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UNIFORM STRUCTURE IN TOPOLOGICAL
GROUPS

GERALD ITZKOWITZ

ABSTRACT. A characterization is given of those locally compact groups
having equivalent right and left uniform structures. It is shown that a-
compact locally compact groups have equivalent uniformities iff for each
right uniformly discrete set B such that card (B) < a and each neighbor-

hood U of e, N, ¢pxUx~! is a neighborhood of e. It is also shown that a

group is not unimodular iff it contains an open o-compact group which is not
unimodular.

1. Introduction. In this paper we give a characterization of those locally
compact topological groups that have equivalent right and left uniform
structures. Our characterization is in terms of a notion called a-compactness
which is a generalization of g-compactness in topological spaces.

Let a be a cardinal number. G will denote a topological group.

DEFINITION. A topological space X is said to be a-compact if X can be
written as a union of « compact sets and if X cannot be written as a union of
B compact sets if B8 < a.

The idea for using this approach to studying the right and left uniformities
on a topological group came from two pieces of work. The first piece was a
manuscript circulated among friends and colleagues concerning uniform
structure in o-compact locally compact topological groups. The second work
is a paper [1] by Comfort, Itzkowitz, and Ross in which the problem of
determining the size of closed subgroups of a topological group is solved in
terms of a-compactness in the case where a topological group is locally
compact. We will show that in the case of locally compact a-compact
topological groups, that the problem of determining equivalent or inequivalent
uniform structure is solvable in terms of discrete sets of cardinal a (if « is
infinite).

We will follow definitions 4.11-4.13 in Hewitt and Ross [4] concerning right
and left uniform structures on G. We will need the following observations
concerning uniform structures for our paper.

1. The topology on G defined by the left uniform structure consists of all the
sets {xU: x € G, U a neighborhood of e} and the topology on G defined by
the right uniform structure consists of the sets {Ux: x € G, U a neighborhood
of e}.

2. The right and left uniform structures are equivalent if for every
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neighborhood U of e there is a neighborhood ¥ of e such that x¥x~! C U for
all x € G (see [4, 4.14(g)]).

NoTtAaTION. We will always denote the identity element of the group by e.
card(4) will denote the cardinal number of A4.

We will have occasion to use the following two important and classical
theorems of topological groups.

[A] THEOREM [4, 4.9] . Let G be a topological group, let U be any neighborhood
of e, and let F be any compact subset of G. Then there is a neighborhood V of e
such that xVx~' C U for all x € F.

[B] THEOREM (KAKUTANI AND KODAIRA). Let G be a o-compact and locally
compact topological group. Then for every countable family {U,: n = 1,2,...} of
neighborhoods of e, there is a compact normal subgroup N C G such that
N C N, U,, and G/N has a countable basis for its open sets.

Note. The theorem of Kakutani and Kodaira is proved for compactly
generated groups in Hewitt and Ross [4, 8.7], and, for the more general case,
in the original paper by Kakutani and Kodaira [6] and in Halmos [3]. Direct
proofs may be found also in [2] and [5]. This theorem is the main tool of this
paper and of [1] and [5].

2. Inequivalent uniform structures in a-compact groups.

2.1. THEOREM. If G is a locally compact and a-compact topological group, and
if V is a neighborhood of e then N, cgxVx~" is a neighborhood of e if and only
if for every set A such that card (A) < a the set N ¢ A)ch'l is a neighborhood
of e.

PROOF. Let H be an open g-compact subgroup of G and let N be a compact
normal subgroup of H such that H/N is a separable metric group (such an N
exists by Theorem [B]). It follows from 8.14(d) of [4] that G/N is a metrizable
space. Since G/N is a continuous image of G, G/N can be written as a union
of a or fewer compact (metric) subsets. Thus G/N has a dense subset J where
card (/) < a.

For each & € J choose one distinguished element x € ¢~!(%), where
@: G —> G/N is the canonical map, and let

J = {x: x is the distinguished element of ¢~!(%), £ € J}.

