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THE FINITE INTERSECTION PROPERTY ON
ANNIHILATOR RIGHT IDEALS

J. M. ZELMANOWITZ'

ABSTRACT. In this article the finite intersection property on annihilator right
ideals will be shown to be an adequate substitute for more stringent chain
conditions on such ideals. One application of the investigation will produce
a new characterization of orders in semisimple artinian rings, another will
generate new classes of absolutely torsion-free rings.

Until otherwise indicated all rings are arbitrary associative rings not
necessarily possessing an identity element. To simplify the statements of the
results, we expand the usual definition of a prime ideal to include the ring
itself. For any subset 4 of a ring R we set r(4) = (0: A) = {r € R|Ar = 0},
the right annihilator of 4; (0: x) being written for (0: {x}). More generally,
for A and B subsets of R, (B: A) will denote {r € R|Ar C B}. We let I[(4)
denote the left annihilator of 4.

A ring R is said to have the finite intersection property on right annihilators
provided that whenever r(4) =0 for a right ideal 4 C R there exists
Xy ..., X, € A with N7_,(0: x;) = 0. It is readily apparent that a ring which
satisfies the descending chain condition on right annihilators possesses this
property; for choosing x,, ..., x, € 4 with N7_,(0: x;) minimal among all
such intersections forces MN7_,(0: x;) = 0. The converse is false however. For
instance a commutative subdirectly irreducible (i.e., having a unique minimal
ideal) nil ring which is not nilpotent has the finite intersection property; in
fact it satisfies the stronger requirement that N _,(0: x) = 0 implies that
(0: x) =0 for some x € A. But such a ring cannot satisfy the descending
chain condition on annihilators, else by well-known theorem [3, Theorem 1] it
would be nilpotent. For a specific example of such a ring one may take any
subdirectly irreducible homomorphic image of @, <a<1FX, Where F is a field
and multiplication is defined by x,x5 = x,.4 if @ + B < 1 and 0 otherwise
(see Example 3 of [1]). This example also demonstrates that finite intersection
properties on annihilators cannot force the nilpotence of nil rings.

A ring will be called nonsingular if its right singular ideal Z(R) is zero,
where Z(R) = {a € R|(0: a) is an essential right ideal}.

PROPOSITION 1. Assume (1) r(P) = O for every prime ideal P of R; and
(2) R has the finite intersection property on right annihilators.
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Then given any nonzero right ideal I of R there exist x,, . .., x, € I with
N7-1(0: x) = 0.

ProoF. It suffices to show that r(I) = O for all nonzero right ideals /. If this
is not the case, then use the finite intersection property together with Zorn’s
lemma to choose a right ideal P maximal with respect to r(P) # 0. Now
r(P + RP) = r(P),so P = P + RP by the maximality of P, and thus P is an
ideal of R. In fact P is a prime ideal. For if 4 and B are ideals of R properly
containing P then r(4) = r(B) = 0. Hence r(4AB) = 0, and it follows that
P & AB. Thus P is a prime ideal with r(P) % 0, a contradiction which
establishes the conclusion. ||

CoOROLLARY. The rings satisfying the hypotheses of Proposition 1 are prime
nonsingular rings.

Proor. For in particular r(/) = 0 for every nonzeroright ideal I, whence R
is prime. Also if Z(R) # 0 then we have the contradiction that N}_,(0: x;)
= 0 for some x, ..., x, € Z(R). |

We call a ring R prime (semiprime) right Goldie if R is prime (semiprime),
nonsingular, and finite dimensional. As is well known, these properties
characterize right orders in simple (semisimple) artinian rings [2].

THEOREM 2. Assume (1) r(P) = 0 for every prime ideal P of R;
(2) R has the finite intersection property on right annihilators;
(3) R has a uniform right ideal.

Then R is prime right Goldie.

PRrOOF. In view of the preceding corollary it remains only to prove that R is
finite dimensional. Let / be a uniform (i.e., 1-dimensional) right ideal of R.
By Proposition 1, there exist x, ..., x, € I with N7_,(0: x,) = 0. It follows
that the homomorphism ®: R — 1™ defined by ¢(r) = (x,r, ..., x,r) is an
isomorphism. Hence by [2, Theorem 1.1] R is finite dimensional. ||

With but slight modification these results can be extended to semiprime
rings. We will therefore not give complete proofs.

PROPOSITION 3. Assume (1) P N r(P) = O for every prime ideal P of R;
(2) R has the finite intersection property on right annihilators.
Then given any right ideal I there exist x,,...,x, € I with

N ©0:x)nI=0.
i=1

In particular, R is a semiprime nonsingular ring.

ProOOF. If the conclusion fails then one can use Zorn’s lemma to choose a
right ideal P maximal with respect to the property that r(F) N P # O for all
finite subsets F of P. If G is a finite subset of P + RP, then there exists a
finite subset F of P with r(F) C r(G), and from this it follows that P = P +
RP, so P is an ideal.

