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A COMPACT KLEIN SURFACE WITH   BOUNDARY

COY L. MAY

Abstract. For an integer g > 2, let p(g) be the order of the largest group

of automorphisms of a compact Klein surface with nonempty boundary of

genus g. We show that Kg) > 4(g + 1) for all g and that for an infinite

number of values of g, v(g) — 4(g + 1).

0. Introduction. Let X be a Klein surface [2], that is, X is a surface with

boundary dX together with a dianalytic structure on X. The surface X need

not be orientable. A homeomorphism /: X -» X of X onto itself that is

dianalytic will be called an automorphism of X.

In a recent paper [7], we showed that a compact Klein surface with

nonempty boundary of algebraic genus g > 2 cannot have more than

12(g — 1) automorphisms. After [7] appeared we learned that the upper bound

for orientable surfaces with boundary had been obtained earlier by Oikawa

[10]. Both [7] and [10] use techniques which go back to the fundamental paper

of Hurwitz [4]. The bound 12(g - 1) is attained for both orientable and

nonorientable surfaces.

In special cases it is possible to improve the upper bound. In fact, for certain

topological types of orientable surfaces with boundary, the order of the largest

possible group of orientation-preserving automorphisms has been determined.

This has been done recently for orientable surfaces with three or less boundary

components by Kato [5] and much earlier for surfaces of low topological

genus. The cases of topological genus 0, 1, and 2 (orientable with boundary)

were treated by Heins [3], Oikawa [10], and Tsuji [12] respectively.

Here we shall be interested in the size of the full automorphism group. For

an integer g > 2, let v(g) be the order of the largest group of automorphisms

of a compact Klein surface with nonempty boundary of algebraic genus g.

Then v(g) < 12(g - 1) for all g. We have shown that v(g) = \2(g - 1) for an

infinite number of values of the genus g [8]. However, we also proved that

v(g) < 12(g - 1) for infinitely many values of g [9].
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In this paper we establish a lower bound for v(g). The corresponding result

for Riemann surfaces was obtained independently by Accola [1] and Maclach-

lan [6].They showed that the best possible lower bound for the order of the

largest group of automorphisms of a Riemann surface of genus g > 2 is

8(* + O-
We show that v(g) > 4(g + 1) for all g, and in fact v(g) = 4(g + 1) for an

infinite number of values of g. First for each g we construct a surface with

boundary that has an automorphism group of order 4(g + 1). Then we show

that for certain values of g no larger group is possible. We use the methods of

[11 [71 and [9].
Finally we obtain some further information about nonorientable surfaces.

Our work shows that for certain values of g, a nonorientable surface with

boundary of genus g has at most 4g automorphisms. We also construct for

each g a nonorientable surface with boundary that has an automorphism

group of order 4g.

1. Fundamental definitions. If A1 is a Klein surface, let X° = X - dX. X°

will be called the interior of X.

Let X and Y be Klein surfaces. A morphism [2, p. 17] is a continuous map

/: X -» Y, with/(3X) E 3T and the following local behavior. For every point

p E X there exist dianalytic charts (U,z) and (V,w) alp and f(p) respectively

such that/((7) C Vandf\u = w~x ° <¡p ° F° z, where Fis an analytic func-

tion on z(U) and <p is the folding map, tp(x + yi) = x + \y\i.

Let /: X —> F be a nonconstant morphism of Klein surfaces. Let x E X,

and let eÂx) denote the ramification index of/at x [2, pp. 27-30]./is ramified

at x if ej(x) > 1 ; otherwise / is unramified at x. Let dÂx) be the relative degree

of x over/(x). df(x) = 2 if x EX0 and/(x) E dY; otherwise df(x) = 1. The

morphism / will be called an r-sheeted covering of Y if for every point y E Y,

2     ef(x) ■ df(x) = r.
xerl(y)

Now let X be a compact Klein surface. Let (Xc,ir,a) be the complex double

of X, that is, Xc is a compact Riemann surface,??: Xc -> X is an unramified 2-

sheeted covering of X, and a is the unique antianalytic involution of Xc such

that tt = 7T o a. The complex double is unique up to analytic isomorphism.

For more details, see [2, pp. 37-40]. The complex double is particularly useful

because it allows us to pull down results about Riemann surfaces to Klein

surfaces.

