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AN EMBEDDING THEOREM

FOR CERTAIN SPACES

WITH AN EQUIDISTANT PROPERTY

SAM B. NADLER, JR.1

Abstract. It is shown that certain metric spaces with the unique equidis-

tant property can be topologically embedded in the real line. Several

examples are given which show that the spaces considered are nontrivial, and

which indicate that the technique of proof is necessary.

1. Introduction. A metric space (X,d) is said to have the unique equidistant

property, written iX,d) G UEP, provided that if a, b G X with a =£ b, then

there exists one and only one point x G X such that dia,x) = dib,x); the

point x will be denoted by E(a, b) and the function E: [X X X]\A —> X will be

called the equidistant function [A denotes the diagonal of A' X X].

In [1], where UEP was denoted UMP, Berard showed that a connected

metric space with UEP is topologically a connected subset of the reals Rl. The

main purpose of this note is to prove that any locally compact separable

metric space having UEP is topologically embeddable in Rl (see (2.5)). A

second purpose is to give examples of such spaces which are neither connected

nor totally-disconnected. Also, an example is given of a metric space having

UEP which is not embeddable in R .

Throughout this paper the symbol X denotes cartesian product and the slash

"\" denotes complementation for sets. The word nondegenerate means consist-

ing of more than one point.

For other papers related to material here and in [1] see, for example, [2] and

[5] through [9]. In particular, I first became interested in these subjects when I

read the lovely article by Loveland and Wayment [9].

2. Results. The main result is (2.5). First, some lemmas.

(2.1) Lemma. If C is a nondegenerate connected subset ofiX,d) G UEP, then

Ei[C X C]\A) C C.

Proof. Assume a, b G C such that a # b.  Define /: C -> /?'  by /(y)
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= dia,y) — dib,y) for each_v G C. Clearly/is continuous and/(a) < 0 while

fib) > 0. Hence, since C is connected, there exists y0 E C such that f{y0)

— 0, i.e., dia,y0) = dib,y0). Therefore, Eia.b) = y0 E C.

(2.2) Remark. Lemma 2.1 implies UEP is inherited by connected subsets.

(2.3) Lemma. Let Y = A U {p, ,p2,... ,pn,...} be a compactum consisting

of an arc A with endpoints e, and e2 and a sequence of points pn £ A such that

pn —» p E [A\{ex, e2}]. Then Y cannot be a subspace of any {X,d) E UEP .

Proof. Suppose I'd and {X,d) E UEP . Choose k large enough so that

dipk,ei) > dipk,p) for each i = 1 and 2. Choose e > 0 such that, for each

;' = 1 and 2,

(*) dipk,p)<e<dipk,ei).

Now, for each i = 1 and 2, let Ai denote the subarc of A with endpoints e, and

p. By (*) and the connectedness of each At, there exists a( G A{ such that

dipk,aj) = e for each i = 1 and 2. Also ax ¥= a2, otherwise a, = a2 E [Ax

fl A2] = {p} and therefore dipk,ai) = dipk,p) < e. Hence, E(ax,a2) = pk

(£ A which is a contradiction to (2.1).

The next lemma is a direct consequence of [1, Corollary 13] and (2.2) above.

(2.4) Lemma. IfiX,d) E UEP, then any component of X must be homeomor-

phic to a connected subset of R .

(2.5) Theorem. If iX, d) is a locally compact separable metric space such that

{X,d) E UEP, then X is topologically embeddable in R .

Proof. The proof is the same as the proof of Theorem 2 in [4, pp. 9-10],

except:

(i) Lemma 2.3 above replaces Lemma 2.2 of [4];

(ii) Lemma 2.4 above replaces Lemma 5.1 of [4].

One comment about the proof of Theorem 2 in [4] that may be helpful: On p.

10 of [4] we showed that a certain one-point compactification N* satisfies (1)

and (2) of Theorem 1 of [10]. We did not show that N* is embeddable in some

Euclidean /.-space, which is one of the hypotheses in Theorem 1 of [10].

However, if a compact metric space satisfies (1) and (2) of Theorem 1 of [10],

then it is embeddable in Euclidean 3-space. This follows from the fact that any

compact metric space X, each component of which is of dimension < 1, is

itself of dimension < 1 (let v: X —> Y denote the natural map of X onto the

compact 0-dimensional decomposition space of X into the components of X,

and apply [3, p. 92] to v).

3. Examples. Throughout this section let R2 denote the Euclidean plane with

the usual metric p,

p{{xx,yx),{x2,y2)) = [(x, - x2)2 + iyx - y2) ]1/2
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for each (xx,yx), (x2,y2) G R . I will also use the symbol p to denote the

metric inherited by any subset of R .

