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ON PROJECTIONS OF FINITELY ADDITIVE MEASURES

THOMAS JECH1 AND KAREL PRIKRY2

Abstract. A theorem of Z. Frolik and M. E. Rudin states that for every

two-valued measure ¡i on N, if F: N -» N is such that F ( ¡i) = ¡i then

F(x) = x for almost all x. We prove that a generalization of this theorem

fails for measures in general: Theorem. There exist a translation invariant

measure ¡i on N and a function F: N -* N such that F (¡i) = p, and ifA Ç N

is such that F is one-to-one on A, then n(A) < ¿.

Let TV = (0, 1, 2, ... } denote the set of all natural numbers. A (finitely

additive) measure on TV is a function u: C3'(N) -» [0, 1] which satisfies

(a) u(0) = 0and/t(TV) = 1,

(b) if X and Y are disjoint subsets of TV (1)

then [i(X u Y) = fi(X) + ¡x(Y).

A measure ¡u is two-valued if 0 and 1 are the only values of u; ¡i is nonprincipal

if /x(F) = 0 for every finite set E c TV.

Let F: TV —> TV be a function. If u is a measure on TV, then v = F„( ¡u) (the

projection of u by F) is the measure defined by

v(X) = ^F_x(X)). (2)

The purpose of this paper is to prove the following

Theorem. There exists a translation invariant measure w on TV and a function

F: N -► TV 5MC« that

(a)F,(/i) = u;
(b) if A E N is such that F is one-to-one on A, then p(A) < \ .

This theorem contrasts with the following theorem of Z. Frolik and M. E.

Rudin (see [1] and [2]):

Theorem. If /i is a two-valued measure on TV and if F: N ^> N is such that

F*(/x) = ju, then F(x) = x on a set of measure 1.

To prove our theorem, we shall first find the measure /x.

If X is a set of natural numbers, and k E TV, we let
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X + k = {n + k:n G X},   kX = {k ■ n: n G X ]. (3)

Let {a„: « G N) be a bounded sequence of real numbers, and let c be a

two-valued measure on N. Then there exists a unique real number a, which

we denote

a = lim an

such that for every e > 0 there exists A with v(X) = 1 such that \a — an\ < e

whenever « G A". If y is nonprincipal then a is an accumulation point of the

sequence {an: « G A/}.

Lemma. There exists a measure p on N such that for every X G N,

(a) p(A + 1) = p(A), and

(b)p(2A) = ip(A).

Proof. For each X G N and each « G A, let

A(«) = the number of elements of A n {0, ...,«- 1}. (4)

As a first step, we pick an arbitrary nonprincipal two-valued measure v and

define, for each A G N,

MA)= Um A(«)/«. (5)

It is easy to verify that Po is a nonprincipal measure on N, that po satisfies

Mo(A- + 1) = p0(A) (6)

for all A, and that for every k G N,

Po(kN) = \/k. (1)

Next we consider a sequence of measures p„, « > 1, defined as follows:

ftW-i-S1*-^*). (8)
"     A: = 0

It is clear that each p„ is a nonprincipal measure on N: the only property not

immediately clear is p„(A) = 1, but that follows from (7). Also, since p0

satisfies (6), each pn satisfies

p,(A + 1) = p„(A) (9)

for all X GN.

Now we define, for all A Ç N,

p(A)=limp„(A). (10)

Again, p is a nonprincipal measure on N, and

p(A+l) = p(A) (11)

for all A G N. We will complete the proof of Lemma by showing that for all

A,

p(2A) = Ip(A). (12)
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Let X E TV be arbitrary. For each « > 1 we have

|Mo(*)- 2k,(2*)| -■"^2kU2kX)-l"^2kH(2k^X)
»   ¿To " *=o

= ±-\N(X)-2"li0(2»X)\<± (13)

because ju^*) < 1 and n0(2"X) < ¡u0(2'W) = 1/2" by (7).

Applying lim„ to both sides of (13), we get | ¡x(X) - 2¡u.(2A')| = 0 and (12)

follows.   □

Proof of Theorem. Let us define the function F. Each natural number

m > 0 can be written uniquely as

m - 2" • (2k + 1). (14)

Let F(m) be the unique k such that (14) holds (and F(0) = 0). The

function F satisfies

F(2* + \) = k (15)

and, for all «i E TV,

F(2#n) = F(m). (16)

We will show that F has the properties (a) and (b) in the Theorem.

