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DOUBLE COMMUTANTS OF C., CONTRACTIONS. II
MITSURU UCHIYAMA

ABSTRACT. In [13], it was shown that if T is a C. contraction with finite
defect indices o0 > 87+ > &7, then {T}” = {¢(T): ¢ € H*}. In this note
we shall extend this result to o > 8;+ > 8, and show that {T}” and H* is
isometric isomorphic, and moreover such an operator is reflexive.

Introduction. In this note we use the notations, introduced in [9], without
explanation. For a bounded linear operator T on a separable Hilbert space H,
the collection of all subspaces of H invariant for T is denoted by Lat T, and
the weakly closed algebra generated by 7 and 7 is denoted by 4. An
operator T is called reflexive if every bounded operator A satisfying Lat 4 D
Lat T belongs to A;.

When T is a special C., contraction, the A; and {T'}” were investigated by
some mathematicians (for unilateral shift see [2] and [11], for C, contraction
see [1], [8], [14]).

In place of C., contragtion T with defect indices 6+ = n, 8 = m (neces-
sarily n > m) we can consider S(8) on H(6), which is defined by H(0) =
H2?© 0H? and S(0)h = Py eMr() for h in H (9). In this case, for every ¢ in
H*, ¢(S(8)) determined by

&(S(0))h = Pygydh for hin H(8)

belongs to 44, ([9] and [10]).

If n=m< oo, then S(#) is of class C,. Let § =[3] be 2 X 1 constant
matrix valued function. Then S (@) formally defined by the above equation is
a unilateral shift. In this note we show that if n > m, then S(0) has several
properties in common with a unilateral shift.

Preliminaries. For an n X m (c0 > n > m) inner function, Nordgren ([5]
for 0o > n > m) and Sz.Nagy ([6] for oo > m) showed that there are an
n X m normal inner function N = diag(»,, »,, . . . , #,,) (cf. (1) of [12]), and
bounded n X n matrices A, and A® over H* and m X m matrices A and A’
over H ® satisfying

A = NA, AA" =AA=m], and AA? = A°A =1,
for some 7, in H® such thatq; A »,, = 1 (i = 1, 2). Setting
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Xh = Py yAh for h in H(0), and

Yf = PygmAY for fin H(N),
it is well known that X: H(8) —» H(N) and Y: H(N) — H(0) are injective,
and that XS(#) = S(N)X and YS(N) = S(9)Y.

For such X and 7, it is obvious that

XY =7n(S(N)), YX =n(S(8)), wheren = ..

Similarly there are injective X’ and Y’ such that X'S(8) = S(N)X’,
YS(N)=S@)Y', X'Y' =79(S(N)), YX' = v/(5(8)), where ' and n»,,
are relatively prime functions in H *.

We can obtain, in virtue of [6], the same results about the hyperinvariant
subspaces of S (#) with co > n > m as [12]. In particular, we have

LEMMA 1. ¢(S(9)) is injective, if and only if ¢ N\ v,, = 1 (see Corollary 2 of
[12)).
LeMMA 2. ¢(S(0))H (8) is dense in H(O), if and only if ¢ is outer (cf.
Corollary 1 of [12]).
LEMMA 3. {S(N)}" = {¢(S(N)): ¢ € H*}.
PRrOOF. Since
H(N) = ﬁl D H®»)® i H? and

i=m+1

sV =3 @sme 3 &5

i=1 i=m+1
where S is a unilateral shift on H?, it is clear that if 4 € {S(N)}", then
A=31_ D A4 for 4,€{S@)} (i=12,...,m)and 3}_,,, D4, €
{Z7=ms1 S} From [10], it follows that 4, = ¢(S(»,)) fori=1,2,...,m,
and from [2], we can deduce that 27_, ., @ 4, = ¢I,_,. Define a B in
{S(N)} by

BE ®hi=2 @ Ph,., © 2 D h,
i=1 i=1 i=m+1
where P, is a projection onto ith component of H(N). Then
n m n
ABZ Ghi=(2 619Pi‘l’ihmﬂ)@( 2 ®¢hi)
i=1 i=1 i=m+1
and
BA Y ®hi=(2 @Pi¢hm+l)®( 2 $¢hi)'
i=1 i=1 i=m+1
Therefore AB = BA implies that P¢h = Poh for every h in H2
Consequently we have ¢,(S (7,)) = ¢(S (»,)) and hence 4 = ¢(S(N)).

LEMMA 4. S(N) is reflexive. Moreover if Lat A D Lat S(N), then A =
&(S (N)) for some ¢ in H*.
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PROOF. Since each component space of H(N) reduces S(N), it also
reduces 4, that is, 4 has the form 4 = 37_, @ 4,. Since Lat 4, D Lat S for
i=m+1, m+2,..., from [11] we have 4, = ¢,I. Now »,,,/v, € H®
(i=1,2,...,m~-1) implies that H(»y;)) CH(vy)) C--- C H(»,) C H%.
Therefore, setting L; = {(P;x ® Px): x € H 2, L; belongs to Lat S(N). If 4,
J > m+1, then AL; C L; implies ¢; = ¢;. If i < m <, then AL; C L;
implies that for every x in H () there is a y in H? such that (4,x ® #x) =
(Py ® y). From this it follows that 4, = ¢;(S()) and hence 4 = ¢(S(N))
for some ¢ in H*.