Next, from the finite intersection property one has that r(P) # 0.
Furthermore P N r(P) # 0. Else P & P + r(P), whence there exists a
finite subset H C P + r(P) such that r(H) N (P + r(P)) = 0. From H one
obtains finite subsets F C P and G C r(P) with H C F + G. Now
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H(r(Fyn P)C F(r(F)nP)+ G(r(F)n P)
=G(r(F)nP)Cr(P)PCr(P)nP=0.

Sor(F)n P C r(H) N P = 0, contradicting the choice of P.

If 4 and B are ideals properly containing P, it follows that r(4) N 4 =0
=r(B)N B. Also r(AB)Nn (A N B)=0. For if x € r(AB)n (4 N B),
then Bx C r(4) N A = 0 whence x € r(B) N B =0.Finally P & AB; for
if P=AB then 0# r(P)N P Cr(AB)Nn (AN B)=0. So P is a prime
ideal with P N r(P) # 0, contradicting (1).

Additionally, we have r(I) N I =0 for every right ideal I, so R is
semiprime. Also if Z(R) # 0 there exist z,,...,z, € Z(R) with
Z(R) N N7_,(0: z)) = 0, which is impossible since N7_,(0: z,) is an essential
right ideal. |

As in Theorem 2 we get the following immediate consequence.

THEOREM 4. Assume (1) P N r(P) = 0 for every prime ideal P of R,
(2) R has the finite intersection property on right annihilators;

(3) R has a faithful finite dimensional right ideal.

Then R is semiprime right Goldie.

COROLLARY. If R is a prime (respectively, semiprime) ring satisfying the
descending chain condition on right annihilators and possessing a uniform
(respectively, faithful finite dimensional) right ideal, then R is prime (respec-
tively, semiprime) right Goldie.

Right absolutely torsion-free rings (abbreviated as ATF rings) were in-
troduced in [4] as rings with identity elements in which for every kernel
functor (synonym: left exact preradical) ¢ on right R-modules with o(R)
# R, o(R) = 0. See [4] or [5] for the terminology used here. It is straightfor-
ward to see that R is a right ATF ring if and only if given any nonzero right
ideal I of R, R can be embedded in I™® = I @ - - - @ I for some positive
integer n (equivalently, there exist x,, ..., x, € I with N}_,(0: x;) = 0). See
[5] for a proof of this and other characterizations. We remark that all of what
follows is valid for rings without identity elements, provided appropriate
modifications are made. However for the sake of simplicity we henceforth
assume that rings contain identity elements.

In this terminology, Proposition 1 can be restated as follows.

PROPOSITION 5. If R is a prime ring satisfying the finite intersection property
on right annihilators then R is right ATF.

COROLLARY. A prime ring which satisfies the ascending chain condition on left
annihilators is right ATF.

PrOOF. The ascending chain condition on left annihilators is equivalent to
the descending chain condition on right annihilators. ||

For convenience, let us call a right ideal I exceptional if R cannot be
embedded in 7™ for any positive integer n. The next result follows directly
from an examination of the proof of Proposition 1.

PROPOSITION 6. R is right ATF if and only if every nonzero prime ideal of R
is not exceptional.
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PROPOSITION 7. If P is a maximal exceptional right ideal of R, then P is a
prime ideal, either r(P) =0 or P = Ir(P), R/ P is right ATF, and P = o(R)
where ¢ is the kernel functor associated to the topologizing filter § = {I|I is a
right ideal containing N7_,(0: p,) for some p\, . ..,p, € P}.

ProoF. This is trivial if R is right ATF, so we may assume that R is not
ATF. As in the proof of Proposition 1, a maximal exceptional right ideal of R
is a prime ideal. If P # Ir(P). then Ir(P) is not exceptional, so there exists a
monomorphism f: R — Ir(P)™ for some positive integer n. Since f(r(P))
= f(1)r(P) = 0, it follows that r(P) = 0.

To see that R/ P is right ATF, let a right ideal / 2 P be given. By the
choice of P there exists a finite subset F C I with r(F) = 0. Certainly
P C(P: F). If P 5 (P : F), then there exists a finite set G C (P : F) with
r(G) = 0. But FG is a finite subset of P, whence r(FG) # 0, a contradiction.
Thus P = (P : F) which proves that 7/ P is not exceptional in R/P. So R/ P
is right ATF.

For the final statement of this proposition, recall that

o(R) = {a € R|(0: a) € F},

from which it is obvious that P C a(R). Note that since P is exceptional,
0Z . If P+# o(R) then there exist xy, ..., x, € o(R) with N]_,(0:x,)
= 0. So 0 € &, a contradiction which establishes the fact that P = ¢(R). ||

The author gratefully acknowledges the improvements suggested by the
referee, and the assistance of L. W. Small in providing the example which
appears at the beginning of this article.
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