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NCOMPACTNESS AND WEAK HOMOGENEITY

S. BROVERMAN1

Abstract. A characterization of those locally compact, O-dimensional,

realcompact spaces X that are N-cotnpact is given in terms of a density

condition on ßX - X.

1. Introduction and preliminaries. In [6], Mrówka introduced the concept of

E-compactness. Given a space E, a space A is E-compact if X can be

embedded as a closed subspace of Em for some cardinal number m. The class

of N-compact spaces has been given much attention recently where N denotes

the set of natural numbers. It was conjectured in [2] that the class of N-

compact spaces is equal to the class of O-dimensional realcompact spaces (a

space is O-dimensional if it has a base of clopen sets). However, Nyikos gave

in [9] an example of a O-dimensional, metric space that is realcompact but not

N-compact. In [10], Walker raised the question of which realcompact, 0-

dimensional, Hausdorff spaces are N-compact. In this paper we give a

characterization of those locally compact, realcompact, O-dimensional, Haus-

dorff spaces A that are N-compact, in terms of a density condition on ßX — X

(where ßX denotes the Stone-Cech compactification of A).

The following theorem will be required and is stated without proof. It can

be found as Theorem 4.10 of [7].

1.1 Theorem. Let E be a completely regular, Hausdorff space. Suppose X can

be embedded in Em for some cardinal number m. Then X is E-compact if and only

if given a point p E ßX — X there is a map f: X —» E such that (ß(f))(p)

E ßE — E (where ß(f): ßX —» ßE is the Stone extension of the map f).

All spaces are assumed to be completely regular and Hausdorff.

2. N-compact spaces.

2.1 Definition. A space A is called weakly homogeneous if for every

p E ßX - X, the set {q E ßX - X: q = (ß(f))(p) for some /: A -> A} is

dense in ß X — X.
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This condition is slightly weaker than that of almost homogeneity defined

by Bellamy and Rubin [ 1 ], which requires that / be a homeomorphism of X

onto X. It is not difficult to prove that N and the real line R are both almost

homogeneous, hence, weakly homogeneous. We can go somewhat further.

2.2 Theorem. Let E = I X N where I denotes the unit interval. Then any E-

compact space is weakly homogeneous.

Proof. Let X be E-compact. Suppose p E ßX - X and U E ßX - X is

open. It is enough to show that there exists a map f.X—>X such that

(ß(f))(p) E  U.
Since p E ßX — X and X is E-compact, by Theorem 1.1 there is a map

k:X-*lXN such that (ß(k))(p) E ßE - E. Let h: X -* N be defined by

h = 77N ° k (where 77N : I X N -» N is the projection map). Clearly (ß(h))(p)

E £N - N (t7n is a perfect map, hence, by [4, 10.13], (ß(TTN))(ßE - E)

E /?N - N).

Let F be a closed subset of X such that 0 # (cl^ V) - X E U. Since V

is not compact, and X is realcompact, V cannot be pseudocompact. Thus by

[4, 1.21], V contains a C-embedded, closed copy of N, say [xn: n E N}.

Let /: X -> X be defined by f(x) = x¡ if and only if h(x) = i. Thus

(ß(f))(p) S (dßx V) - X E U. This completes the theorem.    D

It is not true that every I X N-compact space is almost homogeneous. A

strongly 0-dimensional, realcompact space is N-compact as shown by Herrlich

in [5] (a space X is strongly 0-dimensional if ßX is 0-dimensional). Let D be

the discrete space of cardinality N,. Then D is realcompact and strongly 0-

dimensional, hence is N-compact (see [4, Theorem 12.2]). Let p E ßD — D

such that p is not in the closure of any countable subset of D and let

U = (c1dö V) — D where F is a countably infinite subset of D. Clearly if

h: D —> D is any homeomorphism, then (ß(h))(p) G U. Thus D is N-

compact, hence I X N-compact, but is not almost homogeneous.

The following theorem is required and is stated without proof. The reader

may find it as Theorem 3.1 of [3].

2.3 Theorem. Let X be locally compact and realcompact. Then a subset

D E ßX - X is dense in ßX - X if and only if X U D is pseudocompact.

2.4 Theorem. Let X be locally compact. The following two conditions on X are

equivalent.

(i) X is realcompact, 0-dimensional and weakly homogeneous,

(ii) X is N-compact.

Proof, (ii) implies (i). This follows immediately from Theorem 2.2 in view

of the fact that an N-compact space is I X N-compact, realcompact and 0-

dimensional.

(i) implies (ii). Suppose X is not N-compact. In particular, X is not compact,

hence as X is realcompact and 0-dimensional, X is not pseudocompact and
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there is an unbounded map from A to to N. By Theorem 1.1, there is a point

p E ßX - X such that if /: A -* N then (ß(f))(p) E N. Let k: X -* X such

that q = (ß(k))(p) E ßX - X. Let/: A — N. Then

iß{f)){q) = ißif)) ° (ß(k))(p) - (ß(fok))(p) G N

by the remark above.

Suppose/: A -* N. Let A = {q E ßX - X: q = (ß(k))ip) for some k: X

-* A}. Then, by what we have just shown, ißif))iA) E N. However, since A

is weakly homogeneous, A is dense in ßX — X. By Theorem 2.3, A U A is

pseudocompact as A is locally compact. Thus (ß(f))(X U A) E N. Since

X L) A is pseudocompact, (ß(f))(X U ^4) is pseudocompact, hence is a

bounded subset of N. Thus every /: A —> N is a bounded map. This contra-

dicts the fact that there exists an unbounded map from A to N. Thus A must

be N-compact.    D

In the above theorem we have used the result, proved by Pierce in [8], that

a O-dimensional space A is pseudocompact if and only if every continuous

integer valued function on A is bounded.

2.5 Corollary. Let X be O-dimensional. Suppose the only nontrivial weakly

homogeneous subspace of ßX containing X is ßX (a trivial subspace is of the form

ßX — [p] where p E ßX — A). Then X is pseudocompact.

Proof. If A is not pseudocompact then there is a map /: A -> N which is

onto. Then (/?(/)) (N) is N-compact, hence, weakly homogeneous, but is

contained properly in ßX, and is nontrivial (a trivial subspace-also known as

an almost compact subspace-of ßX is always pseudocompact as shown in [4,

6J]).    D

In Theorem 2.4 it is obvious that the condition of local compactness on A

is not needed for the implication (ii) implies (i). The question of whether or

not local compactness is required in the reverse implication is left open to the

reader. If the example given by Nyikos [9] of a realcompact, O-dimensional

space that is not N-compact is also weakly homogeneous, then the local

compactness condition (or perhaps some weaker condition) on A is needed in

(i) implies (ii).

Finally, it is still an open question whether a realcompact, O-dimensional,

locally compact space is N-compact.
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