REMARK. Lemma 3 is valid for n = m < oo, but Lemma 4 is not generally
valid forn = m < 0.

LEMMA 5. {S(8)}" = {D: n(S(8))D = ¢(S(8)) for some ¢ in H>}.

PrOOF. For arbitrary D in {S(6)}” and any B in {S(N)}, set K = XDYB
— BXDY. Then, since YBX belongs to {S(#)}' and XY = n(S(N)) belongs
to {S(N)}”, it follows that

YK = YXDYB — YBXDY = DYXYB — DYBXY =0,

which implies X = 0. Consequently, from Lemma 3, there is a ¢ in H* such
that XDY = ¢(S (N)). Because

n(S(0))Dn(S(8)) = YXDYX = Ya(S(N)X = n(S(0))s(S(8)),

from Lemma 1, we have n(S(8))D = ¢(S(8)). Conversely if n(S(8))D =
(S (8)), then for every C in {S(8)}’ it follows that

7(S(8))DC = ¢(S(8))C = C$(S(6)) = Cn(S(8))D = n(S(9))CD.
Hence we have DC = CD.

LEMMA 6. If XDY = ¢(S(N)) and X' DY’ = ¢'(S(N)) for ¢, ¢’ in H™, then
D belongs to {S(8)}".

PRrOOF. By the proof of Lemma 5, we have
Dn(S(8)) = #(S(9)) and Dn'(S(8)) = ¢'(S(8)).
Consequently, for arbitrary C in {S(6)}’, we have
DCn(S(8)) = Dn(S(8))C = ¢(S(8))C = Co(S(8)) = CDn(S(9)),

and similarly DC»’'(S (8)) = CD7’'(S(8)). Since n and 7’ are relatively prime,
the ranges of 7(S(8)) and 7'(S(#)) span a dense set in H (6). Thus we have
DC = CD.

Main results.

THEOREM 1. If 00 > n > m, then for every D in {S(8)}" there is a unique ¢
in H® such that D = ¢(S(0)). In this case ||p(S ()| = |9l co-

THEOREM 2. If o > n > m, then Agy = {D: LatD D Lat S(0)} =
{S(0)}" = {¢(S(9)): ¢ € H*®}. In particular, S(8) is reflexive.
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PROOF OF THEOREM 2. Assume that Theorem 1 is right. Since
Aspy) C {D:Lat D D Lat S(8))}
and
{S(0)}" = {#(5(8)): ¢ € H®} C A5p),

we must only show that if Lat D D Lat S(), then D belongs to {S(8)}".
S(9)Y = YS(N) implies that if L belongs to Lat S(N), YL belongs to
Lat S(8). Therefore

XDYL C XDYLC XYL CXYL=1(S(N))L C L.

From Lemma 4, we have XDY = ¢(S (N)). And similarly we have X'DY’ =
¢'(S(N)). Thus by Lemma 6 we can conclude the proof.

ProOF OF THEOREM 1. Let D belong to {S(8)}”. Then from Lemma 5 and
Lemma 1 we can assume that ¢,(S(0))D = ¢,(S(8)), where ¢, and ¢, are
relatively prime functions in H ®. Thus,from the lifting theorem, there are an
n X n matrix valued bounded function T' = (y;) over H®, and an m X n
matrix valued bounded function £ = (w;) over H* such that

T6H, C 6H,, D = Pyl|H(0), ||D| =T, = sup ITAI, (1)

and
o1, — ¢, = 0Q. #))

Since 6 is inner, there is an m X m submatrix 6, of 4 such that det 8, % 0 (cf.
[7]). Since 7 is a unitary operator on an n-dimensional space then S () and
S (0) are unitarily equivalent, we can assume that the determinant of the first
m X m submatrix of § is not 0. Set = (6,) and let §, = (0,,,) beanm X m
submatrix of @ such that 1 < a(l) < a(2Q)<--- < a(m). For such a
submatrix §, we fix a natural number k(aq) satisfying k(a) # a(i) for i = 1,
2,...,m. Let §; = (0,,,) be the classical adjoint matrix of §,. Then by the
same technique as the proof of Theorem 1 of [13], from (2), we have

Ya(1) k(a) W1 k(a)
— 6, =(detd,)| - |,
Ya(m) k(a) Wy k(a)
and hence
Ya(1) k(a)
=01(Bkars - - > Bam)l| = (det 8,)($; — d1 Vi k@) (3)

Ya(m) k(a)
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From (3), by simple calculation, we have

i
bsrv s baym  Ya k(@

6, det| - I 1 = ¢, det 4,. 4)
0a(m) Iree> 0a(m) ms  Ya(m) k(a)
b rv -5 O@m Vi@ k@