Let E be the field of all meromorphic functions on the compact Klein

surface X. E is an algebraic function field in one variable over R and as such

has an algebraic genus g, i.e., the nonnegative integer that makes the algebraic

version of the Riemann-Roch Theorem work. We will refer to g simply as the

genus of the compact Klein surface X. In case X is a Riemann surface, a is

equal to the topological genus of X.
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Henceforth by a surface we shall mean a compact surface.

2. An example. For any integer g > 2, let A1 be a sphere with g + 1 holes,

with the holes placed around the equator, centered around the vertices of an

inscribed regular polygon with g + 1 sides. X is an orientable Klein surface of

genus g. X has a group of orientation-preserving automorphisms isomorphic

to the dihedral group Dg+X. Reflection in the plane of the equator is an

orientation-reversing automorphism. Thus X has 4(g + 1) automorphisms.

The automorphism group of X is C2X D +x, where C2 denotes the group of

order two.

Consequently v(g) > 4(g + 1). For g = 2 this example gives a group of

maximum possible order.

3. Sharpness of the bound 4(g + 1). Now we show that the bound 4(g + 1)

is the best possible. Our approach was inspired by Accola's treatment of the

Riemann surface case [1].

If G is a finite group, then denote the order of G by o(G ).

Let A' be a Klein surface with nonempty boundary of genus g > 2. Let G

be a group of automorphisms of X. Then the quotient space 3> = X/G is a

Klein surface with boundary, and the quotient map tt: X -* <D is a ramified r-

sheeted covering of $, where r = o(G). For more details, see [2, pp. 52-56]

and [7, pp. 200-203].

Let /)£$. We will refer to the set tt" (p) as the fiber above p. Note that

either tt~x(p) G Xo ottt~x(p) C dX.

Now the quotient map tt: X -» <ï> is ramified above a finite number of points

of í>, say ax, ..., au. Let k¿ denote the ramification index of any point in the

fiber above a¡. Let n¡ = 1 if a¡ G 3<I>, and let nt■ = 2 it at _ <ï>°. Let y denote

the genus of the quotient space $. Then the Hurwitz ramification formula for

morphisms of Klein surfaces with boundary [7, p. 203] can be written

H^=2Y-2+2«,(i-n
o(G) i-I    'V        «,/

We shall use this notation to state Lemmas 1-5.

Let (Xc,f,a) and ($c,/j,t) denote the complex doubles of X and $ respec-

tively. Then G is isomorphic to a group of orientation-preserving automor-

phisms of Xc [2, p. 79]. Let G act on Xc. Then we have the following result [9].

Lemma 1. The quotient space XjG = i>c, and if tt: Xc ~* $c denotes the

quotient map, the following diagram commutes:

Xc       -i*    *c

fï ih
X        -=*    O

Next we give two simple applications of the Hurwitz ramification formula.
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Lemma 2. If y > 1, then o(G) < 4(g - 1).

For a proof, see [7].

Lemma 3. If G is abelian and y > 1, then o(G) < 2(g - 1).

Proof. If y > 2, then (2g - 2)/o(G) >2 and o(G)<g-l. Suppose

y = 1. Then w # 0 since g > 2. Let G act on the complex double Xc as in

Lemma 1. The covering maps/and h are unramified. If m is ramified above a

point/? E 3», then 77 is ramified above each point in the fiber h~x(p)- There is

one point in the fiber h~ (p) if p E 8*; otherwise there are two. Since G is

abelian, the quotient map tt is not ramified above precisely one point [1, p.

403]. Hence if w = 1, it is ramified above an interior point ax E <ï>° and

nx = 2; otherwise w > 2. In any case (2g - 2)/o(G) > 0 + 2(1 - ^). Thus

o(G)<2(g-\).

Lemma 4. Suppose g — 1 = p where p is a prime larger than 5 such that

3 {(/> - 1). Then o(G) < 8(g - 1).

Proof. One of the results of [9] is that for such a value of g, o(G )

< 12(g - 1). It can be shown by a calculation from [7, p. 207] that if

o(G) < 12(g - 1), then o(G) < 8(g - 1).

Lemma 5. Suppose g — 1 = p where p is a prime larger than 5. Suppose G is

cyclic of order p. Then the quotient map tr: X -» $ is unramified and y = 2.

Proof. Let G act on the complex double Xc. Then by a result of Accola [1,

p. 404], the quotient map jt is unramified. Therefore it is unramified. Now

2(g - \)/p = 2 = 2y - 2 and 7 = 2.
Actually the proof in [1, p. 404] of the corresponding result for Riemann

surfaces carries over to the Klein surface case.

The next lemma is a special case of the main result of [9].