For each n E TV, let

A„ =2"(2N+ 1). (17)

The sets An are pairwise disjoint, and for each «, ¡i(An) = l/2"+l.  Let

Bn= u;UrA; hence MTy^l-l^1.

To prove the property (a) of the Theorem, let X E TV; we will show that

ftiF-.W) - ß(xy.
It follows from the definition of F that for every « £ TV,

/_,(*) n/f„ = 2"(2V+l). (18)

Consequently, if we denote a = fi(X), and if « E TV, then

¡í(f_x(X)nBn) = a-(\-\/2»^) (19)

and

u(B„-/_,(*)) = (l-a)(l- 1/2"+'). (20)

Now if « tends to infinity, (19) and (20) lead to w(/_ X(X)) = a, which proves

the claim.

To prove the property (b) of the Theorem, let X E TV be such that

F(x) =£ F(y) whenever x,y E X and x ¥= y\ we will show that \i(X) < \ .

Let a = n(X) and suppose, without loss of generality, that 0 £ X. From

(16) and because F is one-to-one on X it follows that the sets

X, 2X, AX,. .., 2"X,... (21)
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are mutually disjoint. Moreover, p(A) = a, p(2A) = a/2, . . . , p(2"A) =

a/2", etc. Hence if a > ¿, then there is « such that a + a/2 + ■ • • + a/2"

> 1 and since the sets (21) are disjoint, we have

p(A u ■ ■ • U 2"A) = a + a/2 + • • • + a/2" > 1,

a contradiction.

The proof of the Theorem is thus complete.

Remarks. 1. The measure p constructed above has the property that for

each X G N,

X(n) X(n)
lim inf - < ß(X) < lim sup -.

n v   ' «

(One proves first, by induction on k, that each pk has this property, using the

fact that

(2A)(«)       ! A(«)
hm sup - < — hm sup -,

« 2 «

and similarly for lim inf.)

A set A G N is said to have a density if the limit d(X) = lim X(n)/n

exists. Thus if X G N has a density, then p(A) = d(X).

2. By a modification of the proof of Lemma, one can construct a measure

on N such that for every X G N,

(a) p(A + 1) = p(A), and

(b) p(kX) = p(X)/k, for all k > 1.
This enables one to improve "p(A) < |", in part (b) of the Theorem, to

"p(A) < e". K. Kunen and M. Yasumoto have improved this to "p(A) = 0".

The following remarks were made by the referee. In set theory without the

axiom of choice, assuming the existence of a nonprincipal ultrafilter is known

to be strictly stronger than assuming the existence of a nonprincipal measure;

see [3]. The results in this paper require only the assumption that there is a

nonprincipal measure on N. Note that the "ultrafilter limit" of a bounded

sequence of real numbers is really the integral with respect to the measure v,

and all the constructions in this paper work just as well if v is any nonprinci-

pal real-valued measure. The measure p defined by formulas (8) and (10)

could be described more simply as

p(A)=j> ■p0(2mX)dp0(m).

Since Po(A) = po(A + 1) for every A G N, it follows that

jf(m + 1) dpo(m) = jf(m) dp0(m)

for every bounded function/: N —> R; hence
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^(2X)=f2m-li0(2m+,X)dli0(m)

= \J2m^-N(2'»+X)dH(m)

= ±J2"'-lio(2mX)dN(m) = ±lx(X).

The authors wish to thank J. Anderson, F. Galvin, R. Herman and B. Yood

with whom they had several valuable discussions.

References

1. Zdenëk Frolik, Fixed points of maps of ßN, Bull. Amer. Math. Soc. 74 (1968), 187-191.

2. Mary Ellen Rudin, Partial orders on the types in ßN, Trans. Amer. Math. Soc. 155 (1971),

353-362.
3. David Pincus and Robert M. Solovay, Definability of measures and ultrafilters, J. Symbolic

Logic 42 (1977), 179-190.

Department of Mathematics, Pennsylvania State University, McAllister Building,

University Park, Pennsylvania 16802

Department of Mathematics, University of Minnesota, Minneapolis, Minnesota 55455