This implies that the inner factor of ¢, is a divisor of /\, det#d,. But
¢, A v, = 1 implies that ¢, A (/\, detd,) = 1. Thus ¢, is outer. For a
submatrix 6, satisfying 1 < a(1) < - - - < a(m) < m + 1, there is a unique
k(a) such that 1 < k(@) < m+ 1 and k(a) #a(i) for i=1, 2,...,m.
Conversely, for every 1 < k < m + 1, there is a unique 6, such that 1 < a(l)
<:+-<a(m) < m+1and k(a) = k. Thus setting &, (A) = det §,(A), (4
implies that forevery k: 1 < k < m + 1,

_ 2
LTI 01 m> Yik
2P 5 AP = |¢,A)P |det]| - : (0N N E))
oml"“’ 0mm’ Ymk
0m+ll"”’ 9m+|m+l’ Ym+lk_

From (5) it follows that

m+1

6 (M 21 & NP

Y11(A), 210, - - -, Ym+11(A)
= l&; VP
Yime 1) Voms 1) oo Vmsime1 ) |

&3

.

(=D )

m+1
<o P I‘m+|(7\)”2( kgl | O‘)lz),

where T, (A) is the first submatrix of I'(A) of order m + 1, and ‘T,,, ()
denotes the transposed matrix of T',, , ;(A). Since by the assumption £, ,(A) #
0 a.e., it follows that

2 < o1 WP I T s WP < Iy W T2 (6)
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Thus there is a ¢ in H*® such that ¢, = ¢¢, and 9|l < [Tl = | P]| (cf.
[3]). Hence we have D = ¢(S(8)) (see [13]). Moreover, since | D|| < ||¢|, is
clear, it follows that || D|| = ||¢|| -

Assume that ¢(S (0)) = ¢(S()) for ¢ and ¢ in H . This implies that there
is an m X n matrix valued bounded function €'(A) over H *® such that

o, — I, = 0% @y
By the same way above we can deduce, from (2)’, the next relation
0
— ¢G> - - > Om)l| -+ | = (det 8,)(¢ — ¥). €))
0

Since there is a submatrix 8, such that det §,(A) # 0 a.e., we have ¢(A) = Y(A)
a.e.. Thus we can conclude the proof.

Corollaries. From the theorems above we obtain several results.

COROLLARY 1. (S (8)) is boundedly invertible, if and only if ¢ is invertible in
H®>.

PROOF. Suppose ¢(S (8))D = D¢(S(6)) = 1. Then D belongs to {S(8)}".

Thus D = (S(9)) for some ¢ in H*. Since I = (¢y)(S(#)), we have 1 = ¢
The converse assertion is obvious.

COROLLARY 2. ¢(S (9)) is not compact for every ¢ in H™.

PrOOF. If ¢(S(9)) is compact, then (¢n)(S(N)) = X¢(S(9))Y is compact.
In particular, the multiplication by ¢n on H? ie. the analytic Toeplitz
operator T,,, is compact. But this is impossible (see [2]).

COROLLARY 3.

0,(S(0)) = {z: |z| < 1,5,(z) =0}.
0,(5(8)) = {z: |z| < L, »,(2) #0}.
o.(S(0)) = {z: || = 1}.

ProoF. First from Lemma 1 z € ¢,(S(9)), if and only if A — z and »,,(A)
are not relatively prime, that is, »,(z) = 0. Next, from Lemma 2, z €
0,(S(9)), if and only if »,(z) # 0 and (A — Z) is not outer, that is, |z| < 1 (cf.
[4]). Finally, z € p(S(9)) if and only if (A — z) is invertible. Thus it is clear
0.(S(0) = {z:|z| = 1}.

REMARK. Let § =[j] be a 2 X 1 matrix valued inner function. Then

¢(S(9)) és an analytic Toeplitz operator T,, and », = 1. In this case all
corollaries above are well known.

COROLLARY 4. V is a Banach space isometry of {S(8)}" onto itself if and
only if for |a| = 1, |b| = 1, |¢| < 1,

V(S (9)) = as(b(S(9) ~ c)(1 ~ &S (8)) ).
In particular if V(1) = 1, then V is multiplicative.
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Proor. If V is defined by the above equatibn, then it is clear that

ra(s @) = afo(s 2= ))is @)

Therefore V is a linear mapping on {S(6)}".
A—c¢ )) A—c¢
b—— (S0
a(¢( 1 —cA (59))

o5 m)ﬂw— 19110 = 16(S @)l

Thus V is isometric. Conversely suppose ¥ a Banach space isometry of
{S(8)}" onto itself. Setting V(S (0)) = ¢,(S(8)), Vy: ¢ —> ¢, is a Banach
space isometry on H®. Therefore (Vyp)(A) = a(¢p(p))(A), where p is a
conformal mapping of the open unit disc onto itself (cf. [4]). Consequently V'
has the form given above. The rest is trivial.

The author wishes to thank Professor B.Sz.-Nagy and the referee for their
kind advice.
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