PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 59, Number 1, August 1976

FIXED POINTS AND ITERATION OF A
NONEXPANSIVE MAPPING IN A BANACH
SPACE

SHIRO ISHIKAWA

ABSTRACT. The following result is shown. If T is a nonexpansive mapping
from a closed convex subset D of a Banach space into a compact subset of
D and x; is any point in D, then the sequence {x,} defined by x,,,
= 27Y(x, + Tx,) converges to a fixed point of T. As a matter of fact, a
theorem which includes this result is proved. Furthermore, a similar result is
obtained under certain restrictions which do not imply the assumption on the
compactness of 7.

Throughout this paper we consider the following iterative procedure, which
is a special case of the generalized iteration method introduced by W. R.
Mann [7].

DEFINITION. If D is a subset of a Banach space X, T is a mapping from D
into X, and x; € D, then M(x),1,,T) is the sequence {x,},-, defined by
Xpe1 = (1 = 1,)x, + t,Tx,, where {t,}°°_, is a real sequence. If a point x, and
a sequence {7, )7~ satisfy the following three conditions:

o0
(1) 2 1, = oo,

n=1
) 0< 1, <b< 1 forall positive integers n,
and

x, € D for all positive integers n,

then x, and {1,};—, will be said to satisfy Condition A.

Note that if 7, € [a,b] for all positive integers n and 0 < a < b < 1, then
it is obvious that the sequence {1, },>_, satisfies (1) and (2).

These iteration methods have been investigated by Krasnosel'skii [6],
Edelstein [3], Outlaw [9], Dotson [2] and others. They showed that these
iterative methods may be used to find a fixed point of a nonexpansive mapping
T mainly in a uniformly convex Banach space or a strictly convex Banach
space, where a mapping T from a subset D of a Banach space X into X is
called a nonexpansive mapping if T satisfies the condition that ||Tx — Ty||
< |lx =yl forall x,y € D.

In this paper we study the iterative method for nonexpansive mappings
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without any assumption on convexity of the Banach space.

LemMaA 1. Let {s;}2| be a sequence in the real numbers and let {u;};2 be a
sequence in a Banach space X. Then for any positive integer N,

() (3 0-0)

(3) N N-1 N-1 i
=(1_H5i)u1v* > < I1 )( H )(“.+| Su)}
i=1 i=1 L\ j=i+l j=
If X is the real line and u; = 1 for all i, we have the special case

(i—l: s’><igl (- si)>
R S -

Here and hereafter we agree that >/, and []/_,, are defined to be 0 and

1, respectively, for n < m.
PrROOF. When N = 1, the result is trivial. Supposing that (3) is true for some

N > 1, we have
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from which it follows that

{the right-hand side of (3) with N + 1 for N}

= (1= s = 5 {0 5) (- 115 = s}
= ( — SN+ H )uN+l + (11}:[' Si)([_é] (1- Si)“f) - (1 - igl 5;)“N+|
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By induction this completes the proof.

LEMMA 2. Let D be a subset of a Banach space X and let T be a nonexpansive
mapping from D into X. If there exist x, and {1}, that satisfy Condition A and
M(x,t,, T) is bounded, then x, — Tx, converges to zero as n = .

PRrOOF. Since T is a nonexpansive mapping, we have
xps1 = Toprr | = 11 = £)x, + 1, Tx, = Ty |
= (1 = 1,)(en = Tx,) + Txy = Ty |
< (1= t)llxy = Tyl + llx, = Xt l
= (1= t)llx, = Txull + llxy = (1 = 1), + 2, Tx,)|
= [lx, = Tx,|l.

Thus the sequence {||x, — Tx,|/},—, is nonincreasing and bounded below,
so lim,_,  |lx, — Tx,|| exists.
Suppose that lim,_, [|x, — Tx,|| = r > 0. That is, for any &¢ > 0, there

exists an integer m such that
(5) r < xpmei = TxXpeill < (14 e)r for all positive integers i.

Then since T is nonexpansive,
I(TXptiet = Xmaier) = (1= i) (T = X))
= [IT((1 = tys) Xputi + tmgi TXpi)
(6) (1 =ty i) Xmsi + i Tnai) = (1 = 1 N Ty — X)) |l
= 1T = tys) Xmsi + tmti TXmai) = Tl
< tpilXmsi = TXpaill < tii(1 + €)r.

