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ON MAJORIZATION AND NORMALITY OF OPERATORS

MEHDI RADJABALIPOUR

Abstract. Recent results of C. R. Putnam are used to find some conditions

for normality of operators. The emphasis is on the classes of spectral

operators (defined by N. Dunford) and W-hyponormal operators (defined by

J. G. Stampfli).

Throughout the paper by an operator we mean a bounded linear transfor-

mation defined on a fixed Hubert space H.

We will study pairs (T;D) of operators satisfying the following Putnam

condition:

(1) (D > °'
\(T- z)(T - z)*> D2   for all z E C.

Putnam [6], [7] shows that if a pair (T; D) of operators satisfies condition (1)

and if x is a vector in the range of D, then there exists a bounded function

w: C -» H such that (T - z)w(z) = x. We give a short proof of this result and

show that if T is an A/-hyponormal operator, then (T*;k\T*T— TT*\)

satisfies (1) for some k > 0. This fact is then used to improve some of the

results of B. L. Wadhwa [11] on M-hyponormal operators. For instance, we

prove that if T is an M -hyponormal operator, if S is a subspectral or a

dominant operator, if W is a quasi-affinity, and if WT* = SW, then T is

normal. (See below for the definitions.) It also follows from some results of

Putnam [7] that M-hyponormal, compact operators and certain other M-

hyponormal operators are necessarily normal. The paper is concluded by

discussing some general properties of dominant operators.

Main results. We first give a new proof of the following result due to Putnam

[6, Theorem 1].

Theorem 1. Let (T;D) satisfy condition (1) and let x = Dy for some y E H.

Then there exists a function w(z): C —* H such that (T — z)w(z) = x and

\\w(z)\\2 < £ u-2d\\Eux\\2 < oo        (z £ C),
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where E is the resolution of the identity for D.

Proof. By [3, Theorem 1], for each z E C there exists a contraction

operator Cz such that D = (T - z)Cz. Let w(z) = Czy. It follows that

(T - z)w(z) = x and that

lk(z)||2 < ||y||2 = Q tT2¿||£„*||2 < oc        (z E C).

The definitions and some properties of dominant operators and Af-hypo-

normal operators are given in [9] and [11]. An operator Tis called a dominant

operator if (T - z)H Q (T — z) H for all z E C, or, equivalently, if for each

z E C there exists a positive number Mz such that

(2) (T - z)(T - zf < MZ(T - z)*(T - z)

(see [3]). If, in (2), the constants Mz are bounded by a positive number M, then

T is called an A/-hyponormal operator. Note that T is hyponormal if and only

if it is 1-hyponormal.

In the following, by a subspectral operator we mean the restriction of a

spectral operator to an invariant subspace.

Corollary 1. Let (T; D) satisfy condition (1). Let W be an operator with a

finite-dimensional null space. Assume WT = SWfor some dominant or subspec-

tral operator S. Then D = 0.

The corollary is essentially proved in [4], [8] and [10]; actually, if we assume

with no loss of generality that H is separable, then the proof is an imitation of

that of Theorem 3 of [8].

Theorem 2. Let A and B be two operators and let M be a positive number.

Assume for \z\ < ||5|| + 1 there exists a bounded family Sz of operators such that

SZB = BSzand

(A - SZ)(A - Sz)* < M2(B - z)(B - z)*.

Then (B; k\A* B* - B* A* \) satisfies condition (I) for some k > 0. In particular,

if T is an M-hyponormal operator, then (T*;k\T*T - TT*\) satisfies (I) for

some k > 0.

Proof. By [3] there exists a family Cz (\z\ < \\B\\ + 1) of operators such

that ||C,|| < M and A - Sz = (B - z)Cz. Thus, for |z| < ||fi|| + 1,

AB - BA = (A - SZ)(B -z)-(B- z)(A - Sz)

= (B- z)[Cz(B -z)-(A- Sz)];

and, for \z\ > ||5|| + 1,

AB - BA = (B - z)(B - z)~\aB - BA).
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Hence k2\A* B* - B*A* |2 < (B - z)(B - zf for all z E C, where \/k is the

larger of

sup     \\CZ(B - z) - (A - Sz)\\    and       sup    \\(B - z)~\aB - BA)\\
UKIUII+i M>ll*ll+i

(again use [3]). The rest of the proof is obvious.

The following corollary of Theorem 2 generalizes Theorem 1 of [10] and

Theorem 6 of [11].

Corollary 2. Let T be an M-hyponormal operator and let W be an operator

with a finite-dimensional null space. Assume WT* = SW for some dominant or

subspectral operator S. Then T is normal.

The proof follows from Corollary 1 and Theorem 2.

Corollary 3. If an M-hyponormal operator T is similar to a spectral operator,

then T is normal.

In view of [7, Theorem 2] the following is an immediate corollary of our

Theorem 2; it improves Theorem 5 of [11]. For the notions and properties of

analytic and continuous capacities, see [7] and the references cited here. Note

that a compact countable set has analytic capacity zero and, by Morera's

theorem, a rectifiable curve has continuous capacity zero.

Corollary 4. Let T be an M-hyponormal operator. Assume that the contin-

uous capacity of a(T) and the analytic capacity of the closure of a (T ) are zero.

Then T is normal.

The following corollary simplifies the construction of a dominant operator

that is not M-hyponormal for any M > 0, given in [9, Example 2].