Lemma 6. Let Y be a Klein surface with boundary of genus 2 with a group of

automorphisms H. If q is a prime factor ofo(H), then either q = 2 or q = 3.

Proof. The only cyclic groups that can act on Y are of order 6 or of order

less than 5 [9]. Therefore the only possibilities for q are 2 and 3.

Lemma 7. Let X be a Klein surface with boundary with a group of automor-

phisms G. Suppose N is a normal subgroup of G. Then the factor group H = G/N

acts as a group of automorphisms of X/N and (X/N)/H — X/G.

The corresponding result for Riemann surfaces is well known. The proof for

Klein surfaces is similar and is omitted.

Theorem 1. Let p be a prime such that /? = 11 (mod 12). Let g - 1 = p. Let

X be a Klein surface with boundary of genus g with a group of automorphisms G.

Ifp divides o(G), then o(G) < 4(g - 1).

Proof. Let o(G) = pk. Since 3 {(p - 1), pk < 8(g - 1) = Sp by Lemma
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4, and k < 8. Let S be a />-Sylow subgroup of G. Since k < 8 < p, S is

normal in G. By Lemma 5, A/5 is of genus 2 and the quotient map X -» A/5

is unramified. Moreover by Lemma 7, G/5 acts as a group of automorphisms

of A/5. Since o(G/S ) = k, Lemma 6 shows that the only possibilities for k are

1, 2, 3, 4, 6, 8.

Let C be the centralizer of 5 in G. By a theorem of Burnside [11, p. 137], 5

has a normal complement V in C, so that C = 5 X V. Let w = o(V) and

<7 = [G: C], so that o(G) = pqw. Since 5 is normal in G, G/C is isomorphic

to a subgroup of the automorphism group of 5 [11, p. 50]. The automorphism

group of 5 is cyclic of order p - 1. Thus q\(p - 1). But qw = k. From the

hypothesis (p - l)/2 and 6 are relatively prime. Then from the possibilities

for k we see that either q = 1 or q = 2.

Now consider the action of C = S X V on X. We have the following

commutative diagram.

X

/ \

A/K A/5
\ i/

A/C
The quotient map A -> A/5 is an unramified /»-sheeted covering. The quotient

map X/V -» A/C arises from the action of a cyclic group of order p. If this

map were ramified, then an element of the cyclic group would fix some point

of X/V. Then, since o(V) and/) are relatively prime, we could find an element

of order p in C that fixes a point of X. But there is no such element. Therefore

the map X/V -> X/C is an unramified /j-sheeted covering. Now the Hurwitz

ramification formula shows that the genus of X/C is not zero.

If q = 1, then G = C and o(G) < 4(g - 1) by Lemma 2. If, on the other

hand, q = 2, then w = \k < 4 and Fis abelian. Then C is also abelian, and

o(G) = 2 • o(C) < 2 • 2(g - 1) = 4(g - 1) by Lemma 3. This completes the
proof.

Recall that the closed disc D is the Klein surface of genus 0 with nonempty

boundary; D has (up to isomorphism) a unique dianalytic structure [2, p. 60].

Now suppose that p is a prime such that p = 11 (mod 12). Let g — 1 = p,

and let A be a Klein surface with boundary of genus g with a group of

automorphisms G. Suppose o(G) > 4g. Then/)} o(G) by Theorem 1. Also, by

Lemma 2, the quotient space X/G = D. The quotient map tt: X —» D is

ramified above, say, w points, ax, ..., au, with ramification indices kx, ...,

ku. We refer to [7, pp. 205-207] for the possibilities for to with o(G ) > 4g.

These are

A. u = 2 ax, a2 £ D° kx = 2, k2 = 3

B. w = 3 a,, a2 G 30, a3 G Z)° &, = Â:2 = 2, A:3 = 3

C. to = 4 a,, a2, a3, a4 G dD kx = k2 = 2, k3 = 3, 3 < k4 < 5

D. w = 4 ax, a2, <z3, a4 G 3 D A;, = (X2 = £3 = 2, 3 < &4.
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Both cases A and B give o(G) = 6(g — 1); these then are ruled out by

Theorem 1. Thus the quotient map tt is ramified above 4 boundary points of

D, and kx — k2 = 2. The Hurwitz ramification formula is

2g~2_ j_l_l
o(G) k3     k4

Suppose k3 = 3, 3 < k4 < 5. If k4 = 3, then o(G) = 6(g - 1) which

again is ruled out by Theorem 1. If k4 = 4, then (2g — 2)/o(G) = 5/12 or

24(g - 1) = 24/7 = 5 • o(G). But p \ o(G) and p > 5, so this case cannot

occur. Similarly k4 = 5 is not a possibility. Thus none of the cases with

/c3 = 3 occur.