Since {x,};~, is bounded and {z,};>_, satisfies condition (1), there exists an
integer N such that

N-1 N
@) r El Inyi SOM)+ 1. <r ,21 In+i
i= i=

where 8(M) is defined by sup{|lx; — x;[1;0 < i,j < oo}.
Now settings; = 1 — ¢,,,,and v; = Tx,,; — x,,; for all positive integers i,
we get from (6),

®) lwiv1 = sitill = 1 Txpiivt = Xmaivr = (1= Ly i) (Tx s = X))l
S lpri(l+r =1 —=5)(1+¢)r
and
N
Xm+N+1 — Xm+1 = ,2] {1 =ty i) Xmi + i TXpi) — Xm+i)
P
&)

N N
= _21 b i\ TX ;= X)) = 'Zl (1 = s)u;.
i= i=
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Thus using Lemma 1, we have from (9), (3), (5) and (8) that
N-1 N-1
(H Si>”xm+N+| = Xy || = ( H )( 2 (1= si)ui) ‘

I
> (1= Mot =5 {( T 5) (1= 1L s )t = s}
> (= 1) = B 5) (- fo)a—0 o)
[ 20T ) (- fs)a -}
CECH0 ) )

0, which implies from (4) and (7) that

sinces; =1 —1t,,, 21-0b

>
N N-1 -1
[ESTSE S s §| (1-s)- 5’( HI S,')

=

=0 (ma)(20-0) )

(10) r é} (1-5)— er(&];_ll si)_l

\Y%

N
=r '21 Lysi — EF H (1 - m+,)
fm

> 8(M) +1—er ﬁ (1= )"

Since log(1 + y) < y for any y € (—1, 0), we have from (2) and (7),

N—1 4 N-1 1
‘1:]:1 (] - tm+i) iI=_Il (l + tm+i(1 - tm+i) )

I

N—1
exp { 3 10801 + 10,01 - r,,,+i>">}
p2
N-1 -,
<o { 3 bl = 1)}
3

N—1
< exp {(l —b)”! 1§1 tm+,~}
<exp{(1-5)7'(8(M) + Dr').

From this and (10) we get that
8(M)+1—erexp{(1—b)"'(AM)+ 1))
< lxmen+t = Xmar | < 8(M).



ITERATION OF A NONEXPANSIVE MAPPING 69

Since ¢ is an arbitrary positive number, it follows that 8(M ) + 1 < 8(M ). This
contradiction completes the proof.

REMARK. Let T be a nonexpansive mapping from a convex set D in a
Banach space into a bounded subset of D and let (1 — )] + (T be denoted by
T, where [ is an identity map and 0 < ¢ < 1. Then M(x),,T) is bounded
since it is a sequence in the convex hull of the union of 7(D) and the point x;.
Also it is clear that T,"x; — " ' x; = t(Tx, — x,). Therefore we have by
Lemma 2 that 7, is asymptotically regular (i.e. for any x € D, || T"" ' x
— T"x|| > 0asn —> ).

Fixed points and iterative process for compact mappings. Now we shall prove
a fixed point theorem for a nonexpansive compact mapping and show that the
iterative process M(x,,1,, T) may be used to find the fixed point.

THEOREM 1. Let D be a closed subset of a Banach space X and let T be a
nonexpansive mapping from D into a compact subset of X. If there exist x| and
{tulney that satisfy Condition A, then T has a fixed point in D and M(x;, t,,T)
converges to a fixed point of T.

PrROOF. Let Dy, denote the closure of the convex hull of the union of T(D)
and the point x;. A well-known theorem of Mazur implies that Dy, is compact.
The sequence M (x;,t,, T') clearly belongs to D,. From this and Condition A,
it immediately follows that {x,},> | is a compact sequence in D. Hence there
is a subsequence {x,,’,},f'il that converges to a point u, which obviously belongs
to D since D is closed. And it is clear that lim,_,[|Tx, — x, || = 0 since
Lemma 2 is applicable from the boundedness of D,

Now since T is nonexpansive,

ITu — ul| = |Tu — Tx, + Tx, - Xy, + X, = ull

< 2”“ - xn,»” + “Txni - xni“’

which implies that u is a fixed point of T since lim,_, |lu — X, |l = 0 and
lim,_, o | Tx,, — %, = 0.

