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THE BANACH-STONE PROPERTY
AND THE WEAK BANACH-STONE PROPERTY
IN THREE-DIMENSIONAL SPACES

MICHAEL CAMBERN

ABSTRACT. Let X and Y be compact Hausdorff spaces, E a Banach space,
and C (X, E) the space of continuous functions on X to E. E has the weak
Banach-Stone property if, whenever C(X, E) and C(Y, E) are isometric,
then X and Y are homeomorphic. E has the Banach-Stone property if the
descriptive as well as the topological conclusions of the Banach-Stone
theorem for scalar functions remain valid in the case of isometries of
C(X, E) onto C(Y, E). These two properties were first studied by M.
Jerison, and it we later shown that every space E found by Jerison to have
the weak Banach-Stone property actually has the Banach-Stone property,
thus raising the question of whether the two properties are distinct. Here we
characterize all three-dimensional spaces with the weak Banach-Stone
property, and, in so doing, show the properties to be distinct.

Throughout this article X and Y will denote compact Hausdorff spaces, E
a Banach space, and C (X, E) the space of continuous functions on X to E.
% (E) will denote the space of bounded operators on E, given its strong
operator topology, and C(X) the space of continuous functions on X to the
scalar field associated with E.

We will say that E has the Banach-Stone property if, given any isometry A4
of C(X, E) onto C(Y, E), there exists a homeomorphism 7 of Y onto X and
a continuous function y — @, from Y into % (E) such that, forally € Y, @,
is an isometry of E onto itself, and such that (4(F))(y) = &, F(r(y)) for
F e C(X,E), y € Y-i.e. if the Banach-Stone theorem for C(X) can be
completely generalized for C (X, E). E has the weak Banach-Stone property if
the existence of an isometry A of C(X, E) onto C(Y, E) implies that X and
Y are homeomorphic.

The Banach-Stone and weak Banach-Stone properties were first studied in
[4] by M. Jerison, who showed that every E belonging to the family of strictly
convex spaces has the former property, and that all spaces E belonging to a
larger family have the latter. The weak Banach-Stone property has also been
investigated by K. Sundaresan, who showed in [6] that for every positive
integer n > 2, the space /® fails to have the weak Banach-Stone property.

In [1] a complete characterization of all finite-dimensional Banach spaces
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with the Banach-Stone property was obtained, and in [2] that same charac-
terization was shown to hold within the family of reflexive Banach spaces. We
say that a Banach space F splits if E can be written as the direct sum of two
nonzero subspaces U and V, E = U @ V, and has norm given by |e| =
max{||u||, ||v||} for e = u + v € E. The characterization obtained in [1] and
[2] is that if E is a reflexive Banach space, then E has the Banach-Stone
property if, and only if, £ does not split [l, Theorems 1 and 2] and [2,
Theorem].

It has also been established, [1, p. 92 and Theorem 2, p. 97], that every
Banach space E shown by Jerison in [4] to have the weak Banach-Stone
property actually has the Banach-Stone property. Thus the question arises
whether or not the two properties are indeed distinct. If E is two dimensional,
then it is trivially true that E splits if, and only if, E is isometric to /;°, so that
by the results of [1] and [6] the properties do coincide for two-dimensional
Banach spaces E.

In this article we characterize all three-dimensional spaces with the weak
Banach-Stone property. It is shown that the only real (resp. complex) three-
dimensional Banach space which fails to have the weak Banach-Stone
property is the real (resp. complex) space /;°. Now it is easy to find
three-dimensional spaces which split, and yet are not isometric to /;°. (For
example, let U be a two-dimensional Hilbert space, let V' be the correspon-
ding scalar field, and form £ = U @ V giving E the max norm.) Since such
spaces have the weak Banach-Stone property, but not the Banach-Stone
property, it is a consequence of the result obtained here that the two
properties are distinct.

