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STRUCTURE THEOREM FOR A -COMPACT
OPERATORS

G. D. LAKHANI

Abstract. A contraction Tdefined on a complex Hilbert space is called A-

compact if there exists a nonzero function/analytic in the open unit disc and

continuous on the closed disc such that f( T) is a compact operator. In this

paper, the factorization of / is used to obtain a structure theorem which

describes the spectrum of T.

Introduction. A bounded linear operator T on a complex Banach space X is

called polynomially compact if there is a nonzero polynomial p(z) such that

p(T) is compact. The spectrum of polynomially compact operators T has been

completely described by F. Gilfeather [4] by showing that T is a finite sum of

power compact operators. A similar problem of describing the spectrum arises

in case p(z) is replaced by the uniform limit of polynomials. More explicitly,

let T be a contraction defined on a Hilbert space, and A be the uniform closure

of polynomials in the supremum norm over D; D is the open unit disc. The

elements of A are analytic functions in D which have continuous extension to

D. Forf(z) = 2 a„z" G A,f(T) = 2 a„T" converges in norm, and ||/(T)||

< H/lb. If / G H°°,fr(z) = f(rz) belongs to A for each r, 0 < r < 1, and
\imr^x_0fr(T) exists in the norm. Define/(T) = limr_,x_0fr(T). For/ G A,

this definition is consistent. The contraction T is called A-compact if there

exists a nonzero/ G A such that/(T) is a compact operator. The problem is

to describe the spectrum of ,4-compact contractions.

Let T be an ,4-compact contraction on a complex Hilbert space. Denote by

J(T) the set of functions/ G A such that/(T) is compact. It is easily seen that

J(T) is a nonzero closed ideal of A, indeed, it is a principal ideal [5, Corollary,

p. 88]. Let Z be the set of common zeros of functions in J(T) in D. Every

function which generates J(T) is of the form/ = Eg where F is the greatest

common divisor of the inner parts of functions in J(T) and g is the outer part

of any function which belongs to A and vanishes precisely on Z D {\z\ = 1}.

A generator/of J(T) is called a minimal function of T if its singularities which

lie on the unit circle are contained in Z. A minimal function / always exists.

An operator T defined on a Hilbert space X is said to be decomposed if there

exists a pair (XX,X2) of subspaces of X such that X has unique decomposition

in (XX,X2) and Xt is invariant under T, i = 1, 2. A decomposition of Tcan be

obtained by the decomposition theorem [7, p. 419] if a(T) has more than one
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connected component. Let X be an isolated point of a(T), and T be a

rectifiable, simple, closed curve enclosing no point of a(T) other than A and

containing no point of a(T). Then

is a projection on Xx = EXX along X0 = (I - EX)X. The pair (XX,X0) de-

composes T into 7^ = T/Xx and T0 = T/X^, and the spectra of the two

restrictions are {A} and a(T) — {A}, respectively. The terms Xx and 7^ will be

used afterwards.

A contraction T defined on a Hilbert space X is called completely

nonunitary (c.n.u.) if there exists no nonnull reducing subspace on which T is

unitary.

1. We now state the structure theorem.

Theorem. Let f be a minimal function of a A-compact contraction T defined on

a complex Hilbert space X, and Z be the set of zeros of f in D. Then

(i) Z C a(T), (ii) a(f(T)) = f(a(T)), (iii) a(T) is totally disconnected, (iv)

points of a(T) — Z are isolated and are eigenvalues with finite dimensional

generalized eigenspaces, and (v) //A G Z is an isolated point of a(T), then Xx is

infinite dimensional, (7^ — A7) is power compact in case f is analytic atX; g\(1\)

is quasinilpotent compact operator in case X is a singularity off and

gx(z) = (z- A)exp(p(z + X)/(z - A)),        p > 0.

Proof, (i) By the factorization theorem [5, p. 67], / is uniquely expressible

in the form/(z) = B(z)S(z)F(z) where B(z) is a Blaschke product of the form

00 / a     a   - z \Pn

«-'"?(Hi%) '
where \r\ = 1 and J[ \an\P" converges; S(z) is the singular part of the form

where /x(/) is a bounded, nondecreasing function on (0,277] such that /!.'(/) = 0

almost everywhere on (0,27/], and F(z) is the outer function of the form

F(z) = exp [ /o2" J^ log |/(e")k/].

If possible, let A G Z - a(T). Then the distance (X,a(T)) > 8 for some

8 > 0. Denote by M = {z G D: \z - X\ < 8). Let BM(z) be the subproduct

of B(z) which vanishes in M, and

SM(z) =1    if M C D,

= exp[-/02,r^T7^4
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where v(t) is a nondecreasing function such that pit) = v(t) if e" G M and

v'(t) = 0 if e" $. M. Then the function g(z) = BM(z)SM(z) is analytic and

does not vanish in some neighbourhood of a(T). Hence, g(T) possesses

bounded inverse which implies that f(T)g(T)~ is compact. It means that

f/g G J(T), i.e., g divides (nontrivially) the inner part of/which contradicts

the minimality of/ Hence Z C a(T).

(ii) It is the well-known spectral mapping theorem, and has been proved by

Foias, and Mlak [3, pp. 239-245] for c.n.u. operators. We extend it for general

contractions. Let T — Tu © T0 be the decomposition of T into unitary and

c.n.u. parts, and let the corresponding decomposition of X and f(T) be

X = Xu © Xq and/(T) = f(Tu) ffi/(T0), respectively. Then, in order to prove

(ii), it is enough that a(f(Tu)) = f(a(Tu)) so that

f(o(T))=f(o(Tu)) U f(o(T0)) = a(f(Tu)) U o(f(T0)) = a(f(T)).