For each of the examples of metric spaces having UEP, given so far in the

literature, the underlying space has been either connected or totally-discon-

nected. I will give some examples of metric spaces with UEP which are neither

connected nor totally-disconnected. As the reader will see, the most important

examples for our purposes will be (3.2) and (3.3). However, the following

simple example is included because some of its features illustrate the necessity

for (3.2) and (3.3).

(3.1) Example. Let

X = {(x,x2) G R2: x > 0} U {(-1, + 1)}.

Then, (X, p) is a locally compact separable complete metric space having UEP

which is neither connected nor totally-disconnected.

Now, let (X,d) be any locally compact separable metric space having UEP

such that X also has the following two properties (which the space of (3.1)

has):

(P.l) each nondegenerate component of X is an open subset of X;

(P.2) the union of the one-point components of X is an open subset of X.

Then a much simpler argument than that given for (2.5) can be given to

show X is embeddable in Rl. We sketch it briefly. By separability, (2.3), and

(2.4) there are only countably many nondegenerate components of X. Thus,

using (2.4) to embed different nondegenerate components in mutually disjoint

subintervals of (— oo, — 1), we obtain by (P.l) an embedding e, of the union of

the nondegenerate components of X into (—oo,-l). By (P.2) and [3, Remark

1, p. 22], the rest of X is (at most) O-dimensional and therefore, by [3, p. 60],

may be embedded in [0,1] by an embedding e2. Then, (P.l) and (P.2) allow us

to paste ex and e2 together to obtain an embedding of all of X into /?'.

Thus, we need examples of locally compact separable metric spaces having

UEP, but not satisfying (P.l) and (P.2), in order to indicate that the use of

Theorem 1 of [10], in the proof of (2.5), was necessary. I now give two such

examples.

(3.2) Example. We use polar coordinates. For each n = 1, 2, ..., let

An = {(1,0): -77 • 21"2" < 0 < -77 • 2~2n\

Bn   -   {(1,0):  77 -  77 • 2~2"   <  0  <  77  - 77 •  2"2"-1},

C = {(1,0): 0 < 0<7r/2}.

Now, let

The fact that (A,p) G UEP can easily be seen from the following simple
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observation. If (1,(9,) and {l,62) are any two points on the unit circle, then the

two points equidistant from them on the circle are diametrically opposite to

one another; in fact, they are (1,(0, + 92)/2) and (1,((9, + 92)/2 + tt). It

follows that iX, p) is a locally compact separable metric space having UEP but

not satisfying (P.l) (the component C is not an open subset of X).

(3.3) Example. For each n = 1, 2, ..., let An and Bn be as in (3.2). Using

polar coordinates, let

D = {(1,(9): w < 0 < 3tt/2).

Now let

X = [u.^,.] U  [flU fi„] U Z> U {(1,0)}.

It is easy, using the observation about the unit circle in (3.2), to see that

{X, p) G UEP . It follows that {X,p) is a locally compact separable metric

space having UEP but not satisfying (P.2) (the only one-point component of

X is {(1,0)}, and it is not an open subset of A").

Thus, (3.2) and (3.3) show the necessity for the use of Theorem 1 of [10] in

the proof of (2.5). They also show that the spaces considered in the hypothesis

of (2.5) are interesting and nontrivial in that they do not have to satisfy (P.l)

and (P.2).

My last example shows that not every metric space having UEP is

embeddable in R . In fact, it is a locally compact metric space having UEP

which is not separable.

(3.4) Example. Let iX,a) be any uncountable metric space having UEP.

Change the metric a to the metric d defined by the following formulas:

(1) dix,y) = 1 + aix,y)    for x, y G X with x =£ y;

(2) dix,y) = 0    if and only if x = y.

It is easy to verify that iX,d) is a metric space and that (X,d) is discrete (i.e.,

{x} is an open subset of X for each x E X). It is also easy to see that, for any

x, y, z G X, dix,z) = diy,z) is equivalent to aix,z) = aiy,z). From this

equivalence and the fact that iX,a) G UEP, it follows easily that (X,d)

G UEP. Since {X,d) is uncountable and discrete, iX,d) is not separable and

(hence) is not embeddable in R .

(3.5) Problem. There are many examples of totally-disconnected separable

metric spaces having UEP (the rationals with absolute-value giving the metric,

a three-point discrete space with equal distance between any two distinct

points, Example 2 of [1], etc.). All the totally-disconnected separable metric

spaces I know of which have UEP are 0-dimensional. Since there are totally-

disconnected separable metric spaces of arbitrary dimension (see the footnote

in [3, p. 23]), the following question arises: Must a totally-disconnected

separable metric space having UEP be 0-dimensional? If the answer is "yes",

then such spaces are embeddable in R] [3, p. 60].
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