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A NOTE ON UNCONDITIONALLY

CONVERGING SERIES IN Lp

PETER 0RNO

Abstract. Theorem. A series 2 f in L\0,1] (1 < p < 2) is unconditional-

ly convergent if and only if for each i and for all t G [0, 1], fj(t) = «,g(')H',(')

where (a,) G 12, g G L2[0,1] and (wt) is an orthonormal sequence in L2[0,2],

This characterization allows the generalization (to u.c. series in L [0,1]) of

several classical theorems concerning almost everywhere convergence of orthogo-

nal series in L2.

Recently, Maurey and Nahoum [7] and Bennett [1] have generalized certain

classical results of Mensov and Kolmogoroff and an interesting result of

Garsia on almost everywhere convergence of orthogonal series in L2[0,1] to

similar results for almost everywhere convergence of unconditionally conver-

gent series in L [0,1]. In an effort to find a principle underlying such

generalizations, we were led to the theorem stated in the abstract which

reduces certain questions of a.e. convergence for u.c. series in L to the same

questions for orthogonal series.

Recall that a series 27; in X is unconditionally convergent if the map

T(otj) = 2 ajfj is continuous as an operator from lx to X. Further, since the

natural injection of L into L, is continuous when/? > 1, an unconditionally

convergent series in L with p > 1 may as well be considered to be an

unconditionally convergent series in L,. We now are in a position to prove the

theorem stated in the abstract.

Let 27/ be u.c. in L,[0,1] and let T: lx -* Lx be the map defined above.

According to a result of Grothendieck [3] (see also [5]) any such T must factor

through a Hilbert space. By successive applications of the Grothendieck-

Pietsch factorization theorem (see [3], [10], [12]) T admits a factorization of the

form T = TgAB. Here (Th)(t) = g(t)h(t) with g in L2[0,1]. That is, setting

hj = f/g, 2 hj is u.c. in L2. Also there exists (/*,.) G /,, ^ > 0, 2 ft, = 1 so

that B: lx -* /2(ft() is the natural basis-basis map, and A: /2(/i,) -* L2[0,1]

takes the natural basis in /2(jti,) to ht. We have a constant K > 1 so that

||2 Cjhj\2 < A"(2 lijhCjh2)' . Therefore, for any orthonormal sequence ((p„)

in L2[0,1], the map defined by C<p„ = AT-1 u"1'2 hn defines a contraction on

L2[0,1]. By Nagy's dilation theorem (e.g. [9]), there is a Hilbert space H and
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a unitary operation U on L2[0,1] © H so that Ch = RUh for all h in L2[0,1].

Letting H = L2[l,2], U is unitary on L2[0,2] and R is the natural restriction

operator from L2[0,2] to L2[0,1]. Setting wn = Urpn and a„ = K\/pTn, we have

the desired result.

Since the maps R and T preserve almost everywhere convergence, we get

the following generalizations [1], [7] of the theorems of Mensov [8], [11],

Kolmogoroff (e.g. [4, p. 23]) and Garsia [2] (respectively).

Corollary, (a) IfZf is u.c. in Lp[0,1], then 2 //log(/' + 1) converges a.e.

(b) If 2 / is u.c. in L [0,1], then for almost all choices of (e() = (±1), the

series 2 £,/ converges a.e.

(c) If2 f is u.c. in L [0,1], there is a permutation tt of the integers so that

2/t(,) converges a.e.

Remark. For other purposes, a slight strengthening of the theorem is

possible. For 2 ft u-c- m Lp with 1 < p < 2 the function g may be chosen in

Lr[0,1] where 1/2 + 1/r = 1/p according to the extension of Grothendieck's

theorem due to Rosenthal and Maurey (e.g. [12], [6]).

Added in proof. (*) If 2 /, is u.c. in L, [0,1], then for every e > 0 there is

a set Et, m(Ee) > 1 — e such that 2/If, converges unconditionally in Lp(EE)

for every p < 2.

Proof. Let g be as in the Theorem stated in the abstract. For any e > 0,

pick M so that (/| \g(t)\< M) = EE has m(Et) > 1 - e. Then gM(t)

- g(t)XEt is in L°o' so that 2 gM(t)ai<pi(t) = 2/(')X£t converges uncondi-

tionally in L2.

This answers a question of E. M. Nikishin and strengthens a result of Kasin

[13] who proved (*) forp < 2.

References

1. G. Bennett, Unconditional convergence and almost everywhere convergence (to appear).

2. A. Garsia, Combinatorial inequalities and convergence of some orthonormal expansions,

Orthogonal Expansions and Their Continuous Analogues (Proc. Conf., Edwardsville, 111., 1967),

Southern Illinois Univ. Press, Carbondale, 111., 1968, pp. 75-98. MR 38 #3687.

3. A. Grothendieck, Resume de la theorie metrique des produits tensoriels topologiques, Bol. Soc.

Mat. Sao Paulo 8 (1953), 1-79 (1956). MR 20 #1194.

4. J.-P. Kahane, Some random series of functions, Heath, Lexington, Mass., 1968. MR 40

#8095.

5. J. Lindenstrauss and A. Petczyhski, Absolutely summing operators in L -spaces and their

applications, Studia Math. 29 (1968), 275-326. MR 37 #6743.

6. B. Maurey, Theoremes de factorisation pour les operateurs lineaires a valeurs dans les espaces

IP, Asterisque, no. 11, Societe Mathematique de France, Paris, 1974. MR 49 #9670.

7. B. Maurey and A. Nahoum, Applications radonifiantes dans Tespaces des series convergentes,

C. R. Acad. Sci. Paris Ser. A-B 276 (1973), A751-A754. MR 47 #9329.

8. D. Mensov, Sur les series de fonctions orthogonales. I, II, Fund. Math. 4 (1923), 82-105; ibid.

10 (1927), 375^120.
9. B. Sz.-Nagy and C. Foia§, Harmonic analysis of operators in Hilbert space, Masson, Paris;

Akad. Kiado, Budapest, 1967; English rev. transl., North-Holland, Amsterdam; American

Elsevier, New York; Akad. Kiado, Budapest, 1970. MR 37 #778; 43 #947.



254 PETER 0RNO

10. A. Pietsch, Absolut p-summierende Abbildungen in normierten Rdumen, Studia Math. 28

(1966/67), 333-353. MR 35 #7162.
11. H. Rademacher, Einige Sdtze uber Reihen von allgemeinen Orthogonalfunktionen, Math.

Ann. 87 (1922), 112-138.

12. H. P. Rosenthal, On subspaces of W, Ann. of Math. (2) 97 (1973), 344-373. MR 47 #784.
13. B. S. Kasin, On unconditional convergence in the space L\, Mat. Sb. 94 (136)(1974), 540-550

= Math. USSR Sb. 23 (1974), 509-519.

Department of Mathematics, Ohio State University, Columbus, Ohio 43210