Therefore k3 = 2 and k4 > 3. Now write k = k4. We have

2p    = 2g-2      1 _]_      Tc-2

o(G) "   o(G)   ~ 2     k~    2k   ■

Thus 4/</> = (A: - 2) • o(G). Since/? does not divide o(G), we have/>|(/c - 2).

In particular, £-2>/? = g-l, and k > g + 1. Then

2g - 2      1 1 g- 1

o(G)   ^2     g+1      2(g+ 1)'

Therefore 4(g + 1) > o(G).

Combining these calculations with the example of §2, we have the following

theorem.

Theorem 2. Let p be a prime such that p = 11 (mod 12). If g = p + 1, then

"(g) = 4(g + 1).

Corollary. For an infinite number of values of the genus g, v(g) = 4(g + 1).

The corollary follows from Dirichlet's general theorem on primes in an

arithmetic series.

The values of g less than 100 to which Theorem 2 applies are 12, 24, 48, 60,

72, and 84.

4. Nonorientable surfaces. We still assume that p is a prime such that

p = 11 (mod 12), and that X is a Klein surface with boundary of genus

g = p + 1 with a group of automorphisms G. As before, let o(G ) > 4g. We

continue to use the notation of the discussion preceding Theorem 2.

First note that the bound 4(g + 1) is attained with k = k4 = g + 1.

Otherwise k-2~>2p = 2g-2 and k > 2g. Then

2g - 2      1       1   _ g - 1

o(G)   * 2     2g        2g
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and o(G) < 4g. Thus no group with order between 4g and 4(g + 1) can act

on A.

Now let us examine more closely the case in which the bound 4(g + 1) is

attained. Suppose o(G) = 4(g + 1), so that the quotient map tt: X -> D is

ramified above 4 boundary points a,, a2, a3, a4, the ramification indices being

kx = k2 = k3 = 2, k4 = g + 1. The fiber above a4 consists of two interior

points of X; call these points x and y. G contains a subgroup H of index 2 that

fixes x, and an element <p such that <p(x) = y. Since H is normal in

G, H = <pH<p~x is also the subgroup of G that fixes v. H contains a cyclic

group K of order g + 1 (find a dianalytic chart (U, z) at x such that h(U) = Í7

for all h G //* and let Ä' = (A G H\z ° h ° z~ is analytic}). The ramification

index k4 = o(K) = g + 1. For more details, see [2, pp. 52-54]. Let K act on

X, and let Z = A/â' be the quotient space, ¡x: X -* Z the quotient map. The

covering map ¡x is ramified above two interior points of Z, the ramification

index being g + 1 in each fiber. There is no other ramification since o(K)

= p + 2 is odd. Let 8 be the genus of Z. The Hurwitz ramification formula

gives

^_? = 25-2 + 2(1--^) + 2(1-^) = 2o + ^Z_i.
g+1 V       c?+l/        V       2+1/ ¿?+l

Therefore 5 = 0 and Z is the disc D. Now the quotient map /i: A" -» D is

ramified only above interior points of D. By a result of [9], X is orientable (A

is not folded along 3Z), so it is possible to lift the orientation of D to define an

orientation of A"). Thus the bound 4(g + 1) is attained only for orientable

surfaces. We have the following result for nonorientable surfaces.

Theorem 3. Let p be a prime such that p = 11 (mod 12). Suppose X is a

nonorientable Klein surface with boundary of genus g = p + I. If G is a group of

automorphisms of X, then o(G ) < 4g.

Finally we construct for each g a nonorientable surface with boundary that

has an automorphism group of order 4g.

Example. For any integer g > 2, let F be a sphere with 2g holes, with the

holes placed around the equator, centered around the vertices of an inscribed

regular polygon with 2g sides. Y has a group of orientation-preserving

automorphisms isomorphic to the dihedral group D2 . The antipodal map

t: Y -* F is an orientation-reversing automorphism. The automorphism group

of Y is isomorphic to C2 X D2g.

Let W = Y/t be the quotient space. IF is a real projective plane with g

holes, a nonorientable Klein surface of genus g. The dihedral group D2g acts

as a group of automorphisms of W.

Thanks are due the referee for calling our attention to [5] and [10].
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