In this article we make use of the concept of a T-set as introduced by S. B.
Myers in [S]. If E is any Banach space, a subset T of E is called a T-set if,
whenever {e,, ..., e,} is any finite subset of 7, then ||Z7_,el = Z}_,ll¢ll,
and T is maximal with respect to this property. We also use I. Singer’s
characterization of C (X, E)* as the Banach space of all regular Borel vector
measures m on X to E* with finite variation |m|, and norm given by
|lm|| = |m|(X), see [3, p. 387]. For x € X, p, will denote the scalar measure
which is the positive unit mass concentrated at x, and we note for future
reference that if ¢ € E*, then - p. € C(X, E)*.

Elements of E will be denoted by e, u and v and those of E* by ¢ and ¢.
The value of ¢ at e is denoted by (e, @). If E = U & V, and if we write an
element e € E as e = u + v, it is always implicit thatu € U and v € V. We
denote elements of C (X, E) and those of C(Y, E), respectively, by F and G,
while elements of C(X) and C(Y) are denoted, respectively, by f and g. The
norms in £ and E* will be denoted by |- ||, while norms in C(X, E),
C(Y, E), C(X)and C(Y) are denoted by || - |-

If E # {0} is a Banach space, and T is a T-set in E, then there exists an
element ¢ € E* with ||@|| = 1 such that {e, ) = |le| for e € T, [1, Propo-
sition 1]. Let % = {@ € E*: ||@|| = | and (e, @) = ||e|| for all e belonging to
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some T-set T C E}. If E is finite dimensional, then by a T-basis for E* we
mean a basis consisting of elements of %. Such bases always exist, [1,
Proposition 2]. The following lemma is easily established.

LEMMA 1. Let E be a Banach space that splits, E = U @ V. Then U* is
isometrically isomorphic to VO, the annihilator of V in E*, under the map which
sends an element ¢ € U* to that element ¢’ € V° C E* defined by {e, ¢’) =
{u, @), fore =u+ v € E.

Henceforth, we will cease to distinguish, in notation, between an element of
U* and its image under the isometry of the lemma. The same symbol ¢ may
denote both an element of U* and its image in V° under the above
correspondence.

LEMMA 2. Let E be a Banach space that splits, E = U @ V. Then given a
T-set T in U, the set T={u+ v € E: u € T and v is an element of V with
loll < |lull} is a T-set in E.

PrROOF. One readily verifies that norm is an additive function on finite
subsets of T. We show that T is maximal in E with respect to this property.

If T were not maximal, there would exist an element ¢, = uy + v, € E —
T such that |le, + e|| = |le| + ||e]| for all e € T. Since e, & T, either (i)
llooll > llugll, or (i) logll < Ifugll but ug & T.

If (i) holds, choose u € T such that |lu|| = ||vg|l — ||uoll. (This is possible,
since T is a cone, [5, Lemma 2.1, p. 133].) Then v € T and ||e;, + u|| = ||v,ll
< |lvgll + llu]l = |leoll + ||u|l, contradicting the fact that e, must add in norm
with every element of T.

If (ii) holds, again by [5, Lemma 2.1] there exists an element ¥ € T such
that ||u, + u|| < ||uoll + [|ull. Then u € T. We have

lleoll + llull = [|mol| + [|]| >[40 + |
and
lleoll + {1l = juo]| + [l > [|voll + [|#[| > [voll

so that ||y + u|| = max{|luy + ul|, ||vell} < llegll + |||, and we again reach
a contradiction. The proof of the lemma is thus complete.
As an immediate consequence of Lemmas 1 and 2 we have the following:

LEMMA 3. If o € U™, ||@|| = 1, and {u, @) = ||u|| for all u belonging to some
T-set T C U, then considered as an element of V° C E*, (e, > = ||| for all e
belonging to some T-set T C E.

LEMMA 4. Let E be a three-dimensional Banach space that splits, E = U @
V, where U is two dimensional. Suppose that U does not split, and let {¢,, ¢,}
be a T-basis for U* = V° C E*. If A is an isometry of C(X, E) onto C(Y, E)
then for each x € X we have

Ao w) =oim,  i=12
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where the ¢! are elements of E* with ||@/|| = 1, and y is an element of Y which
depends only on x.

PrOOF. By Lemma 3 and [1, Lemma 2, p. 94], foreach x € X and i = 1, 2,
A*~ (g, - ) is of the form @[ -, where ||@/|| = 1. We want to show that for
fixed x we have y, = y,.

