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ADDENDUM TO "ARITHMETIC MEANS OF

FOURIER COEFFICIENTS"

RAJENDRA SINHA

Abstract. Let / be integrable and periodic with period 2tt. Then a

necessary and sufficient condition for / to be equivalent to a continuous

function is that -(1/w) J7 (f(x + u) - f(x - u))/2tna(u/2)du converges

uniformly in x as / -* 0 + .

In what follows, we shall not distinguish between equivalent functions.

Zamansky [2] (also see [3, Volume 1, p. 180, Exercise 5(a)]) proved the

following.

Let/be continuous and periodic. Then a necessary and sufficient condition

for / to be continuous is that

(1) te'>--ïi
i rf(x + u)-f(x-u)

2 tanw/2
du

converges uniformly as t -» 0 + .

In this note we show that the restriction of continuity on / can be dropped

in the above theorem. Equivalently we show the following.

Theorem. Let f be integrable and periodic. Then a necessary and sufficient

condition for f to be continuous is that f(x; i) converges uniformly in x as t —» 0 +,

where f(x; i) is defined in (1).

Proof. Sufficiency is obvious since limr^0+/(jc; t) = f(x) for a.e. x.

Conversely, let/be continuous. Take/ = g and/(x; t) = g(x; t). Let Ts and

TH be defined as in [1]. Also let gx(t) = g(t + x). Now define Txg = Tsigx).

Then Tx is a bounded operator on L00 by [1, Lemma 1.1].

Also using [1, (1.1)] with fc(t) replaced by hx(t) = [gxit) + gx(-t)]/2, we

can show that

(2) Txgit) = Tshxit) = THhx(t) = \{ng(X; t) + (?,(,)]

for a.e. t > 0 where Gx(t) = 2„°=i [A„(x;g)/n]sinnt.

It can easily be shown that the family {F^gl-x G [0,277]} is a normal family

since [0,277] is compact and
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■» n^g - çdu -> 0.
Hence, by the Ascoli-Arzela Theorem, the family {Z^gl* G [0,27r]} is equicon-

tinuous. Therefore {Txg{t)} converges uniformly in x as / —> 0 + .

Similarly we can show that the family {Gxii)\x E [0,2it]} is also equicontin-

uous and, hence, Gxit) converges uniformly in x as t -> 0 + . Therefore, by

(2), gix; t) converges uniformly in x as t —> 0 + . Hence the result.
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