Corollary 5. A quasinilpotent, M-hyponormal operator is zero. Therefore if

{en}-ao<n<oo ls an orthonormal basis for H and if T is the bilateral weighted shift

defined by Ten = 2_'n'en+1, then both T and T* are compact, quasinilpotent and

dominant, but are not M-hyponormal for any M > 0.

Note. In view of Corollary 2, if an operator T and its adjoint are both M-

hyponormal, then T is normal.

Corollary 6. A compact, M-hyponormal operator is normal.

An operator A is said to be a quasi-affine transform of an operator B,

denoted by A < B, if there exists an injective operator W with dense range

such that WA = BW; A and B are said to be quasi-similar if A < B < A.

The following theorem gathers some of the conclusions of the relation

T* < S, when Tand S are normal, spectral, hyponormal, etc.; some parts of

the theorem have been known before and proper references are given in the

proof.



108 MEHDI RADJABALIPOUR

Theorem 3. Let T and S be two operators such that T* < S. The following

statements are true.

(a) // T is M-hyponormal and S is dominant then T* and S are unitarily

equivalent normal operators.

(b) // T is M-hyponormal and S is subspectral then T is normal and S is similar

toT*

(c) If Tand S are subspectral then both T*and S are spectral but not necessarily

similar to each other.

(d) Statements (a) and (b) are false if T is assumed to be only a dominant

operator.

Proof, (a) The normality of T follows from Corollary 2; the normality of

S and its equivalence with T follows from [9, Theorem 1].

(b) Again here the normality of T* follows from Corollary 2 and the rest

follows from [4, Theorem 3].

(c) The fact that T and S are spectral follows from [4, Theorem 3]; in [1] a

nilpotent operator is constructed which is, of course, quasi-similar to its

adjoint but not similar to it.

(d) Let T be the bilateral weighted shift of Corollary 5 and let S = T*.

Obviously T* < S and both T and S are dominant and quasinilpotent.

Remark 1. In view of part (d) of the theorem, statements (a), (b) and (c)

seem to be the most that can be said along these lines; for special cases see [4],

[8], [10] and [11].

Remark 2. Note that if A is any cyclic operator of norm less than 1 and if

5 is the unilateral shift, then S < A [2, Theorem 2.1]; therefore Theorem 3

does not remain true if the relation T* < S is replaced by the relation

S < T* (see also [9, Example 1]).

It is known that, as in the case of hyponormal operators, every eigenvalue

of a dominant operator is reducing; the following theorem shows that

dominant (and M-hyponormal) operators share a stronger form of this

property with their hyponormal brethren.

Theorem 4. A normal part of a dominant operator is reducing.

Proof. Let J be a dominant operator and let A be a normal part of T. Let

91L be the domain of A and write

T =
A   A

0    B

*
Let y be an arbitrary vector in 9H-1-. Since (T - z)H Q (T - z) H (z E C),

Ay = (N - z) uz for some uz E <31t.     Choose vz such that   (A - z)* uz =

(A - z)vz.    It follows that Ay = (N - z)vz and thus Ay   E C\zeC(N - z)9lt.

Hence by [5, Theorem 1], Ay = 0 and therefore A = 0.

Note. Theorem 4 is well known for hyponormal operators.
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Remark 3. Let T and D be a pair of operators satisfying the following

conditions:

(3) D > 0,
(4) DH Q(T- z)H for all z E C.

In view of [3], condition (4) is equivalent with

(4') D2 < MZ(T - z)(T* - z) for all z E C,

where Mz is a positive number for each z; hence condition (1) implies

conditions (3) and (4). If T is a subnormal operator and (T;D) satisfies (3) and

(4), then D = 0 [5].  Moreover if  T is a dominant operator, then (7"*,

\T*T- TT*\) satisfies (3) and (4) (the proof is similar to that of Theorem 2).

Remark 4. For an operator T and a closed subset 8 of C we define the

(analytic) spectral manifold XT(8), the bounded spectral manifold YT(8), and

the unconditional spectral manifold ZT(8) as follows:

XT(8) = {x E H: (T — z)fx(z) = x for some analytic

function fx: C\8 -* H),

YT(8) = {x G H: (T - z)fx(z) = x for some function

fx: C\8 —* H that is bounded on compact subsets of C\ô},

ZT(8) =  D (T - z)H.

It is clear that XT(8) E YT(S) Q ZT(8). If a pair (T; D) satisfies (3) and (4),

then DH Q ZT(0); if (T; D) satisfies (1) then DH Q YT(0). In the following

we raise some questions concerning the relations between the various spectral

manifolds of dominant or M-hyponormal operators.

(a) It is known [8] that if T is hyponormal then XT(8) is closed for all closed

sets 8. Is a similar result true for an M-hyponormal or a dominant operator?

(b) In view of [4, Corollary 1] and [10] if T is a subspectral or a dominant

operator, then XT(8) = YT(8) for all closed sets 8; it follows from [5] that for

a subnormal operator T, XT(8) = ZT(8) for all closed sets 8. The dominant,

quasinilpotent operator T of Corollary 5 has the property that XT(0)

= YT(0) = (O}butZr(0) = TH. Is ZT(8) = XT(8) for M-hyponormal

operators T1 The question is unsettled even for hyponormal operators. Some

results of [8] and specially of [10] support the conjecture that the question may

have an affirmative answer.

Remark. C. K. Fong has independently shown that a spectral, M-hyponor-

mal operator has an orthogonal resolution of the identity; this result is

improved by our Corollary 3.
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