Further,
(a1 lxper = ull = (1 = 1,)x, + 1, Tx, — u

= (0 = 2,)(x, = w) + £,(Tx, = Tw)|| < lx, — ul

for any positive integer n. For any ¢ > 0 there exists an integer ng such that
llx,, — ull <&, so we obtain from (11) that |x, — u|| < e for any integer
n 2 ny. Therefore M(x,1,, T) converges to u, a fixed point of 7.

As an immediate consequence of Theorem 1, we have the following
corollaries.

COROLLARY 1. Let D be a closed subset of a Banach space X and let T be a
nonexpansive mapping from D into a compact subset of X. If there exists
t € (0,1) such that (1 — f)x + tTx € D for all x € D, then T has a fixed point
in D and for any x; € D, M(x,,1, T) converges 10 a fixed point of T.

COROLLARY 2. Let D be a closed convex subset of a Banach space X and let T
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be a nonexpansive mapping from D into a compact subset of D. Then T has a fixed
point in D and M(x;,2”", T) converges to a fixed point of T for any x; € D.

Note that the first part of Corollary 2 is a special case of a fixed point
theorem of Schauder.

Corollary 2 was proved for uniformly convex spaces by Krasnosel'skii [6]
and strictly convex spaces by Edelstein [3].

Fixed points and iterative process for noncompact mappings. Next we shall
consider the iterative process for a nonexpansive mapping without the
assumption on the compactness of 7.

Let D be a subset of a Banach space X. A mapping T: D — X with
a nonempty fixed points set F in D will be said to satisfy Condition B if there
is a nondecreasing function f: [0, ) — [0, ) with f(0) = 0, f(r) > 0 for
r € (0,0c), such that ||x — Tx|| > f(d(x,F)) for all x € D, where d(x, F)
= inf{|lx — z||;z € F}. This condition is due to Senter and Dotson [10].

THEOREM 2. Let D be a closed subset of a Banach space X and let T: D — X
be a nonexpansive mapping with a nonempty fixed points set F in D. If T satisfies
Condition B and there exist x, and {t,}v_, that satisfy Condition A, then
M(x;,t,, T) converges to a member of F.

Prookr. The theorem is trivial if x, € F, so we assume x; € D — F. For any
u € F we have that ||Tx, — u| < [|x, — u|| and so we get that

(12) Hxn+l - u” = “(l - tn)xn +1, Txn - u“ < “xn - u”

which implies that d(x,,,,F) < d(x,,F) for all positive integers n. The
sequence {d(x,, F)},—, is nonincreasing and bounded below, so there exists
lim,_,  d(x,, F), which we denote by r.

By the definition of f, we have

(13) ”xn - Txn” > f(d(xn’F)) >f(r)

Since it follows from (12) that M(x,t,, T) is a bounded sequence in D, we
have from Lemma 2 and (13) that f(r) = 0. Hence we get that

lim d(x,,F)=r=0.
n—oo

Now we shall show that M(x,,t,, T) converges to a member of F. Since
lim,_, , d(x,, F) = 0, for any positive integer i there exist N; > 0 and 4; € F
such that [lxy — u]| < 27, which implies from (12) that ||x, — w]| < 27 for
all n > N;. We require N;,; > N, for all i > 0. Then we have that for any
integers / and j such that i <,

oy — wll < llu; = XN,.H” + HXN‘.H =ty I+ Nl — x|l
oot luoy - XMH + ”XNj - ul
P L R A A AL S

=327 =27)

N
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which implies {1;};2, is a Cauchy sequence, so there exists v such that
v = lim;, , 4; and v belongs to F since F is closed. For any ¢ > 0 there exists
ip > 0 such that 27 < 27 !¢ and llu;, = vll < 271¢, so we have that

o = ol < g = s + gy = vl < 27 + gy = vl <& foralln > N,.

Therefore M(x;,t,, T) converges to the point v of F.

COROLLARY 3. Let D be a closed convex subset of X and let T: D — D be a
nonexpansive mapping with a nonempty fixed points set F. If T satisfies Condition
B, then for any x; € D and any {1}, satisfying (1) and (2), M(x,t,,T)
converges to a member of F.

If X is a uniformly convex Banach space and 0 < a < ¢, < b < 1 for all
integers n > 0, the analog of this corollary was obtained by Senter and
Dotson [10].

The author wishes to express his sincere thanks to Professor T. Kawata,
Professor S. Koizumi and the referee for their valuable suggestions regarding
the improvement of the paper.
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