Suppose, to the contrary, that for some x € X, we have y, # y,. Then since
U does not split, and {¢,, ¢,} is a basis for U*, by [1, Lemma 1, p. 93] there
exists a T-set T in U and a ¢ € U* = V° with ||| = 1, such that (u, ¢> =
|lu|| for all u € T, and such that both of the sets {@, ¢,} and {¢, ¢,} are
linearly independent.

By Lemma 3, (e, ¢) = ||e|| for all e belonging to some T-set T in E, so that
by [1, Lemma 2], A*(¢ - p,) is of the form ¢’-p, for some ¢’ € E* with
ll¢’ll = 1, and some y € Y. Let I be the subset of {1, 2} such that for i € I,
the support of A* (¢, - p,) is equal to y. Then I is either empty or a set
containing one element.

We wish to show that {¢’, ¢/: i € I} is a linearly independent subset of
E*. This is trivially true if I = @, so suppose that [ is a singleton, I = {io}
and suppose that there exists a scalar A such that ¢’ = Ag;. Then

¢ i~ Ag =0

’

in C(Y, E)*, and hence
A9 o —Ag ) =@ — A p, =0
in C(X, E)*. Thus ¢ = A, in E*, contradicting the fact that {¢, ®,) is a

linearly independent set. Hence {¢’, ¢;: i € I} is linearly independent as
claimed.

Thus we can take a vector e € E such that e, 9> =0, i € I, but (e, ¢'>
7 0. Let g be any element of C(Y) with g(y) # 0, and such that the support
of g is disjoint from the support (or supports) of 4*~ (¢, u.) for i & I, and
define G € C(Y,E) by G(y)=g(y)-e, y €Y. Since ¢ € U* and
{91, @,} is a basis for U*, there exist scalars A, such that ¢ + A, + A, =
0. Thus @ - u, + M@, - p, + Ay, - . = 0in C(X, E)*, and so

0=[471(G)a(®- b+ N1ty + Mgy 1)
= [Ga(A* (@ 1 + M1 e + Mgy 1)
= [Gd(¢' ) + glx,fcdup;-py)
={(G(y), ¢)+ %?\KGU), %)

=g(y){(e, @) #0.
This contradiction completes the proof of the lemma.

THEOREM. Let E be a three-dimensional Banach space. Then E fails to have
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the weak Banach-Stone property if, and only if, E is isometric to I5°.

Proor. The “if” part of the theorem has been established by Sundaresan,
[6, p- 22). Hence we assume that E is not isometric to /;° and show that E has
the weak Banach-Stone property.

If E does not split, then E has the Banach-Stone property, and we are
done. Thus suppose that E splits, E = U @ V, where U is two dimensional
and V is one dimensional. Now U cannot split, for otherwise E would be
isometric to /;°, contrary to the hypothesis.

Let A be an isometry of C(X, E) onto C(Y, E), and let {¢,, p,} be a
T-basis for U* = V° C E*. Then for x € X, define 7(x) = y if the supports
of A* Y(g, - p,) are equal to y, for i = 1, 2. By Lemma 4, 7 is a well-defined
function from X to Y.

We wish to show, first of all, that 7 is one-one. Suppose, to the contrary,
that x;, x, are distinct points of X, but that 7(x,) = 7(x,) = y. This would
mean that 4*~ (¢, - ) is of the form @ - p, fori=1,2andj = 1,2. Since
E* is three dimensional, {g,: i = 1,2 and j = 1, 2} is a linearly dependent
set, so that there exist scalars o, not all zero, such that X, ;¢ 52;¢; = 0.
Then I, ;e (1, 529, - b, = 0in C(Y, E)*, so that

A*( 2 LT l‘y) = 2 Qi fy, = 0
ije{l,2} i,je{1,2}
in C(X, E)*. We may suppose, without loss of generality, that «;, # 0. Since
@, and ¢, are linearly independent, there exists an e € E with {e, ¢,> =0 #
{e, p;>. Take f € C(X) with f(x;) = 0 # f(x,), and define F € C(X, E) by
F(x') = f(x") e, for x’ € X. We would then have

0=de( S aw,.-pxj)

i,jE(L,2)
= a”<F(xl), ¢1> + a2|<F(x,), *Pz> +0
= ay f(x;){e, @) # 0,

which is absurd. Thus 7 is one-one, as claimed.

