(=D)x(Vu[apay ..., 4a])
n
= a,kzo(a, - l)n_k(_ l)kX( Vk[al» ay ..., a_y])
Proor. This follows immediately by multiplying power series and Theorem
1. QED.

LEMMA 3. If ajay -+ - a, > 2 then (—1)"x(V,[a,, a5, . . ., a]) > 0.
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Proor. Using Lemma 2 inductively, the statement reduces to the fact that
(-1)"x(V,[2,2]) >0 and (-1)"x(V[a]) >0 fora>2.
Q.E.D.

LemMA 4. Ifajay - - - a,_; > 2 then

(-D)'x(V,[ap, a5 ..., a]) 2 (=D)'ax(V,[aay ..., a,_,]).
ProOF. By Lemmas 2 and 3, (—1)"x(V,[a;, a5, . . ., a,]) is given as a sum
of positive terms, the last of which is (— 1)'a,x(V,[a;}, a5, . . ., a,_;]). Q.E.D.

COROLLARY 5. If x(V,[a,, a5, ..., a]) = n+ 1, then one of the following
two cases obtains:
(@) nisevenand aa,- - - a, = 1.

(ii) n is odd and either aya, - - - a, = l or aja, - -+ a, = 2.

PRrOOF. Suppose that n is even and a,a, - - - a, > 2. Then by the remark
following Theorem 1, a; > 2 for each i. Applying Lemma 4 inductively, we
have for some a > 2,

n+1=x(V,[a,...,a])>x(V,[a]) >n+1,

a contradiction.
Suppose that n is odd and a,a, - - - @, > 2. Then, by Lemma 3,

x(V,[apay ..., a])<0,

a contradiction. Q.E.D.
We remark that a similar argument shows that the signature,

T(Valapay ... a]) =1

if and only if a;a,,...,a, = L.
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