If Xu is finite dimensional, it is trivially seen that o(f(Tu)) = f(a(Tu)).

Assume that Xu is infinite dimensional. It then follows from the spectral

representation of unitary operators that Tu has an infinite dimensional

reducing subspace. Therefore, f(Tu), being the uniform limit of polynomials in

Tu, has an infinite dimensional reducing subspace. The compactness of f(Tu)

implies that/(T„) is null. So o(f(Tu)) = {0}.

For each A G o(T) and r, 0 < r < \,fr(X) G fr(a(Tu)) = o(fr(Tu)). The

subadditivity of commuting operators implies that

|/(A)| < spectral radius of/(T„)

< spectral radius of [fr(Tu) — f(Tu)] + spectral radius of f(Tu)

< IU(rtt)-/(T„)||+o,

and since |/(A)| = \imr^x_0\fr(X)\, it follows that f(X) = 0 for each A

G a(T), i.e.,/(a(TH)) = {0}. Hence f(a(Tu)) = a(f(Tu)). This proves (ii).

(iii) First, we show that o(T) — Z contains only isolated points of a(T).

Since f(T) is compact, and o(f(T)) = f(o(T)), the only possible accumulation

point of f(o(T)) can be zero. The continuity of/in D implies that the possible

accumulation points of o(T) are zeros of/in D, i.e., o(T) — Z contains only

isolated points.

To prove (iii), it is enough to show that Z is totally disconnected. If possible,

let Z have a connected component which has more than one point. Then either

Z has a point of accumulation in D or contains an arc of the unit circle. In

either case/ = 0, a contradiction. The earlier case follows from the analyticity

of/in D and the later case follows from a well-known result of F. and M.

Riesz about bounded analytic functions.

(iv) Let A G a(T) - Z. By (iii), A is an isolated point of a(T) — Z. By the

definition of minimal function, / can be assumed to be analytic in some

neighbourhood of A. Let Xx and 7^ be as defined by (*). Since/(A) ¥= 0, a(T)

= {A} and a(f(Tx)) = f(o(Tx)), it follows that 0 £ o(f(Tx)), or equivalently,

/(7^) has bounded inverse. Moreover,/(7^) is compact, therefore, its domain

AA must necessarily be finite dimensional, say n > 0. Since 7^ has a matrix

representation with respect to each basis of Xx, hence (T— XI)" = 0 and
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Xx = {x G X: (T- Xlfx = 0}.

This completes (iv).

(v) Let A G Z be a given isolated point of a(T), (XX,X0) be the decomposi-

tion of X obtained by (*), and T = Tx + T0. If Xx is finite dimensional, then

7^ is compact, and therefore for each g G A, g(T) is compact, if and only if,

g(T0) is compact. In particular, if

g(z) = f(z)(z - A)-'exp(-p(z + A)/(z - A)),       p > 0,

then g(T0) exists because A £ o(T0). Moreover g(T0) is compact which implies

that g G J(T). This contradicts that/is a minimal function of T.

Now, consider the case that f(z) is analytic in some neighbourhood of A.

The set J(TX) = {g G A: g(Tx) is compact} is a nonzero closed ideal in A. An

application of (i) and (iv) for 7^ implies that A is the only common zero of

functions in J(TX) in D. It means that J(TX) is a primary ideal in A and is

generated by (z — A) for some positive integer k [5, Corollary, p. 88] which

proves that (7^ - A7)  is compact, i.e., (7^ - A7) is power compact.

Next, consider that A is a singularity of/ In this case, the ideal 7(7^) is

generated by gx(z) = (z - A)exp(p(z + A)/(z - A)), p > 0, which implies

that g\(7^) is compact. The quasinilpotency of g\(1\) follows from the fact

that a(gx(Tx)) = gx(o(Tx)) = gx({A}) = {0). It completes the proof of the

theorem.

2. We give below two corollaries and an example of an A -compact operator

which is not polynomially compact.

Example. Let S(z) = exp((z + 1)/(1 - z)) and/(z) = (z - l)S(z). Con-

sider the contraction T on the Hilbert space H(S) = H2 Q SH2 defined by

T: g(z) -* zg(z) - S(z)g(0)

where

g(0) = (g(z),(S(z) - S(0))/z)H{s).

Then it follows from [6, Proposition 3.2, p. 119] that S(T) = 0 and from [6,

Theorem 5.1, p. 126] that a(T) = {]}. Now it is clear from [4, Theorem 1] that

T cannot be polynomially compact. However, T is A -compact because

f(T) = 0.

Corollary 1. If T is A-compact and a(T) C D, then T is polynomially

compact.

Proof. Follows immediately from (i).
Sz.-Nagy and Foias, have denoted by C0 the class of those c.n.u. operators

T for which there exists a nonzero u G 7/00 such that u(T) = 0, and have

described the spectrum of such operators, viz., [6, Theorem 5.1, p. 126]. We

prove this result for the related class C0(A) defined as

C0(A) = {T: \\T\\ < 1 and for some nonzero/ G A,

f(T) is a quasi-nilpotent compact operator}.
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Corollary 2. If T G C0(A), then a(T) = Z, the set of zeros of the minimal

function of T.

Proof. Let / be a minimal function of T for which f\T) is compact and

quasi-nilpotent. By (ii), f(a(T)) = a(f(T)) = {0} which implies that a(T)
C Z. Adding to (i), a(T) = Z.
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