Then obviously card (/) < a« and so our hypothesis implies that W
= N, eyxVx"!is a neighborhood of e € G. Thus since N is compact we may
apply Theorem [A] to conclude that

-1 _ -1),-1 -1
Oow = 0o = 0,
is a neighborhood of e. Since J is dense in G/N it follows that NJ is dense in
G. Thus we have shown the existence of a dense subset D C G such that
W, = NM,epzVz ! is a neighborhood of e.
Choose now y € G. Let {y,} be a net in D such that y, —> y. Then
Wo CyVy, !for each v, or equivalently yy ! Woy, C V for each y. Since G is



UNIFORM STRUCTURE IN TOPOLOGICAL GROUPS 365

completely regular there is a neighborhood U of e such that U C V. Obviously
the above argument may be used to select a neighborhood W, C W, such that
N,epz ' Wiz C U CU. Thus we see that y, 'wy, = y~'wy € U for each
w € W;. Hence y"'W,y C U C V. Since y € G was arbitrary and W,
depends on U it follows that W] C ﬂyEGyVy" and thus ﬁye(;yVy_l is a
neighborhood of e.

The converse is obvious.

In what follows we will show that the study of equivalent uniformities can
be reduced to the study of sets A which have card (4) < a where 4 is discrete.

DEFINITION. The set A C G is right-uniformly discrete if there exists a
neighborhood U of the identity in G such that for all x, y € 4 where x # y
the relation Ux N Uy = & holds.

2.2. LEMMA. Let G be locally compact and let U be a neighborhood of e € G
such that U is compact. Let A C G be such that Ne,xUx™' is not a
neighborhood of e. Then there is a right-uniformly discrete set B C A such that
N,epxUx~" is not a neighborhood of e.

PROOF. Let a = card (4) and let 4 = {x,: 1 < a} be a well ordering of 4.
We select the subset B C A as follows.

The first element of B is x,, = xg. The second element of B is x, where x,
is the first element in the well ordering of A such that x, & Ux, . Using
transfinite induction, letJ = {n;: n; < a} be a set of ordinal numbers with the
following properties:

(a) For each j, Xy, & Uic;Uxy.

(b) m; is the first ordinal greater than or equal to sup, ;{n;} such that (a)
holds.

Then B = {x,: n € J}. We may observe that A C UB. We will show that
B is a right uniformly discrete set such that Uy = N, cpxUx~! is not a
neighborhood of e.

Since U is compact Theorem [A] shows that if Uy is a neighborhood of e
then N, e yxUyx~! is a neighborhood of e. However,

N xUpx™' = N x( N yUy“)x“ = N 2Uz7'c N zUz7!
xeU x€U \y€BRB zeUB ZEA

since A C UB. This contradicts the fact that M, ,zUz"! is not a neighbor-
hood of e.

To see that B is right-uniformly discrete we let W be a symmetric
neighborhood of e such that W2 C U. Then the collection {Wx: x € B} is
pairwise disjoint. To see this let x,, x5 € B. Without loss of generality we may
assume y < B. Thus xg & Ux, and therefore if z € Wx, N Wxg we would
have z = w; x, = wyxpso that xg = wy 'wyx, € W2x, C Ux,, a contradic-
tion.

2.3. THEOREM. Let G be a locally compact and a-compact group. Then G has
equivalent uniformities if and only if for each right-uniformly discrete set B
satisfying card (B) < a and each neighborhood U of e, N ¢ Bxe'] is a
neighborhood of e.
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3. Some further remarks and observations. In our constructions in the proofs
of 2.1 and 2.2 it is not clear whether one needs sets 4 with card (4) < a.
There is a possibility that even in the case where G is a-compact that the
question of equivalent or inequivalent uniformities in the group may be settled
just by the use of discrete sequences in the group. This would certainly be the
case if every locally compact group with inequivalent uniform structures
contains an open ¢-compact subgroup with inequivalent uniform structures.
While it is unlikely that this remark will be true, in general, it turns out that,
in at least the case of G being nonunimodular, it is true.

3.1. THEOREM. Let G be a locally compact topological group. Then G is
unimodular if and only if every open o-compact subgroup of G is unimodular.

PrOOF. If G is not unimodular we have that A, the modular function, and
1/A are unbounded on G. Thus we may select a sequence {x,} C G such that
for each n, A(x,) > n. Let U be a symmetric neighborhood of e € G such that
U is compact. Then

o _ _ _ .
F,; =181[U U {xl,xz,...,x,,} U {X] l,le,...,x,,l}]j

is a o-compact open subgroup of G. Clearly F = U;2 | F, is an open o-
compact subgroup of G. Furthermore Ar = A| is not unimodular and is the
modular function of F. The converse is easy.
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