We next show that  maps X onto Y. As above, we assume the contrary is
true, and arrive at a contradiction. Suppose that y; € ¥ — 7(X). By Lemma
4 and [1, Lemma 2], with 4* replacing 4* !, we would have A*(g; - ) is of
the form ;- p,, j =1,2, for some point x € X dependent on y,. Now
7(x) = y,, where by our assumption, y, cannot be equal to y,. This means
that 4*~ (¢, ) = ¢/ 1, i = 1,2, where the ¢/ are elements of norm one
in E*. Since {@,, 95, ¥, ¥, } is a linearly dependent set in E*, there are scalars

» &;, not all zero, such that ¥, ;¢ ; ,A@ + ay; = 0, and thus
2 Appmtoyp =0
ije(12}
in C(X, E)*. Hence
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A*—l( 2 Ao, t+ aj‘l’j'ﬂ'x)
i,je{1,2}

=M@y, T AP, tae i, +oae, ey, =0
in C(Y, E)*. If we note that since ¢, - p, and ¢, - p, are linearly independent
elements of C(X, E)*, ¢|-p, and @;-p, are linearly independent in
C(Y, E)*, and thus ¢; and ¢; are linearly independent in E*, a construction
exactly analogous to that of the preceding paragraph then yields an element
G € C(Y, E) such that

de(Mwi Ty T Ay, t @, age; ) # 0.

This contradiction thus establishes that 7 is onto.

Finally, we show that 7 is continuous. Suppose, to the contrary, that there
exists a net {xz: B € B} in X such that xz — x,, but that y, = 7(xg) 5 7(xo)
= yo- Then there is a compact neighborhood N of y, such that for every
Bo € B, there is a B > B, such that y, lies outside N. Now by [I, Lemma 2]
and by the definition of 7, 4*~'(g, " ) = @, u,, for some @, , € E* with
lpioll = 1. Fix ey € E with |ley|| = 1, such that {ey, ¢, > = 1. Choose g, €
C(Y) with 1 = || goll,, = 8o(¥o), and such that the support of g, is contained
in N. Then define G, € C(Y, E) by Gy(y) = go(») - €5, fory € Y. We have

((47(Go))(xo) #1) = [A47"(Go)d (9" 1)

= fGOd(A*—l(q)l . p‘xo)) =fGod(<P|,0‘ ™)
= (Go(»0), <P|,o> = (e, 1) = L.

Now since x5 — x, and (A~ (Gy)(x), p,> is a continuous function of
x € X, there exists a B, € B such that if B > B, then
Re((A ™ (Gp))(xg), @,> > 3. Thus fix a 8 > B, such that yg = 7(xp) lies
outside N. Again we have 4* (¢, - ) = @15 i, for some @, ; € E* with
ll@14ll = 1. Choose an e; € E with |eg|| = 1 such that (eg, @3> = 1. Then
take an element gz of C(Y) with 1 = || 8sllo = 8g(¥p), and such that the
support of gg is disjoint from N. Define Gy € C(Y, E) by Gy(y) = 8s(»)-
eg, for y € Y. Now G, and G, both have norm one and they have disjoint
supports, so that |G, + Ggll,, = 1. However,

"A Gy + G )]Lo >"(A “H(Go))(xp) + (A7(Gp ))(x/i)”
» Rc[((A “1(Go))(xp), ¢1) + <(A ~H(Gg)) (%), <Pr>]

1 _
>3 +Re fA "Gy )d (1 i)

| ) |

=5 +Re [Gyd(4* (91 1)) = 5 + Re [Gud(@15°1,)
1 I 3

=3 + Re(G(y,;), <P|,/3> =5 + Redep, 915) = 2
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which contradicts the fact that 4! is norm-preserving. Hence r is a
continuous, one-one map of X onto Y, and is thus a homeomorphism.
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